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We experimentally demonstrate the fluctuation theorem, which predicts appreciable and measurable
violations of the second law of thermodynamics for small systems over short time scales, by following the
trajectory of a colloidal particle captured in an optical trap that is translated relative to surrounding water
molecules. From each particle trajectory, we calculate the entropy production/consumption over the
duration of the trajectory and determine the fraction of second law–defying trajectories. Our results show
entropy consumption can occur over colloidal length and time scales.
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systems over short time scales. Specifically, the theorem
relates the probability, Pr, of observing a phase-space

t � 0. From the particle’s temporal position, x�t�, and the
optical forces acting on the particle during the trajectory,
Inventors and engineers endeavor to scale down ma-
chines and engines to nanometer sizes for a wide range
of technological purposes. However, there is a fundamental
limitation to miniaturization as small engines are not
simple rescaled versions of their larger counterparts. If
the work performed during the duty cycle of any machine
is comparable to thermal energy per degree of freedom,
then one can expect that the machine will operate in
‘‘reverse’’ over short time scales. That is, heat energy
from the surroundings will be converted into useful work
allowing the engine to run backwards. For larger engines,
we would describe this as a violation of the second law of
thermodynamics, as entropy is consumed rather than gen-
erated. This has received little attention in the nanotech-
nology literature, as there was no quantitative description
of the probability of entropy consumption in such small
engines. The only thermodynamic statement available was
the second law itself, stating that, for large systems and
over long times, the entropy production rate is necessarily
positive. Even the foundations of statistical mechanics
were unsettled as thermodynamicists questioned how the
second law of thermodynamics could be reconciled with
reversible microscopic equations of motion. Loschmidt’s
paradox states that in a time reversible system, for every
phase-space trajectory there exists a time-reversed antitra-
jectory [1]. As the entropy production of a trajectory and its
conjugate antitrajectory are of identical magnitude but
opposite sign, then, so the argument goes, one cannot
prove that entropy production is positive.

However, in 1993, a resolution and quantitative descrip-
tion of violations of the second law in finite systems was
given by the fluctuation theorem (FT) of Evans et al. [2].
The theorem provides an analytic expression for the proba-
bility that the dissipative flux flows in the direction
reverse to that required by the second law of thermo-
dynamics. In other words, the theorem predicts appreciable
and measureable violations of the second law for small
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trajectory of duration t with entropy production �t � A,
to that of a trajectory with the same magnitude of entropy
change, but where the entropy is consumed or absorbed:

Pr��t � A�
Pr��t � �A�

� exp�A� : (1)

As the entropy production, �t, is an extensive property, its
magnitude scales with system size and observation time or
trajectory duration t. Thus, the FT also shows that as the
system size gets larger or the trajectory duration becomes
longer, entropy-consuming trajectories become unlikely,
and we recover the expected second law behavior. Much
of the work done in developing and extending the theorem
was accomplished by theoreticians [3–6] and mathemati-
cians [7,8] interested in nonequilibrium statistical mechan-
ics [9–11]. A few demonstrations of the theorem have been
provided with computer simulations [3,12–14]. However,
there has been no practical experimental demonstration of
the predictions of the theorem. A pedagogical review of the
FT was published recently [15].

In this Letter, we demonstrate and quantitatively confirm
the predictions of the FT for transient systems [3] by
experimentally following the trajectory of a colloidal par-
ticle in an optical trap. An optical trap is formed when the
micron-sized transparent particle whose index of refraction
is greater than the surrounding medium, is located within a
focused laser beam. The refracted rays differ in intensity
over the volume of the sphere and exert a pico-Newton
scale force (pN � 10�12N) on the particle, drawing it
towards the region of highest light intensity [16]. The
optical trap is harmonic near the focal point: the force
acting on a colloidal particle positioned at x within a trap
centered at x0 is Fopt � �k�x� x0�, where k is the trap-
ping constant which can be tuned by adjusting the laser
power. In our experiment, the optical trap translates rela-
tive to the solvent at a velocity vopt, starting from time
2002 The American Physical Society 050601-1
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FIG. 1 (color online). Histogram of the dimensionless, time-
averaged entropy production, �t=t, from 540 experimental
trajectories of a colloidal particle in an optical trap at times t �
10�2 (black bars) and t � 2:0 (gray bars) seconds after initiation
of stage translation. The bin size is ��t=t � 1:0.
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we can calculate �t, the entropy production along a tra-
jectory of duration t. The particle’s dimensionless entropy
production, integrated over the duration of the trajectory
[12] is

�t � �kBT�
�1

Z t

0
dsvopt � Fopt�s�; (2)

where T is the temperature of the heat sink surrounding the
system [17]. We show that the occurrence of antitrajecto-
ries, or trajectories for which entropy is consumed (�t < 0�
quantitatively follows the prediction of an integrated form
of the FT, expressed for transient systems [18]. Moreover,
our experiment provides the first evidence that the appre-
ciable and measurable violations of the second law of
thermodynamics in small systems occur not only at simu-
lation time scales (femtoseconds), but also at colloidal time
and length scales (seconds).

The experimental setup consists of a Nikon DIAPHOT
300 inverted microscope equipped with a 100� (NA �
1:3) oil immersion objective lens, an infrared laser
(� � 980 nm, 1 W) for trapping micron-sized particles, a
servo-motor controlled microscope stage with fine piezo-
controlled translation in the x� y plane, and a quadrant
photodiode sensor for detection of particle position. Laser
power, objective focus, and servo-motor controlled motion
of the microscope stage are controlled by a dedicated
computer through interfaces developed by Cell Robotics
Inc. USA. A 1.0 ml glass sample cell containing roughly
100 6:3 �m diameter latex particles (Interfacial Dynamics
Co.) in water is mounted on the microscope stage. Initially,
a latex particle is trapped under full laser power, which is
then reduced to 1%. The trap center or focal point is
�50 �m from the bottom of the sample cell. An image
of the trapped latex particle is projected onto a 3 mm�
3 mm quadrant photodiode which detects the position of
the particle to 15 nm. Our circuitry has a bandwidth of
about 500 Hz. We set our sampling rate at 1 kHZ to ensure
an adequate amount of data without appreciable signal
distortion. The optical trapping force is calibrated from
the bead’s drag coefficient, calculated using Stokes equa-
tion. The Stokes drag coefficient is consistent with the
experimentally determined diffusion coefficient of the
latex bead.

The particle trajectories are monitored within weak
optical traps using very small translations of the stage
relative to the fixed trap, in order that the duration of the
transient period is maximized. For all trajectories, the
trapping force is generated with only 1% laser power
which corresponds to a trapping constant of k�
0:1 pN=�m, or 1� 10�5 pN= �A. Thus, from the particle
position, we can resolve forces on the order of 2 femto-
Newtons (0.002 pN). For each trajectory, we first record the
particle position in the absence of any stage translation for
a minimum of 2 sec to record average values of x0, and
then initiate stage translation at t � 0, maintaining the
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1 kHz recording of particle position. The stage is translated
at a constant velocity �vopt � 1:25 �m=s by feeding an
80 V 0.01 Hz triangular wave signal to the stage-mounted
piezocrystals and stage motion and particle position are
recorded for up to 10 sec, when the particle attains its
averaged, steady-state velocity. Over 500 transient trajec-
tories are recorded using this automated procedure.

Figure 1 shows the distribution of time-averaged entropy
production, �t=t, in 540 particle trajectories at times up to
2 sec after the start of stage translation. The entropy
production is calculated by summing the scalar product
of particle displacement and stage velocity according to
Eq. (2), for successive intervals of �t � 10�3 sec up to t.
For t � 10�2 sec, the trajectories are distributed nearly
symmetrically about �t � 0 with entropy-consuming and
entropy-producing trajectories of nearly equal numbers. At
longer times, the entropy-consuming trajectories (�t < 0)
occur less often and the mean entropy production of the
trajectories shifts towards more positive numbers, in ac-
cord with the FT. At longer times, that is, for t greater than
a few seconds, these entropy-consuming trajectories can-
not be observed, as predicted from the second law of
thermodynamics.

As the number of trajectories collected and analyzed is
small, it is easier to examine an integrated form of the FT
[13]. This integrated form, or the IFT, describes the proba-
bility of observing entropy-consuming trajectories to that
of entropy-producing trajectories, and is given by

Pr��t < 0�

Pr��t > 0�
� hexp���t�i�t>0; (3)

where the brackets denote an average over all entropy-
producing trajectories. Experimentally, we determine
the left-hand side of the IFT by counting the number
of entropy-consuming (�t < 0) and entropy-producing
050601-2
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(�t > 0) trajectories of duration t. The right-hand side
is determined by averaging the negative exponential of
the dimensionless entropy production over the subset of
entropy-producing trajectories of time t. Figure 2 plots the
experimentally determined left- and right-hand sides of the
IFT as a function of the time along the trajectories. In
accord with the theorem these experimental quantities
are, to within statistical error, equivalent for trajectories
of up to 3 sec. The detector resolves distances down to
15 nm and, consequently, this limits our ability to discrim-
inate between small positive and small negative values of
�t whose magnitude is less than 3:0� 10�4. This discrim-
ination error is minimal, but may contribute to the anom-
alous number ratio in the initial 0.02 to 0.03 sec of Fig. 2.
There are other possible sources of this small error, includ-
ing unavoidable, but minimal, transients associated with
initiation of the stage translation.

It is instructive to compare these experimental results
with computer simulation. We have constructed a molecu-
lar dynamics (MD) simulation which mimics the optical
tweezers experiment and allows us to track the trajectory of
a single particle which ‘‘feels’’ the optical trap in a solution
of interacting particles which are unaffected by the trap,
but are otherwise identical. The optical trap is initially
stationary, but moves with constant velocity during a
‘‘simulated trajectory’’ from t � 0 to tmax. In addition,
we include a subset of identical particles which are con-
fined to two layers which form a wall along one dimension
and are restricted from moving out of the wall via a
restoring force (see inset of Fig. 3). These wall particles
act as a momentum and heat sink/source. There are N �
Ns 
 Nw particles in the simulation, where Ns is the
number of solution particles, of which the first is the
optically trapped particle, and Nw is the number of wall
particles. The coordinates and momenta of the N particles
FIG. 2 (color online). The number ratio of entropy-
consuming (�t < 0) to entropy-producing (�t > 0) trajectories
(data points) and the entropy production averaged over entropy-
producing trajectories, hexp���t�i�t>0 (line) versus duration, t,
of 540 experimental trajectories. In accord with the IFT, both
experimentally determined measures agree over time.
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(q1;q2; . . . ;qN;p1; . . . ;pN) are given by the equations of
motion

_qqi �
pi

m
for 1 � i < N ; (4)

_ppi �
XN
j�i

Fij 
 �1iFopt for 1 � i � Ns; (5)

_ppi �
XN
j�i

Fij 
 Fw
i � �pi for �Ns 
 1� � i � Nw: (6)

The interaction force acting between any pair of particles,
i and j, separated a distance q is Fij � �d��q�=dq where
the pair potential is ��q� � 4�q�12 � q�6� for interparticle
distances less than a cutoff of 21=6 and ��q� � 0 otherwise.
Acting only on the first particle is an optical force, Fopt �
�k�q1 � q0�t�, where k is the optical trapping constant
and the position of the trap center is q0�t� � q0�0� 
 voptt
during the simulated trajectory 0< t < tmax and is sta-
tionary at q0�0� otherwise. For the wall particles, Fw

i �
�kw�qi � qxtal

i � is a force acting to restore wall particles to
their initial crystalline configuration at qxtal

i and � is the
Nosé-Hoover thermostat multiplier [19]. A time step of
� � 0:001 is used and the maximum duration of a simu-
lated trajectory is tmax � 5000�. The system is allowed to
equilibrate for 104 time steps during which the optical trap
is stationary at q0�0�. After each simulated trajectory, we
return the momenta and coordinates of the particles to their
initial values and allow the system to evolve for a further
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FIG. 3 (color online). The number ratio of entropy-
consuming (�t < 0) to entropy-producing (�t > 0) trajectories
(data points) and the entropy production averaged over entropy-
producing trajectories, hexp���t�i�t>0 (line) versus duration, t,
calculated from 343 500 simulated trajectories. The inset depicts
the 2D MD simulation cell (to scale) containing Ns � 32
particles at a number density of 0.30, Nw � 24 wall particles,
and an optical trap with constant k � 1 that translates at vopt �
0:5. Only the first particle, depicted by the filled circle, ‘‘feels’’
the optical trap, represented by the shaded region. The initial
temperature of both wall and solution particles was T � 1:0. All
MD quantities are reported in reduced units.
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FIG. 4 (color online). Logarithm of the number ratio of
trajectories with entropy production ��t to those with entropy
production �t versus �t found from over 310 000 MD trajecto-
ries.
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200 time steps with a stationary trap. It is important to
emphasize that we do not construct conjugate trajectory/
antitrajectory pairs, but rather we sample the deterministic
trajectories which start from a canonical ensemble
of equilibrium starting momenta and coordinates and
measure the probability of occurrence of antitrajectories
over time.

Figure 3 shows the left- and right-hand sides of the
IFT, Eq. (3), as a function of the duration of the simula-
ted trajectories. Each point corresponds to the number
ratio of entropy-consuming to entropy-producing trajecto-
ries. As in Fig. 2, the line represents the average of the
exponential of the entropy production over the subset of
simulated trajectories over which entropy is generated.
Both simulated and experimental trajectories show the
exponential decrease in the number of entropy-consuming
trajectories with time. The advantage of simulation over
experiment is that many more trajectories can be analyzed
and it is then possible to investigate not only the IFT but the
FT itself, Eq. (1). Figure 4 shows the ratio of the proba-
bilities of finding a trajectory of entropy production �t �
A to that of finding a trajectory of same magnitude of
entropy change, but where the entropy is consumed or
adsorbed, as a function of A. The data fall on the line,
which represents the prediction of the FT.

That entropy-consuming trajectories can be discerned
for micron-sized particles over time scales on the order of
seconds is particularly important to applications of nano-
machines and to the understanding of protein motors. The
fluctuation theorem points out that as these thermodynamic
engines are made smaller and as the time of operation
is made shorter, these engines are not simple scaled-
down versions of their larger counterparts. As they become
smaller, the probability that they will run thermodynami-
050601-4
cally in reverse inescapably becomes greater. Conse-
quently, these results imply that the fluctuation theorem
has important ramifications for nanotechnology and indeed
for how life itself functions.
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Abstract. In this report I discuss fluctuation theorems and transient violations of
the second law of thermodynamics in small systems. Special emphasis is placed on
free-energy recovery methods in the framework of non-equilibrium single molecule
pulling experiments. The treatment is done from a unified theoretical-experimental
perspective and emphasizes how these experiments contribute to our understanding
of the thermodynamic behavior of small systems.

1 Biophysics and statistical physics

Living systems are the most notable example of how matter can organize into states
of extremely high complexity. The investigation of the structural organization of
biological matter was boosted since the discoveries of the double helix structure
of the DNA by Watson and Crick and the ensuing discovery of the structure of
various proteins half century ago. Microscopic and spectroscopic techniques have
greatly developed since then and current research is revealing an unprecedented
richness of details about the functional behavior of living systems at the molecular
and cellular level.

Biophysics is an area of science at the interface of physics, chemistry and
biology. It is probably the most important interdisciplinary area of research whose
knowledge requires a good understanding of how matter functions at the physical,
chemical or biological level. While physics during the past has traditionally avoided
the study of complex systems as imperfect, unapproachable or even uninteresting,
the fact is that complexity is becoming a more and more common abode for physi-
cists [1]. Among all possible disciplines in physics, statistical physics occupies a
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privileged position as the natural framework to understand the behavior of biolog-
ical systems at the molecular level. Stochasticity, fluctuations, metastability and
thermal activation are concepts that are commonly used in statistical physics, yet
they are also relevant to understanding the great variety of tasks carried out by
biomolecules.

Thermodynamics is the discipline that describes the exchange processes of
energy and matter that occur at the molecular and cellular level. However, ther-
modynamics, a science inherited in the 18th century from the times of the indus-
trial revolution, has been inspired by motors and steam engines that proved to
be indispensable during that time. It is fair then to question the relevance and
applicability of all this knowledge when scientists immerse into the realm of the
very small, far from the initial context that inspired Carnot and others. There has
been a recent interest in the study of the so called work fluctuations and transient
violations of the second law in systems driven to a non-equilibrium state. Fluc-
tuation theorems quantify the probability of those non-equilibrium trajectories
that, taken individually, violate some of the inequalities of thermodynamics. For
macroscopic systems these trajectories are known to be irrelevant and unobserv-
able, however at the level of the small, when the energies interested are of order
of several times kBT , these rare trajectories might become important. Although
thermodynamic inequalities are known to describe the behavior of average values,
it is important to explore the implications and relevance of these deviations in
our understanding of energy transformation processes at the molecular level. A
quantitative experimental observation and measurement of these trajectories has
only recently become possible. This report describes these experiments from a uni-
fied theoretical-experimental perspective and emphasizes how these experiments
contribute to our understanding of the thermodynamic behavior of small systems.

Sec. 2 is a short reminder about the second law of thermodynamics. It serves
to explain the importance of fluctuations in small systems and short times. Sec-
tion 3 describes work fluctuations in the framework of stochastic systems. Particu-
lar emphasis is put in the case where the system, initially in an equilibrium state,
is perturbed arbitrarily far from equilibrium. We then discuss the non-equilibrium
work relation originally derived by Jarzynski. Sec. 4 describes the current state of
the art regarding experimental measurements of work fluctuations. Sec. 5 presents
a digression on single molecule experiments as an excellent framework to investi-
gate work fluctuations and free-energy recovery methods applied to biomolecules.
Sec. 6 describes some of the experiments conducted in the unfolding of small RNA
molecules under the action of an external force and the test of the Jarzynski equal-
ity. Sec. 7 illustrates a model where work fluctuations can be analytically computed
as well as a comparison with the experiments reported in the preceding section.
Finally, Sec. 8 presents some conclusions and perspectives.
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2 Few facts about the second law of thermodynamics

To put in perspective the content of the present article we start by recalling few
facts about the second law of thermodynamics [2, 3]. Let us consider a gas consist-
ing of N molecules enclosed in a given vessel of volume V . The vessel is in contact
with a thermal bath at temperature T and the gas inside is kept in equilibrium
(i.e. its macroscopic properties remain stationary), see Fig. 1. Particles in the gas
collide with the walls of the container exerting a pressure P that is function of the
volume V and the temperature T . Their relation defines the equation of state of
the gas. In these conditions heat is continuously exchanged between the gas and
the bath through the walls of the vessel. The state of the gas can be modified by
changing (e.g. expanding) the volume of the container from an initial volume Vi

to a final volume Vf . If the transformation is done by keeping the system always
in contact with the bath at temperature T the process is called isothermal. If the
transformation is done slow enough then the gas goes through a sequence of equi-
librium states and the process is called reversible. In general the transformation
will not be reversible and the gas will be driven to a non-equilibrium state after
the volume has been expanded. For the transformation Vi → Vf the first law of
thermodynamics states that energy is conserved,

∆E = ∆Q + W = ∆Q + P∆V (1)

with ∆V = Vf − Vi. From (1) we see that the variation of the energy of the
gas ∆E is the sum of the work exerted upon the system W plus the net heat
supplied from the bath to the system ∆Q. The difference between heat and the
other state variables E and V is important. If the volume or energy characterize
the thermodynamic state of the system, the amount of heat contained does not as
it is fully interchangeable with work depending on the path followed during the
transformation. In a general transformation, part of the total work exerted upon
the system is lost and dissipated in the form of heat to the surroundings. This is
the content of the second law as stated by Clausius,

∆Q ≤ T∆S (2)

where S(V, T ) is a state function called entropy. The amount of heat lost during
the process is called dissipated work Wdis. It is given by the difference between
the maximum amount of heat that can be supplied to the system and the actual
heat supplied (i.e. the right and left hand sides of (2)),

Wdis = T∆S − ∆Q with Wdis ≥ 0 . (3)

Another way to state the content of the second law is in terms of the Helmholtz
free energy F = E − TS. Using (1,2,3) we have,

∆F = ∆E − T∆S = ∆Q + W − T∆S = W − Wdis = Wrev (4)
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Figure 1: Schematic representation of a vessel containing molecules that exchange
energy and momentum with the surrounding bath through different mechanisms
such as collisions with the walls. If the number of particles is small pressure fluc-
tuations (due to the fluctuations in the collision rate of the molecules against the
walls) could be observable with highly sensitive instruments.

where Wrev is the so-called reversible work, identical to the free energy change
∆F associated to the initial and final equilibrium states. Only in a reversible
transformation the equality (2) is satisfied and W = Wrev or Wdis = 0.

It has been known since the early days of statistical mechanics that the
work can fluctuate 1. To better clarify what we mean by this let us go back to
the previous example and consider the gas of molecules enclosed in the vessel
depicted in Fig. 1. Let us imagine that we repeat many times the experiment of
the expansion of the container from Vi to Vf by following always the same variation
protocol V (t) where t is the time and the whole expansion lasts for a time t0

2.
Then for each experiment a different work value W =

∫

PdV would be obtained
as the pressure itself is a fluctuating variable. For a macroscopic system pressure
fluctuations are unobservable due to the large number of molecules (of the order
of the Avogadro number NA ∼ 1023). However, for small systems, fluctuations
could be observable. The result that intensive quantities display thermally induced
fluctuations was put forward by Niquist for the case of voltage fluctuations across

1The existence of rare fluctuations have given rise to several paradoxes, see [4] for an historical
perspective

2The simplest protocol would be an expansion of the volume at a constant rate r, V̇ = r = ∆V

t0

or V (t) = Vi + rt
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a resistance [5] and generalized later on by Welton and Callen [6]. Let us focus on
the case where the gas contains about 100 molecules and is kept in equilibrium
inside a volume V at the room temperature T = 298K. Let us imagine that at
every interval of time (e.g. τ = 1 millisecond) we count the number of collisions
of the molecules against the wall, Nc(τ), as well as the average momentum <
pc > transferred by the colliding molecules to the walls along each time interval.
Then, the pressure exerted by the molecules on the walls P will be proportional
to Nc(τ) and < pc >. An histogram of the values of P thereby collected would
show a Gaussian distribution centered around a mean value Pmean (which would
also coincide with the most probable value) and a variance that decreases like
1/N . This is the content of the law of large numbers. Sometimes the measured
pressure will be large, sometimes it will be small: the fluctuations will become
observable as the number of molecules is reduced. Initially these fluctuations will
show a characteristic Gaussian profile. However, upon reduction of the number
of molecules, deviations from the Gaussian behavior will be observed. The same
happens in the non-equilibrium experiment where the volume is expanded. If the
time t0 is short enough or the number of molecules N is small enough, the work
W =

∫

PdV exerted upon the system will fluctuate from one non-equilibrium
trajectory to another, and the fluctuations will become more noticeable as t0 and
N decrease. If the gas is initially in an equilibrium state, then (2,3) holds in
average. However, for some trajectories the work will be such that Wdis < 0 and
the inequality (2,3) will be reversed. These particular set of trajectories are called
violating trajectories or transient violations of the second law.

The theory describing thermal fluctuations in equilibrium systems was put
forward long ago by Einstein. However, this theory describes fluctuations of ex-
tensive quantities (such as the energy) in different ensembles in the macroscopic
regime where fluctuations are subleading of order O(

√
V ), yet large. The rela-

tive magnitude of these fluctuations compared to the actual value of the energy
content is of order O(1/

√
V ). In macroscopic samples relative fluctuations are of

order O(1/
√

NA). This gives estimates for the magnitude of relative fluctuations
of the order of 10−11. A theory of fluctuations for small systems (such as those
relevant to biophysics) where relative fluctuations are much larger (e.g. of order
one) should be explored if the theory of fluctuations, as has been developed for
macroscopic systems, reveals inadequate to explain the behavior observed in future
experiments.

3 Fluctuation theorems in non-equilibrium systems

As we discussed in the previous section the work is quantity that fluctuates among
different repetitions of the same experiment. Moreover, as compared to other quan-
tities such as the internal energy, the entropy or the heat transferred, the amount
of work exerted upon the system is a directly measurable quantity. A relevant
question is then to ask what can we learn by measuring work fluctuations.
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To answer this question we consider the dynamical evolution of a system in
contact with a large bath or reservoir where heat and/or matter can be contin-
uously exchanged. Both system and bath may appear inextricably linked and no
partial description of the system can be achieved without considering the behavior
of the bath and its interaction with the system. The mathematical treatment of the
combined system plus bath complex represents a formidable theoretical challenge
and some coarse-graining strategies must be considered to tackle this question. A
common strategy is to consider a reduced level in the description of the dynamics
of the system where many details of the bath have been eliminated in favor of a
few number of parameters (such as its temperature, its pressure or its chemical
potential). These parameters are thought to be sufficient to characterize the heat
and/or matter exchange between system and bath. After this reduction is adopted,
few requirements have to be imposed on the dynamics in order to reproduce many
of the observable properties. In particular, dynamics must be microscopically re-
versible (or satisfying detailed balance) and ergodic (all configurations must be
accessible) 3 to guarantee that the system reaches thermal equilibrium after long
times so the net heat exchange between system and bath asymptotically decays to
zero.

3.1 Work fluctuations in stochastic systems

It is in the framework of such coarse-grained dynamics that we want to focus our
discussion and investigate the origin of work fluctuations. A prominent example of
such reduced dynamics are stochastic Markov processes. The content of this section
will be useful to establish the notation that we will use throughout the paper. We
now deepen the mathematical level of our discussion and consider a general system
described by an energy function E(C) where C is a generic configuration (in the
example in Sec. 2 of a gas of N molecules, C would stand for the positions and
momenta of all molecules inside the vessel) in contact with a bath at temperature
T . The dynamics are assumed to be discrete in time with elementary step ∆t. A
trajectory of the system is characterized by the sequence of configurations T ≡
{Ck; 0 ≤ k ≤ Ns} where k is the index for the discrete time step and Ns is the
total number of time steps. The time corresponding to step k is then given by
t = k∆t with t = 0(k = 0) and tf (k = Ns/∆t) denoting the initial and final times
respectively. The continuous-time limit is recovered if ∆t → 0, Ns → ∞ with tf
finite. Dynamics are then defined by the set of probabilities Pk(C) for the system
to be found at configuration C at time-step k. The Pk(C) satisfy a master equation.
For a Markov process the time evolution of these probabilities depends upon the
form of the rates Wk(C′|C), defined as the transition probability per unit time to
go from configuration C to C ′ at time-step k. These rates are assumed to lead to
an ergodic dynamics (where any pair of configurations are always connected by at

3Ergodicity is not an essential property if one considers equilibrium restricted to a given region
of phase space, the sole condition is that all configurations contained in that region of phase space
must be accessible during the dynamical process.
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least one trajectory) and satisfy the detailed balance condition,

Wk(C′|C)

Wk(C|C′)
= exp

(

−β(E(C′) − E(C))
)

(5)

where β = 1/kBT , kB being the Boltzmann constant. Under very general condi-
tions this dynamics guarantees that the system reaches a stationary state where
configurations are populated according to the Boltzmann weight. The solution to
the master equation gives the time evolution for the system.

Now we will treat the case where the system is perturbed in a prescribed way
and consider the ensemble of all possible non-equilibrium trajectories that start
from an initial state characterized by the distribution P0(C). Because dynamics is
stochastic, it will generate an ensemble of non-equilibrium trajectories by repeating
the same experiment many times 4. In addition to the configuration C, and in order
to characterize the perturbation protocol, we introduce a parameter λ that specifies
the value of the control parameter that is changed throughout the non-equilibrium
process 5. An important remark is now in place. The control parameter is a variable
that can change in time but does not fluctuate. The temporal sequence of values
{λk; 0 ≤ k ≤ Ns} defines the perturbation protocol and this sequence of values
never changes from experiment to experiment. Somehow, the control parameter
plays a role akin to the temperature of the bath. In particular, for a fixed value
of λ, we require that dynamics is such that the system asymptotically reaches the
thermodynamic state corresponding to that value of λ. To understand how rates
depend on the value of λ we reason as follows. The control parameter usually shifts
the energy levels of the system according to the relation,

Eλ(C) = E(C) − λA(C) (6)

where A(C) is the observable coupled to the parameter λ 6. The simplest assump-
tion is then to enforce detailed balance for the perturbed rates,

Wλ(C′|C)

Wλ(C|C′)
= exp

(

−β(Eλ(C′) − Eλ(C))
)

=
W (C′|C)

W (C|C′)
exp
(

−βλ∆A
)

(7)

4The same result holds for deterministic (e.g. Hamiltonian) dynamics. In this case the en-
semble of non-equilibrium trajectories is determined by the ensemble of initial configurations
sampled with probability P0(C). The set of phase space points then behaves as an incompressible
fluid, a consequence of the Liouville theorem. Hamiltonian dynamics can be seen as a particu-
lar limit of stochastic dynamics, where rates Wk(C′|C) vanish except along the constant energy
surface E(C) = E(C′) and are deterministic, i.e. rates are different from zero only for pairs of con-
figurations C, C′ connected by the equations of motion. Dynamics is reversible and corresponds
to (5) with Wk(C′|C) = Wk(C|C′). The case of Hamiltonian dynamics was originally addressed by
Jarzynski in his original derivation of the non-equilibrium work relation [7]. The stochastic case
has been analyzed also for general Markov processes by Crooks and Jarzynski [8, 9, 10] and for
Langevin dynamics by Kurchan [11]. For a discussion of the similarities and differences between
deterministic and stochastic dynamics see [12].

5For simplicity we only consider the case of one control parameter. For many control param-
eters the generalization is straightforward.

6For instance, if λ is a magnetic or gravitational field then A stands for the magnetization
and the height of the center of mass respectively
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where we used (5) in the r.h.s. and the definition ∆A = A(C ′) − A(C). We now
consider the variation of energy along a given trajectory ∆E(T ) = Eλf

(Cf ) −
Eλ0

(C0) where C′, Cf are the initial and final configurations for that trajectory and
λ0, λf are the initial and final values of the control parameter as defined by the
protocol (trajectory independent). From (6) this is given by,

∆E(T ) =
[

Ns−1
∑

k=0

(Eλk
(Ck+1)−Eλk

(Ck)
]

−
[

Ns−1
∑

k=0

A(Ck)∆λk

]

= ∆Q(T )+W (T ) (8)

with ∆λk = λk+1 − λk. This decomposition was proposed originally by Crooks [9]
to identify work and heat by using the first law of thermodynamics (1). The first
term in (8) is identified as the heat transferred from the bath to the system and
the second with the work exerted upon the system. We concentrate our attention
on the the work exerted upon the system along a given trajectory T ,

W (T ) =

Ns−1
∑

k=0

(∂Eλ(Ck)

∂λ

)

λ=λk

∆λk = −
Ns−1
∑

k=0

A(Ck)∆λk ≡ −
∫ t

0

dsλ̇(s)A(C(s))ds

(9)
where we have applied the continuous-time limit 7 in the last term in the r.h.s.
of (9). As the trajectory is stochastic the work is a fluctuating quantity that can
be characterized by its probability distribution P(W ) defined as,

P(W ) =
∑

T

P (T )δ(W − W (T )) (10)

where T stands for the trajectory and was already defined. The importance of
P(W ) relies upon the fact that it is a quantity that is experimentally measurable
and therefore is suitable to quantitatively characterize work fluctuations along
non-equilibrium trajectories.

3.2 The fluctuation theorem (FT)

Fluctuation theorems (FTs) provide specific relations for the quantity P(W ) in (10)
for general non-equilibrium processes. In fact, until now nothing was said about
the type of non-equilibrium process and the treatment given in the previous section
was general. We defined concepts such as the initial and final state, the perturba-
tion protocol λ(t), the trajectory T and the work and heat along a given trajectory.
The main difference between a general non-equilibrium process and a reversible
one is the enormous and various type of situations one can encounter in the first
case. General physically meaningful statements about the properties of the dis-
tribution (10) quite probably do not exist and a specific type of non-equilibrium

7In the continuous-time limit, both {Ck, λk} become C(t), λ(t) defining the real-time trajectory
and perturbation protocol respectively.
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process has to be adopted to come up with specific results. Several fluctuation the-
orems have appeared in the literature depending on the particular non-equilibrium
context. Many fall into the category of entropy production FTs. The first exam-
ple in this class was proposed by Evans, Cohen and Morriss [13] for systems in
steady states. The entropy production there defined bears some resemblance with
the work (9) that is exerted by the external non-conservative forces that act upon
the system. Several related theoretical results have followed [14, 15, 16] as well as
experiments [17, 18]. A comprehensive review can be found in [19]. Other more
complex scenarios can be envisaged, for example in the case where the system is in
a non-stationary aging state8. In this case, no work is performed upon the system
and the relevant quantity turns out to be the released heat from the system to the
bath [22, 23].

The content of this article deals particularly with systems initially in equi-
librium with the bath that are driven to a non-equilibrium state by the action of
an applied perturbation [20]. Therefore,

P0(C) = Peq(C) =
exp(−βEλ0

(C)

Z
(11)

where Z =
∑

C
exp(−βEλ0

(C). This case has been studied by Jarzynski [7, 8] and
Crooks [9, 10]. We omit details of the derivation as these can be found in the
references. A particularly interesting identity has been derived by Crooks [10] who
considered the forward and reverse paths in a non-equilibrium process. The forward
process (F ) is characterized by the protocol function λF (t) with the initial state
in equilibrium at the value λF (0). The reverse process (R) is characterized by the
inverted protocol function λR(t) = λF (t0 − t) with t0 being the total time for the
forward process and the initial state for the reverse process being in equilibrium
at the value λR(0) (which is equal to λF (t0)). The following result is obtained [10],

PF (W )

PR(−W )
= exp

(W − ∆F

kBT

)

= exp
(Wdis

kBT

)

. (12)

Simple manipulation of this ratio and integration of one side of the relation from
−∞ to ∞ gives,

∫ ∞

−∞

PF (W ) exp
(

− W

kBT

)

= exp(− ∆F

kBT

)

. (13)

This is the content of the Jarzynski equality originally derived in [7] for Hamilto-
nian dynamics (see the footnote 4). In what follows, if not stated otherwise, we will
only consider the forward process in a non-equilibrium experiment and drop the
subscript F for the work probability distribution PF . We will use the symbol (...)

8Non-equilibrium aging states are widespread in condensed matter physics. The most common
example are structural glasses quenched below their glass transition temperature. The aging state
is characterized by strong violations of the fluctuation-dissipation theorem [21].
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Figure 2: A typical work probability distribution for a small system is useful to
characterize work fluctuations. Transient violations of the second law are a partic-
ular class of trajectories with work values characterized by the fact that the the
Clausius inequality (2,3) is reversed.

to denote the average over all non-equilibrium trajectories generated by a given
protocol. The Jarzynski equality (JE) reads,

exp
(

− W

kBT

)

=

∫ ∞

−∞

P (W ) exp
(

− W

kBT

)

= exp(− ∆F

kBT

)

. (14)

This expression can be written in a more compact form,

exp
(

−Wdis

kBT

)

= 1 . (15)

The Jarzynski equality provides a simple way to derive the second law. Using
Jensen’s inequality [24] 〈exp(x)〉 ≥ exp(〈x〉) in (15) we obtain,

Wdis ≥ 0 . (16)

An important aspect of the JE (15) is that it introduces a way to quantitatively
estimate transient violations of the second law, i.e. the fraction of trajectories
whose dissipated work is negative. The reason is easy to understand by inspection
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of (15). The average of the exponential in the l.h.s of (15) equals 1 only if trajec-
tories with Wdiss < 0 exist. An analysis of the JE in the near-equilibrium regime
is useful. Close to equilibrium the distribution P (W ) can be approximated by a
Gaussian 9,

P (W ) =
1√

2πσ2
exp
(

− (W − Wmean)2

2σ2

)

(17)

where Wmean is the value of the work at the center of the Gaussian and σ2 =

W 2 − W
2

its variance. Substitution of (17) into (14) gives,

R =
σ2

2WdiskBT
= 1 . (18)

Throughout the paper we will refer to R as the fluctuation-dissipation ratio as it
involves a ratio between work fluctuations σ2 and dissipation Wdis

10. This result
is a particular form of the fluctuation-dissipation theorem in the linear response
regime. In general, R 6= 1 far from equilibrium. More about the dependence of R
with the value of the dissipated work will be said later in Sec. 7. We infer from (18)
that in the near-equilibrium regime the variance of the work is of the same order of
the average dissipated work. In the reversible limit Wdis → 0 the JE trivially holds
as Wdis = 0 (or W = ∆F ). In this limit the number of trajectories with Wdis > 0
equals the number with Wdis < 0, therefore the reversible limit is the case where
the fraction of violating trajectories is maximal. This may look rather unexpected
as transient violations might be thought to be a characteristic of non-equilibrium
processes.

Transient violations of the second law are expected to decrease fast as the
average value of the dissipated work Wdis increases (for instance, if the size of
the system increases) becoming unobservable in the thermodynamic limit. How
transient violations are suppressed as the system size increases can be understood
also from the JE. We rewrite (15) as,

1 = exp
(

−Wdis

kBT

)

= P+

[

exp
(

−Wdis

kBT

)

]

+

+ P−

[

exp
(

−Wdis

kBT

)

]

−

(19)

9The exact form of the P (W ) can be very complicated, however the Gaussian approximation
is expected to hold in the non-equilibrium regime where work trajectories do not deviate much
from the reversible one. In this way the Gaussian approximation appears tightly related to linear
response theory. In the latter, quantities deviate from their equilibrium values proportionally to
the intensity of the perturbation. In a similar way, the deviation of the average work value (the
first moment of P (W )) from its reversible value ∆F is expected to be linear with the perturbing
speed λ̇, see also [25] for a quantitative estimate of this statement. In other special cases, however,
the Gaussian result can be exact even for arbitrarily strong perturbations. This is the example
of a bead dragged through water [26].

10The use of the term fluctuation-dissipation ratio for the quantity R has not to be confused
with that adopted in glassy systems and usually denoted by x [21]. For glassy systems x describes
the ratio between a time derivative of the correlation function and the response function. Albeit
similar, the two-quantities are not identical as they refer to different non-equilibrium scenarios.
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where P+, P− are the probabilities to generate a trajectory with Wdiss > 0,Wdis <
0 respectively, i.e. P+ + P− = 1. In analogous way, the square brackets [..]+, [..]−
denote averages (..) but restricted over the subsets of trajectories with Wdis >
0,Wdis < 0 respectively. In Fig. 2 P+, P− would correspond to the green and white
areas under the distribution. Using this decomposition it is easy to understand
how work trajectory values contribute to the r.h.s. of (19) enforcing the validity
of the JE. The value of Wdis increases proportionally to the size N of the system
(because the work is an extensive quantity). Because all four quantities appearing
in the r.h.s. of (19) are positive, to impose a sum of both terms of 1, the factor
p− has to be exponentially small with the average value of the dissipated work
(i.e. the size of the system) p− ∼ exp(−O(N)) to compensate the divergence of
the corresponding average [..]−. This implies p+ = 1 − exp(−O(N)) so transient
violations are exponentially suppressed with the system size, yet they have to be
weighed for the JE to hold.

3.3 Free energy recovery from non-equilibrium experiments

An important consequence of the JE (14) is that non-equilibrium experiments can
be used to recover equilibrium free-energy differences [7],

∆F = −kBT log

(

exp
(

− W

kBT

)

)

. (20)

The non-equilibrium work relation (20) is useful to find the equilibrium free-energy
change along a given reaction when it is not possible to carry it out reversibly.
The idea is to repeat non-equilibrium experiments many times and evaluate the
exponential average in the r.h.s of (20) to derive the corresponding work in a re-
versible process. This formula has been used to recover the free-energy change in
the folding-unfolding reaction for small RNA molecules, see Sec. 6 for a detailed
exposition. However, there are practical difficulties in the applicability of (20) as
the number of trajectories included in the exponential average must be actually
infinite. This is unrealizable in practice as non-equilibrium experiments can be
performed only a finite number of times and the finiteness of the number of trajec-
tories introduces a bias. In what follows we will use ∆FJE to denote the estimate
for the equilibrium free energy ∆F obtained by using the JE given in (20) with
a finite number of trajectories. As we remarked in the previous paragraph, the
number of trajectories required to evaluate the JE grows exponentially with the
average value of the dissipated work. The dependence of the bias and error with
the number of pulls has been estimated in some cases [27, 28]. In general this de-
pendence can be quite complicated as it depends on the behavior of the left tails
of the distribution P (W ) which are difficult to analyze in general.

If the non-equilibrium experiment is done in the near-equilibrium regime then
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it is better to use the fluctuation-dissipation (FD) estimate (18),

∆FFD = W − σ2

2kBT
. (21)

In most cases it is difficult to determine whether the non-equilibrium process is
done in the near equilibrium regime, so this estimate has to be taken with caution.
A description of the bias and error for the estimates (20,21) in the near-equilibrium
case has been recently given. Both are exact in the limit of infinite number of non-
equilibrium trajectories. Interestingly, when the number of repeated experiments
is small the JE estimate (20) provides a better estimate than the FD (21) does [28].

4 Experimental observation of work fluctuations

For sake of clarity we discuss now some examples where work fluctuations are
experimentally measurable. Some of them have been already measured, others
might be in the near future.

We start this tour discussing recent experiments on simple systems. This is
the case of a micron-sized polystyrene bead confined in an optical trap and dragged
through a solvent (e.g. water) of viscosity η at constant speed v. In average the
viscous drag on the bead exerts a force γv that counteracts the force inside the
trap f(t) = −kx(t) where t denotes the time, k is the stiffness of the trap and
x(t) is the distance of the bead to the center of the trap. The control parameter is
the position of the center of the trap x0(t) that moves at a constant speed ẋ0 = v
and the fluctuating variable is the position x(t) of the bead inside the trap (or
equivalently the force f(t) acting on the bead). The work along a trajectory of

duration tf is given by W =
∫ tf

0
dsf(s)vds. For such case work fluctuations were

theoretically predicted [26] and recently measured [29].

Moving to more complex systems, recent experiments have studied the re-
sponse of
biomolecules to mechanical force [30, 31, 32]. The advent of nanotechnologies has
opened the possibility to exert very small forces on nanosized systems (from pi-
conewtons 1pN = 10−12N using optical or magnetic tweezers, to nanonewtons
1nN = 109N using AFMs). These techniques allow researchers to manipulate and
study individual biomolecules one by one. Work fluctuations have been already ob-
served in the unfolding of small RNA molecules (around 100 pair bases) under the
action of mechanical force. More will be said below in Sec. 5. In these experiments
the RNA molecule is held through linker polymers to two micron-sized beads. One
is held by suction on the tip of a micropipette, the other is confined in the optical
trap. The molecule is pulled as the distance x(t) between the center of the optical
trap and the tip of the micropipette increases at a given rate. x(t) therefore defines
the control parameter. The fluctuating variable in this case is the force f(t) ex-
erted on the whole system that is measured through the deflection of the bead in
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the trap. The work along a given trajectory is again W =
∫ tf

0
f(s)ẋ(s)ds 11. Work

fluctuations are observed during the unfolding process due to the stochastic behav-
ior of the breakage force at which the molecule unfolds. Similar experiments are
expected to be conducted also for proteins [34], albeit the large molecular weight
of such molecules might render the quantitative evaluation of work fluctuations
difficult.

One might speculate also on the importance of work fluctuations on the
behavior of molecular motors and their efficiency. In this case, work fluctuations
are observable through single molecule experiments by measuring the mechanical
force exerted upon the motor as it translocates along the template. Examples
of these motors are DNA [38, 37] or RNA [35, 36, 39] polymerases during the
replication and transcription process, helicases and topoisomerases that unwind
the DNA [41] or the ribosome during the transcription process. Other cases include
the condensation process of DNA inside the viral capside during the infection
cycle [40], and gene regulatory mechanisms (such as transcription factors) ruled
by protein-DNA interactions that expose large segments of condensed DNA to the
replication machinery [42]. Work fluctuations are predicted to be observable in all
these systems. Quantitative investigations will be surely conducted in the future.

Despite of their inherent interest, the measurement of work fluctuations in
biomolecules has two important drawbacks: accuracy and reproducibility. Indeed,
few single molecule experiments are fully reproducible due to the complexity of
conditions and external factors required. Reproducibility at the single molecule
level is specially serious in biomolecular processes requiring protein activity as
many external factors strongly affect the outcome of the experiment. Accuracy is
also an issue specially for measurements with nanometer resolution where stability
and drift of the machines (e.g. optical tweezers) still impede high accuracy results.

Accurate and reproducible measurements of work fluctuations might be easier
in systems with reduced complexity within the traditional domain of physics. One
example is the already mentioned experiment of the bead in an optical trap moved
through a solvent. High accuracy recent experimental measurements of the work
between non-equilibrium steady-states confirm that such measurements are indeed
possible [43]. Another example that has called our attention recently is the case of
magnetic nanoparticle systems in a magnetic field [44]. Magnetic measurements in
microsquids in Grenoble (France) have shown how it is possible to observe magne-
tization reversal of single magnetic nanoparticles of magnetic moment µ ∼ 1000µB

(µB is the Bohr magneton) at low temperatures [45]. For magnetic nanoparticle
systems the control parameter is the external magnetic field that can be switched
at a constant speed (ramping experiments). The fluctuating or stochastic variable
is the value of the field at which the magnetization reverses. The work along a
given trajectory is then given by W = −µ

∫ tf

0
M(t)Ḣ(t)dt. The aspect that makes

these systems specially interesting is the possibility to use SQUID quantum (i.e.

11In these experiments usually x(t) is the distance measured from the center of the bead in
the trap (rather than the center of the trap) to the center of the bead in the micropipette. This
introduces a correction to the work that is negligible in most cases [33].
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high-precision) technology to measure the magnetic moment in favor of a higher
accuracy. Reproducibility is also easier to achieve as many physical properties of
nanoparticles can be externally tuned, for example the height of the activation
barrier and consequently the relaxation time of the nanoparticle as well. Other
specific properties of magnetic nanoparticle systems makes them specially suitable
to measure work fluctuations [44]. We may see these experiments done in the near
future.

4.1 Measurement of heat fluctuations

Up to now we discussed about work fluctuations but nothing was said about heat
fluctuations. The reason is simple. Work is much easier to measure than heat.
Although transferred heat can be measured by using a small thermometer probe
(by recording its change of temperature) heat fluctuations are another matter.
The easiest procedure to measure heat along a trajectory is to use the first law
of thermodynamics where ∆Q = ∆E − W . Knowledge of both the work and the
energy change along a trajectory immediately gives the heat exchanged between
system and the bath. Measuring the energy content of the system can be hopeless
in many cases. Only in some special cases this is possible. Here I discuss two
possible situations.

The first one corresponds to the case where no energy change occurs between
the initial and final configuration for all non-equilibrium trajectories. This situation
is realized in the magnetic example [44] discussed in the previous section where
the reversal symmetry of the system under a field induces a zero energy change
Ef = Ei = −µH0 if the field is changed from −H0 to H0 in a ramping experiment
(here we assume H0 to be large enough for the initial and final magnetization to
align in the direction of the field). In general, ∆E = 0 can be accomplished in
any non-equilibrium cycle assuming that the initial and final states are identical.
In the case of the unfolding of the RNA molecule under applied force this can
be achieved by considering non-equilibrium trajectories where the molecule first
unfolds and then refolds along a given cycle.

The second situation corresponds to the case where, due to the inherent
simplicity of the system, the energy is known. A relevant example is the particle
confined in an optical trap. In that case the energy of the bead in the trap is
well approximated by E = (1/2)kx2 and therefore the value of ∆E is known for
each trajectory. The distribution of exchanged heat shows interesting features as
compared to the work that have been recently discussed by Zohn and Cohen [46].

5 Single molecule experiments

The advent of nanotechnologies has provided instruments and tools for scientists
to manipulate individual molecules and follow their dynamical trajectories as they
carry out specialized molecular tasks [47]. The research of molecular reactions
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Figure 3: A single laser tweezers setup. (a) The laser light is focused into a spot by
using an objective. (b) A Gaussian profile of light intensity generates a confining
potential due to conservation of light momentum. The trapping force is induced
by the difference in the index of refraction between the polystyrene bead and the
surrounding water.

performed by individual molecules offers new insight on the importance of fluctu-
ations and stochasticity in small systems. Mechanical force has been recognized
as essential to understand the fate of many chemical reactions [48, 49]. Several
force-microscopies are currently available to investigate the individual behavior of
biomolecular complexes. Atomic force microscopy (AFM), optical and magnetic
tweezers tweezers have become common tools that allow scientists to measure the
response of these systems to applied external force. These techniques cover differ-
ent but overlapping ranges of forces: AFM covers a range of forces spanning from
several tens of pN up to hundreds of pN, optical tweezers span the intermediate
region between 1pN and 100pN and magnetic tweezers are sensitive to tenths of
pN.

Thermal fluctuations are important whenever the energies involved in molec-
ular processes are of the order of several kBT . A quick estimate of the forces
participating in this regime can be obtained as follows. The typical distance d in-
volving conformational changes at the biomolecular level is of the order of 1nm 12.

12This is only a rough estimate, for instance the base pair distance in DNA is around one third
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At room temperature T = 298K, Fd = kBT this gives a force F ' 4pN . Opti-
cal tweezers are ideal to investigate a large region of intermediate forces around
this value [51]. Nowadays, optical tweezers are used to investigate many processes
operated by biomolecules, ranging from the elastic deformation of nucleic acids or
proteins to the specific action of enzymes acting on molecular substrates [50]. A
typical experimental setup is shown in Fig. 3. Optical tweezers use light momen-
tum conservation to generate a force gradient on polystyrene beads (of a diameter
between 1 and 3 microns) that are immersed in water. Light deflection inside the
beads arises from the difference in the index of refraction between the beads and
water. In this way a confining potential can be generated by focusing a beam of
light inside the chamber. To a high degree the confining potential can be consid-
ered as harmonic. Single beam tweezers can generate confining forces of the order
of several tens of pN 13. Dual tweezers use two counter propagating beams to gen-
erate higher forces (up to 150 pN) and have the advantage (by measuring the total
amount of deflected light) that recurrent calibration is not required to measure
forces. A fluid chamber is fixed in a movable stage or frame that is controlled by a
piezo actuator. The chamber is made out of two parallel glass plates separated by
a thin layer of parafilm. Inside the chamber there is a glass micropipette that can
trap beads of the size of the micron by air suction. The two counter propagating
laser beams can confine another bead in the optical trap. To measure forces on
molecules a tether is attached to the two beads (one in the micropipette, the other
in the trap). Attachments are designed by chemical treatment of the surface of
the beads and chemical modification of the ends of the molecule (called labeling).
As the stage is moved the force on the bead in the trap (and therefore, on the
tether) can be measured. The distance between beads is then measured by using
a light lever and a force-extension curve (FEC) can be recorded. Optical tweezers
have been used in different fields ranging from physics to biology. A survey of their
applications can be found in [50].

DNA plays a central role in biophysics [52, 53]. Accordingly its mechanical
properties have been extensively investigated during the past 10 years [54, 55].
Initial investigations on the elastic response of double-stranded DNA under ten-
sion [56] have revealed that DNA behaves like an entropic spring as predicted by
the worm-like chain model of polymer theory [57]. However, at difference with
other polymers DNA shows structural transitions at modest forces (around or
below 100pN) depending on how the molecule is pulled. For example, torsion-
ally unconstrained double-stranded DNA shows a highly cooperative overstretch-
ing transition around 65pN [58, 59]. At the origin of this behavior there is the
double-helix structure of DNA and the associated uncoiling of the two strands.
However, if both strands are pulled from the same end of the DNA molecule,

of a nanometer. This is the minimal distance that polymerases have to cover to elongate one
base pair the newly synthesized strand.

13The confining force depends on wavelength of the light. Typical wavelength values are in
the range 700-1000nm, lower frequencies are inadvisable as they can lead to light absorption and
subsequent heat convection effects around the bead.
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Figure 4: Force extension curve for a torsionally unconstrained DNA molecule
of the λ bacteriophage, 24000 base pairs long in a water buffer at 100mM NaCl
concentration and 7pH. The molecule has a contour length of approximately 8µm
and shows the characteristic overstretching transition around 65 pN.

then DNA sequentially unzips at constant force following a curve that depends
on the particular nucleotide sequence [60, 61]. The elastic response of DNA has
produced many experimental [62, 63, 64, 65, 66] as well as theoretical investiga-
tions [67, 68, 69, 70, 71, 72] to characterize its structural transitions. A particular
force-extension curve (FEC) showing the characteristic overstretching transition
of double-stranded DNA is shown in Fig. 4.

6 Pulling experiments on RNA

RNA is an essential molecule in biochemistry. It plays an intermediate role be-
tween DNA (which encodes the genetic information and represents the “software”
in living organisms) and proteins (which perform specialized tasks inside the cells
and represent the “hardware”). Such intermediate role has been emphasized after
the discovery that certain RNA molecules (called ribozymes) have catalytic activ-
ities that are essential in many regulational processes [73]. The relevance of RNA
has motivated many single molecule studies. Compared to DNA, optical tweezers
measurements in RNA present additional difficulties to the experimentalist. Not
only RNA requires more elaboration in the synthesis of the molecular constructs,
it is also a molecule very sensitive to the surrounding environment and degrades
easier. Moreover, RNA domains have extensions of few tens of nanometers after
unfolding, thus requiring more careful and precise measurements.

Liphardt et al. [74] have pulled RNA molecules and studied their unfolding
by applying external force using optical tweezers. The molecular construct consists
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Figure 5: Typical experimental setup when pulling RNA molecules. The molecular
construct consists of an RNA molecule attached by its ends to two RNA/DNA
hybrid handles (to avoid formation of secondary structures in the handles). As
compared to DNA, RNA single molecule experiments present additional difficulties
as RNA quickly degrades and the resolution required to observe the unravelling of
the molecule is much higher and of the order of the nanometer.

of two hybrid DNA-RNA handles that are annealed to the ends of a small RNA
molecule, Fig 5. As the molecular construct is pulled the force-extension curve
(FEC) reflects the elastic behavior of the handles (well described by a worm-like
chain model [57]) until a force is reached where the molecule unfolds and a jump
in the force and distance is observed.

Very interesting dynamical effects were later observed in small RNA hair-
pins depending on the pulling rate. For slow pulling rates the molecule was seen
to follow always the same trajectory and unfold at a reproducible value of the
critical force 14. At this force coexistence and hopping between the folded and
unfolded conformations has been observed characteristic of cooperative unfold-
ing [74] 15. More interesting, as the pulling rate increases larger hysteresis and
stochastic fluctuations in the value of the breakage force were observed. Typically
the average value of the breakage force tends to increase with the pulling rate. This
dependence has been investigated by Evans and Ritchie [76, 77] who have applied
Kramers theory [78] to describe the activated dynamics of a particle jumping over
a force-dependent barrier as described by Bell [79]. The study of the loading rate
dependence of the breakage force in this type of systems has led to new devel-
opments in what is now commonly referred as single-molecule force spectroscopy
[80, 81], a technique that is useful to investigate the energy landscape of molecular

14Reproducibility of trajectories has always limitations imposed by the unavoidable drift of
the optical tweezers machine, see the remark at the end of Sec. 4. The accuracy in the value of
the breakage force can be well controlled.

15The dependence of the value of the transition force and the hopping frequency on the sequence
of the RNA molecule has been studied in [75]
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Figure 6: Non-equilibrium pulls in the RNA molecule P5abc at different pulling
speeds in a buffer in the absence of magnesium. Panel A shows a reversible (left
blue, pulling speed equal to 3-4pN/s) trajectory and an irreversible trajectory
(right red, pulling speed 52pN/s). Panel B shows unfolding trajectories for two
pulling speeds, 34pN/s (green) and 52pN/s(red) compared to near-equilibrium
pulls at 2-5pN/s (blue). Figure taken from [74].

interactions. Typical unfolding curves showing the pulling rate dependence of the
breakage force and the resulting hysteresis effects are shown in Fig. 6.

Hummer and Szabo have realized [82] that the non-equilibrium work rela-
tion (20) can be used in single molecule experiments to reconstruct the free energy
landscape along the force coordinate. The JE (20) has been experimentally tested
in [83] for the P5abc hairpin by repeated measurements of the work done along
the unfolding trajectory at different pulling speeds. For P5abc in EDTA buffer the
unfolding free energy change is well known from its secondary structure and there-
fore is a useful example to test the validity of the JE. Typical work histograms are
shown in Fig. 7 for three pulling speeds. As expected, as the pulling rate increases
the average value of the dissipated work increases reaching values of the order of
4kBT at the fastest pulling speeds. The main result in [83] is that the JE can
be used to predict the free energy change for the folding-unfolding transition in
the P5abc hairpin with a precision within 1kBT using a modest number of pulls
(around 100). Moreover, the JE provides a better estimate for the equilibrium free-
energy change than the FD estimate does (21). The advantage of the former as
compared to the later has been verified in the near-equilibrium regime (where (18)
holds), when the number of repeated pulls is not too large [28].

For the case of the P5abc in EDTA buffer the value of the dissipated work
is small 16. In general, for larger molecules the JE is expected to give less reliable

16In this buffer conditions kinetic barriers are low. High kinetic barriers and strong irreversibil-
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Figure 7: Work distributions for the P5abc molecule at different pulling speeds
(3-5pN/s blue, 34pN/s green, 52pN/s red) measured at different distances along
the pulling process. Figure taken from [83].

estimates for the equilibrium free-energy as the value of the average dissipated
work increases. An example is shown in Fig. 8. Typical unfolding curves for a
three way RNA junction are shown in Fig. 8. The validity of the JE for such
cases is currently investigated [85]. Other more complex cases imply the unfolding
of even larger RNA molecules consisting of many domains such as the recently
investigated L21 RNA ribozyme [84].

7 Modeling the experiment

In [25] a two-state model has been studied to justify the non-equilibrium experi-
ments in [83]. The main goal was to confirm that indeed it is possible to obtain the
equilibrium free energy (within an error equal to 1kBT ) by using the JE with a
limited number of pulls done in that experiment. Interestingly, with this model it
is possible to go quite far and find out several results regarding the kinetics of the
unfolding process. This allows to make also specific predictions about the kinetic
dependence of the dissipated work that can be experimentally tested as well as
quantitative statements about the validity of the JE for two-state systems. More-
over, it is possible to do explicit calculations for the work distribution P (W ) and, if
desired, go beyond the Gaussian case (17). Two-state models provide phenomeno-
logical descriptions of systems that can exist in two different forms, therefore the
following considerations are expected to be applicable to many systems beyond
the folding-unfolding dynamics of RNA molecules. In fact, the two-state model
has been shown to provide a good description of the folding-unfolding dynamics of
small DNA or RNA hairpins that display strong cooperativity [86, 87] as well as
structural transitions in polymers [88]. The model is represented in Fig. 9 where
the two conformations (folded and unfolded) are separated by an intermediate

ity are obtained either by going to faster pulling speeds (however, this is not easy to accomplish
due to limited experimental capabilities) or in different buffer conditions. For the latter, high
kinetic barriers and many intermediate states are obtained in the presence of divalent cations
such as magnesium that establish specific tertiary contacts between some bases.
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Figure 8: The left figure shows the structure of the junction in the 16S domain of
the 30S ribosomal RNA subunit. The right figure shows some unfolding curves at
3.5pN/s. Courtesy of Delphine Collin.
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Figure 9: The two-state model with an intermediate barrier. The parameters are
the free-energy gap ∆F0, the unfolding distance xm, the height B of the inter-
mediate barrier and the distance of the intermediate barrier to the folded state
∆xf→u = xm − ∆xu→f . Figure taken from [25].

barrier located at a distance ∆xf→u from the folded state and ∆xu→f from the
unfolded state, the value xm = ∆xf→u +∆xu→f being the total distance between
the folded and the unfolded states. The free energy difference between the two
states is denoted as ∆F0 and the height of the barrier is indicated as B. Transi-
tion rates between the folded and the unfolded state are thermally activated and
force dependent [79],

kf→u(f) = kmk0 exp(−β(B − f∆xf→u))

ku→f (f) = kmk0 exp(−β(B − ∆F0 + f∆xu→f )) (22)

where f is the external force, β = 1/kBT , k0 is a microscopic attempt frequency
and km is a contribution arising from the handles, the bead in the trap and the
machine 17. The rates (22) satisfy detailed balance, a necessary condition for the
equilibrium regime to be characterized by Boltzmann populations of the folded
and unfolded states. The dynamics of the two-state model under the action of
an external force has been analyzed in detail for the case of no-refolding process
along the unfolding curve [76, 77], also called a first-order Markov process. This
particular case is analytically tractable and specific predictions about the form of
the work distribution can be made [89].

In the theoretical treatment of a non-equilibrium pulling experiment the force

17In (22) we continue to use the term F for the Gibbs free energy. To be precise we should
use instead G as for the experimental conditions the temperature and pressure of the bath are
held constant.



216 F. Ritort Poincaré Seminar 2003

can be taken as the control parameter 18 and increased at an approximately con-
stant rate r = ḟ . The work exerted along a given trajectory is taken as W =

∫

xdf .
The probability distribution cannot be exactly evaluated in closed form and only
the moments of the distribution can be computed in a perturbative scheme where
the average dissipated work is assumed to be several times kBT . The results have
been given in [25] for the first two moments. These give the average dissipated
work and its variance, from which the value of the fluctuation-dissipation ratio R
can be inferred. The first two moments are the most relevant quantities as they
can be directly compared with the experimental results. A general result for the
average dissipated work can be derived in the linear-response regime where the
pulling speed is slow compared to the hopping frequency at the transition force
ft (i.e. the value of the force at which the folded and unfolded populations of the
RNA molecules are equal in equilibrium). The linear-response regime is therefore
characterized by the dimensionless parameter ρ defined as,

ρ =
r

ftktotal(ft)
(23)

where ktotal(ft) = ku→f (ft) + kf→u(ft) is the total rate at the transition force.
When ρ < 1 the average dissipated work is given by,

Wdis ∼ ρ∆F0 + O(ρ2) (24)

The linear dependence of (24) can be used to derive estimates for the relax-
ation time of the molecule that might complement other type of kinetic measure-
ments (such as the measurement the folding-unfolding hopping frequency right
at the transition force). In Fig. 10 we show the results for these quantities as a
function of the pulling rate using some kinetic parameters in (22) to fit the experi-
mental data. The dashed line in the left panel of Fig. 10 shows the linear response
prediction (24). Note that the experimental points fall off the linear response curve,
showing that the pulling rates investigated in [84] explore the far from equilibrium
regime. This is an important result because it shows that, despite of the smallness
of the value of the average dissipated work (in the range 2−4kBT ) the experiments
were carried out far from equilibrium reinforcing the validity of the Jarzynski re-
lation in such regime 19. This conclusion is substantiated by the dependence of

18Strictly speaking this is not true. As remarked in Sec. 4 the control parameter in pulling
experiments using optical tweezers is not the force but the distance between the center of the
optical trap and the tip of the micropipette. The pulling speed r is always an average value of
the force-dependent speed along the unfolding curve. Under this approximation (which typically
introduces a small correction), using the force or the distance as the control parameter turns out
to be equivalent as d(fx) = fdx + xdf , see footnote (**) in [25] for a related remark.

19Indeed, had the experiments been carried out in the near-equilibrium regime, then the recov-
ery of the equilibrium free-energy change using the JE would be expected due to the smallness of
the average values of the dissipated work. The fact that the value of the dissipated work is small,
yet the system is far from equilibrium, is consequence of the smallness of the RNA molecule.
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Figure 10: Average dissipated work (left) and fluctuation-dissipation ratio R (right)
as a function of the pulling speed. The circles in the left figure are the experimental
values. The values of the kinetic parameters characterizing the rates (22) have
been chosen to fit the experimental data. The dashed line in the left figure shows
the linear-response formula (24). The two horizontal dashed lines in the right
figure limit a region of pulling speeds where the FD estimate (21) is expected
to approximate well the free-energy change during the folding-unfolding reaction.
Figure taken from [25].

the fluctuation-dissipation ratio (right panel in Fig. 10) which shows a strong non-
monotonic behavior for pulling speeds above 20pN/s. Further evidence endorsing
the fact that experiments were carried out far from the equilibrium regime is in-
ferred from the shape of the work probability distributions P (W ) 20. The results
are shown in the left panel of Fig. 11 and were obtained from numerical simu-
lations of the model using the kinetic values of the fitting parameters as derived
from Fig. 10. Gaussian behavior is a fingerprint of the near-equilibrium regime, see
the discussion in the paragraph containing footnote 9 in Sec. 3.2. As a comparison
we show in the right panel of Fig. 11 the histograms obtained from the experi-
ments. Both theory and experiments bear a close resemblance. Fig. 11 reveals the
existence of long tails at both sides of the work distribution that strongly deviate
from the Gaussian behavior.

Finally we provide an answer to the original question with which we started
this section. Can we support the main result of the experiment [83] where a small
number of pulls (around 60) was enough to obtain the equilibrium free energy
(within an error of 1kBT ) by using the JE? In Fig. 12 we compare the bias error

20It must be emphasized though that this statement would not be valid if, by some reason, the
parameters used to fit the kinetic data were completely off from the actual values. Although far-
fetched, this possibility cannot be ruled out as the two-state model here considered is probably
a crude approximation to the real description of the unfolding process (see the discussion in
Ref. [49]). New experiments in other RNA hairpins are required to reach a better understanding.
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Figure 11: Work distributions obtained for the model (left) compared to the experi-
mental results. Strong deviations from a Gaussian behavior are predicted, specially
in the left tails of the distribution. Figures taken from [25, 83].

obtained from the two estimates (20,21) as well as from the average dissipated
work W dis along the force coordinate. The different bias errors are defined as,

Bdis = W − ∆F = W dis (25)

BFD = ∆FFD − ∆F = W dis(1 − R) (26)

BJE = ∆FJE − ∆F = − log
(

exp(−Wdis

kBT
)
)

(27)

where (18) and (20,21) have been used. The bias error depends on the num-
ber of pulls Npulls. To obtain these bias values we have averaged (25,26,27) over
a large number of sets of experiments, each set characterized by Npulls repeated
pulls. Full convergence to the correct free-energy, as the number of pulls increases,
corresponds to a vanishing bias throughout the force axis. From Fig. 12 we can
see how the values obtained from the average dissipated work (25) and the FD
estimate (26) quickly converge to limiting curves characterized by a finite bias.
However, the bias obtained from the JE (27) slowly converges to zero and practi-
cally vanishes only for Npulls ∼ 106. Also, from the JE bias (27) shown in Fig. 12
we learn that 100 pulls are enough to get an estimate of the free-energy within
1kBT of error for the folding-unfolding reaction, by using non-equilibrium work
values at the two largest pulling speeds. We mention also that the FD estimate
works well in the large force region of the force axis (around 20pN) but not in
the intermediate force region (around 14pN) where it develops a bump. The rea-
son why the FD works so well at high forces has it root in the behavior of the
fluctuation-dissipation ratio R shown in the right panel in Fig. 10. There R has
been evaluated from a pulling protocol where the force is ramped from 0 to a
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Figure 12: Behavior of the different bias defined in (25,26,27) along the force
coordinate. Figure taken from [25].

value around 20pN. In that case R is close to 1 for a large region of pulling speeds
(delimited by the two horizontal dashed lines). Whenever R ∼ 1 the FD estimate
is expected to work well if the number of pulls is not too small.

The number of pulls required to obtain the equilibrium free energy with an
error within 1kBT can be estimated by measuring BJE averaged over many sets,
each one containing Npulls repeated pulls. The dependence of the bias BJE with
Npulls is shown in Fig. 13. The decay of the bias with Npulls can be very well
approximated by a power law (Npulls)

−α(r) where the exponent α(r) depends on
the pulling rate (or the average dissipated work as they are related each other).
The bias BJE shows as a crossover to a 1/Npulls behavior for Npulls > 1000 in
agreement with the prediction by Wood [90]. For a Gaussian process in the near-
equilibrium regime the value of the exponent α(r) has been estimated numerically
[28] and is relatively close to the values found in this case. From Fig. 13 we see
the number of pulls required for the bias BJE to be equal to 1kBT (indicated as
the horizontal dashed line). This number of pulls is then shown in the inset of
Fig. 13 as a function of the average dissipated work (also the pulling speeds are
indicated). Under certain assumptions (see [91]), and only for modest values of the
average dissipated work [91], this number of pulls can be shown to approximately

grow as exp(R−
Wdis

kBT
) with R− a constant of order unity that characterizes the left

side tail of the work distribution. For the experimental values of the pulling speed
considered in the experiment (the region limited by the square box shown in the
figure in the Inset) the required number of pulls to get the desired accuracy is of
the order of several tens as done in the experiment.
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Figure 13: Main panel: Bias error (in units of kBT ) for the Jarzynski average (27)
as function of the number of pulls for different pulling rates (from bottom to top:
34 (green),52 (red),75 (violet),100 (black) pN/s). Data have been averaged over
1000 sets and error bars correspond to 100 sets. Inset: Number of pulls necessary
to obtain an estimate for the equilibrium free energy within kBT and fit to the

estimate Npulls ∼ exp(R−
Wdis

kBT
) which yields R− ' 1.5.

All in all, the two-state model reproduces quantitatively many aspects of the
non-equilibrium behavior observed in the experiment [84] and justifies the test of
the validity of the JE there claimed.

8 Conclusions

Thermodynamics represented a great step in the development of science. It pro-
vided a general framework to understand all natural processes that involve the
transformation of different sorts of energy (mechanical, chemical, electromagnetic)
into work and heat. While work can be viewed as useful energy, heat represents
energy that is not useful. The second law of thermodynamics limits the amount
of useful work that can be extracted from heat. As heat abounds in nature it
seems plausible that the level of organization that we see today in the form of bi-
ological matter originates from certain properties that characterize heat exchange
processes.

Statistical mechanics provided a mechanistic picture of the abstract concepts
of thermodynamics in terms of the average behavior of a large number of atoms or
molecules and their interactions. According to this picture, thermodynamic quan-
tities are not strictly constant but fluctuate around their average values. However,
the amount of these fluctuations is small relative to the value of the thermody-
namic quantities themselves. Much larger fluctuations are hardly observable and
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become irrelevant as the macroscopic level is approached.

Fluctuation theorems go beyond this statistical level of description by quan-
tifying fluctuations arbitrarily large whose magnitude can be of the same order of
the average value. This is the content of the non-equilibrium work relation orig-
inally derived by Jarzynski 21. In that case, work trajectories quite far from the
average or most probable trajectory, have to be properly weighed for the equality
to be satisfied. As the system size increases (or as the time increases for steady
state systems) the probability to observe these rare trajectories quickly decreases.
Were we repeat many times the dynamical experiment, the time we should wait
until finding a trajectory that notably reduces the bias error associated with the
equality, increases exponentially with the size of the system, ultimately reaching
values that are of the order of the Poincare recurrence time. We then considered
the suggestive fact that most of the non-equilibrium trajectories that enforce the
validity of the Jarzynski equality, are also those that inspired many of the para-
doxes underlying the statistical interpretation of heat and that were proposed in
the early days of statistical mechanics.

What is the fundamental value of these rare trajectories described by fluctuation-
theorems? If fluctuation theorems were just theorems, the value would be predom-
inantly academic. There is of course interest in using the non-equilibrium work
relation to obtain free energies for transformations that cannot be carried out re-
versibly. However, it might be possible that fluctuation theorems have an added
fundamental value. They could provide physicists with a tool to explore the validity
of the principles underlying some energy transformation processes. In the same way
that classical mechanics proved inadequate to describe energy exchange between
radiation and matter at the atomistic level, one could imagine that current the-
ories describing thermal exchange processes occurring at very small length-scales
or short times should be accordingly revised. In fact, all fluctuation theorems use
in one way or another the concept of microscopic reversibility. This condition en-
sures that systems thermalize if left to evolve for a long time. However, it might
be possible that microscopic reversibility holds only in average, that transitions at
the microscopic level have unexpected properties with important consequences for
biology and life 22. If this were the case, while the average behavior would be well
described by current dynamical theories, rare fluctuations might display a more
refined pattern beyond our current expectation.

Biological matter tends to organize reaching fantastic levels of complexity.
Although it is often tacitly assumed that our current understanding of physics
will provide clues to fill into the many “details” that surround the organization of
biological matter, the truth is that bold ideas will be probably needed to go beyond

21We did not mention in this feature extensions of the classical non-equilibrium work relation
to the quantum regime. Although several papers have recently appeared in the literature [92, 93,
94, 95], the concept of a quantum trajectory and quantum work are to be clarified and the first
experimental attempt to test the corresponding quantum relations is still to be done.

22Ideas such as purposiveness of changes have appeared recurrently in the context of natural
selection in biology, see for instance [96].
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the present state of the art. Biological matter will become a common laboratory
for physicists in order to test and understand many of the questions that transcend
the behavior of ordinary matter. Single molecule experiments have opened a vein
of research for physicists, that require the combination of a general knowledge
of physics, chemistry and biology to grasp the most relevant aspects required to
unravel the behavior of living matter at the most fundamental level.
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Abstract
Atomic force microscopes and optical tweezers are widely used to probe the mechanical properties
of individual molecules and molecular interactions, by exerting mechanical forces that induce
transitions such as unfolding or dissociation. These transitions often occur under nonequilibrium
conditions and are associated with hysteresis effects—features usually taken to preclude the
extraction of equilibrium information from the experimental data. But fluctuation theorems1–5 allow
us to relate the work along nonequilibrium trajectories to thermodynamic free-energy differences.
They have been shown to be applicable to single-molecule force measurements6 and have already
provided information on the folding free energy of a RNA hairpin7,8. Here we show that the Crooks
fluctuation theorem9 can be used to determine folding free energies for folding and unfolding
processes occurring in weak as well as strong nonequilibrium regimes, thereby providing a test of
its validity under such conditions. We use optical tweezers10 to measure repeatedly the mechanical
work associated with the unfolding and refolding of a small RNA hairpin11 and an RNA three-helix
junction12. The resultant work distributions are then analysed according to the theorem and allow
us to determine the difference in folding free energy between an RNA molecule and a mutant differing
only by one base pair, and the thermodynamic stabilizing effect of magnesium ions on the RNA
structure.

The Crooks fluctuation theorem9 (CFT) predicts a symmetry relation in the work fluctuations
associated with the forward and reverse changes a system undergoes as it is driven away from
thermal equilibrium by the action of an external perturbation. This theorem applies to processes
that are microscopically reversible, and its experimental evaluation in small systems is crucial
to understand better the foundations of nonequilibrium physics13. A consequence of the CFT
is Jarzynski’s equality14, which relates the equilibrium free-energy difference ΔG between
two equilibrium states to an exponential average (denoted by angle brackets) of the work done
on the system, W, taken over an infinite number of repeated none-quilibrium experiments, exp
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(−ΔG/kBT) = 〈exp(−W/kBT)〉. The equality has been developed6 into a formalism that allows
us to use nonequilibrium single-molecule pulling experiments to reconstruct free-energy
profiles or potentials of mean force15 along reaction coordinates. Experimental testing of
Jarzynski’s equality in single-molecule force experiments16 used the P5ab RNA hairpin7,8,
which can be folded and unfolded quasi-reversibly. But for processes that occur far from
equilibrium, the applicability of Jarzynski’s equality is hampered by large statistical
uncertainties that arise from the sensitivity of the exponential average to rare events17,18 (low
values of W). Moreover, although the equality 〈W〉 = ΔG holds for processes occurring near
equilibrium, spatial drift in the experimental system usually makes it difficult in practice to
extract unfolding free energies using small loading rates (below a few pN s−1). Drift effects
decrease noticeably for larger pulling speeds, making it possible to obtain more reliable
experimental data (and also good statistics as a large number of pulls can be executed in a
reasonable time), but at the expense of a more irreversible unfolding process. Here we show
that significant improvements can be obtained by using the CFT, which provides a more robust
and more rapidly converging method to extract equilibrium free energies from non-equilibrium
processes.

The CFTallows us to quantify the amount of hysteresis observed in the values of the irreversible
work done to unfold and refold a macromolecule. Let PU(W) denote the probability distribution
of the values of the work performed on the molecule in an infinite number of pulling
experiments along the unfolding (U) process, and define PR(W) analogously for the reverse
(R) process. For the CFT to be applicable, the unfolding and refolding processes need to be
related by time-reversal symmetry, that is, in our experiments, the optical trap used to
manipulate the molecule must be moved at the same speeds during unfolding and refolding.
Moreover, the molecular transition probed always has to start in an equilibrium state (folded
in the unfolding process, and denatured or unfolded in the refolding process) and reach a well-
defined final state. The CFT9 then predicts that:

PU(W )

PR( − W ) = exp (W − ΔG
kBT

) (1)

where ΔG is the free-energy change between the final and the initial states, and thus equal to
the reversible work associated with this process. Note that the CFT does not require that the
system studied reaches its final equilibrium state immediately after the unfolding and refolding
processes have been completed; it is only the control parameter that needs to attain its final
value, whereas the system may continue to equilibrate to a well-defined state that is consistent
with the final value of the control parameter. The equilibration occurs without change of the
control parameter, and therefore contributes no work. In principle, W is an integral over the
external variation of a control parameter9, for example, the position of the optical trap or the
time6. In our experiments, W is well approximated by the familiar force-versus-extension
integral:

W = ∑
i=1

Ns
FiΔxi (2)

where xi is the distance between the ends of the molecule and Ns is the number of intervals
used in the sum (see ref. 6 for a thorough discussion of this issue). Relation (1) quantifies
hysteretic effects in the pulling experiment: work values larger than ΔG occur most often along
the unfolding path while (absolute) values smaller than ΔG occur more often along the refolding
path. As can be seen from equation (1), the CFT states that although P U(W), P R(−W) depend
on the pulling protocol, their ratio depends only on the value of ΔG. Thus the value of ΔG can
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be determined once the two distributions are known. In particular, the two distributions cross
at W = ΔG:

PU(W ) = PR( − W ) ⇒ W = ΔG (3)

regardless of the pulling speed. Although the simple identity (3) already gives an estimate of
ΔG, it is not necessarily very precise because it uses only the local behaviour of the distribution
around W = ΔG. Using the whole work distribution increases the precision of the free-energy
estimate19. In particular, as we show below, when the overlapping region of work values
between the unfolding and refolding work distributions is too narrow (as may happen for large
values of the average dissipated work, defined as 〈W dis〉 = 〈W〉 − ΔG), the use of Bennett’s
acceptance ratio method20 makes it possible to extract accurate estimates of ΔG using the CFT
(see the Supplementary Information).

We first experimentally test the validity of the CFT for a molecular transition occurring near
equilibrium. For this, we use a short interfering (si)RNA hairpin that targets the messenger
RNA of the CD4 receptor of the human immunodeficiency virus (HIV)11 and that unfolds
irreversibly but not too far from equilibrium at accessible experimental pulling speeds
(dissipated work values less than 6k BT). Under these conditions, the unfolding and refolding
work distributions overlap over a sufficiently large range of work values to justify the use of
the direct method to experimentally test equation (1). The work done on the molecules during
either pulling or relaxation is given by the areas below the corresponding force–extension
curves (Fig. 1).

Unfolding and refolding work distributions at three different pulling speeds are shown in Fig.
2. Irreversibility increases with the pulling speed and unfolding–refolding work distributions
become progressively more separated. Note, however, that the unfolding and the refolding
distributions cross at a value of the work ΔG = 110.3 ±0.5 kBT that does not depend on the
pulling speed, as predicted by equation (3). Moreover, the work distributions also satisfy the
CFT, that is, equation (1) (see the Supplementary Information). We also notice that work
distributions are compatible with, and can be fitted to, gaussian distributions (data not shown).
After subtracting the contribution arising from the entropy loss due to the stretching of the
molecular handles attached on both sides of the hairpin (ΔGhandles = 23.8 k BT) and of the
extended single-stranded (ss)RNA (ΔGssRNA = 23.7 ±1kBT) from the total work, ΔGexp = 110.3
±0.5 kBT, we obtain for the free energy of unfolding at zero force ΔG0

exp = 62.8 ±1.5kBT =
37.2 ±1 kcalmol−1 (at 25° C, in 100 mM Tris-HCl, pH 8.1, 1 mM EDTA), in excellent
agreement with the result obtained using the Visual OMP from DNA software21 ΔG0

mfold =
38 kcal mol−1 (at 25° C, in 100 mM NaCl).

To extend the experimental test of the validity of the CFT to the very-far-from-equilibrium
regime where the work distributions are no longer gaussian, we apply the CFT to determine:
(1) the difference in folding free energy between an RNA molecule and a mutant that differs
only by one base-pair, and (2) the thermodynamic stabilizing effect of Mg2+ ions on the RNA
structure. The RNA we consider is a three-helix junction of the 16S ribosomal RNA of
Escherichia coli12 that binds the S15 protein. The secondary structure of this RNA is a common
feature in RNA structures22–24 that plays, in this case, a crucial role in the folding of the
central domain of the 30S ribosomal subunit. For comparison, and to verify the accuracy of
the method, we have pulled the wild type and a C·G to G·C mutant (C754G to G587C) of the
three-helix junction.

Figure 3 depicts the unfolding and refolding work distributions for the wild-type and mutant
molecules (work values were binned into about 10–20 equally spaced intervals). For both
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molecules, the distributions display a very narrow overlapping region. In contrast with the
hairpin distribution, the average dissipated work for the unfolding pathway is now much larger
—in the range 20–40kBT —and the unfolding work distribution shows a large tail and strong
deviations from gaussian behaviour. Thus, these molecules are ideal to test the validity of
equation (1) in the far-from-equilibrium regime. As shown in the inset of Fig. 3, the plot of the
log ratio of the unfolding to the refolding probabilities versus total work done on the molecule
can be fitted to a straight line with a slope of 1.06, thus establishing the validity of the CFT
(see equation (1)) under far-from-equilibrium conditions. Our measurements reveal the
presence of long tails in the work distribution P U(W) along the unfolding path and narrow
work distributions PR(W) along the refolding path. These distributions complement each other,
one being large where the other is small, thereby providing thermodynamically important
information about the free-energy landscape.

Bennett’s acceptance ratio method gives ΔGexp = 154.1 ±0.4kBT and ΔGexp = 157.9 ±0.2
kBT for unfolding the wild-type and mutant types, respectively, giving a difference between
the two forms ΔΔG0

exp = ΔΔGexp = 3.8 ±0.6kBT. After subtracting the (identical for both

molecules) handle and RNA entropy loss contributions (97 ±1 kBT) we get ΔG0
exp = 57

±1.5kBT (wild type) and ΔG0
exp = 60.8 ±1.5 kBT (mutant), the error increasing owing to the

uncertainty in the contributions coming from the stretching of ssRNA. Free-energy prediction
programs such as Mfold25 and Visual OMP21 give a ΔΔG0

mfold = 2 ±2 kBT between the forms
(at 25 °C and 100 mM NaCl). Thus, when combined with acceptance ratio methods, the CFT
furnishes a method precise enough to determine the difference in the folding free energies of
RNA molecules differing only by one base pair in 34 base pairs.

Finally we apply equation (1) to obtain the free energy of stabilization by Mg2+ of the S15
three-helix junction. These values are often difficult to access using bulk methods because
melting temperatures of tertiary folded RNAs are frequently higher than the boiling point of
water, and Mg2+ catalyses the hydrolysis of RNA at increased temperatures26. Figure 4 depicts
the work histograms in the presence and absence of Mg2+ (at constant ionic strength); stretching
contributions differ in the presence and absence of magnesium ions (116.8 kBT and 97 k BT,
respectively). These values have been subtracted from the work data to properly compare the
unfolding free energies of both molecules. The strong increase of irreversibility due to Mg2+

can be seen in the large value of the average dissipated work (about 50 k BT along the unfolding
reaction and 16 k BT along the refolding path). Applying Bennett’s acceptance ratio method
for the molecule in the presence of magnesium yields ΔGexp = 205.5 ± 1.5kBT and (after
subtracting the stretching contributions) gives ΔG0

exp = 88.7 ±2.5 kBT for the unfolding
reaction of the wild-type junction in 4 mM MgCl2. The difference in free energies of unfolding
in the presence and absence of Mg2+, ΔΔG0

exp = −31.7 ±2 kBT, gives the free energy of
stabilization associated with the binding of Mg2+ ions to the S15 three-helix junction through
both specific and non-specific (shielding) interactions.

These results illustrate that when used in conjunction with an appropriate fluctuation theorem,
nonequilibrium single-molecule force measurements can provide equilibrium information such
as folding free energies, even if the process studied occurs under far-from-equilibrium
conditions. The approach works using soft optical traps but is probably limited to processes
that dissipate less than 100 k BT. Whether it can be extended to studies that use much stiffer
atomic-force-microscope cantilevers to pull proteins27 is at present being examined in our
laboratory. Finally, the initial and final states of molecular interactions such as ligand binding
or macromolecular assembly usually do not correspond to measurable molecular extensions;
in such cases, the approach as described cannot at present be applied.
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METHODS
Sample preparation

The RNA molecules were prepared as previously described by ref. 16. Each DNA sequence
corresponding to the three different RNAs was cloned separately into pBR322 vector between
EcoRI and HindIII sites. A polymerase chain reaction (PCR) was used to amplify a DNA
sequence containing an upstream T7 promoter, the RNA sequence of interest and flanking
DNA sequences corresponding to the ‘handles’. The handles correspond to a sequence of
pBR322 (NCBI ID ‘J01749’) from nucleotides 3838 to 1 and from 29 to 629, respectively. The
three RNA sequences were transcribed in vitro using T7 RNA polymerase28. Two DNA
handles were synthesized by PCR. The DNA handle upstream of the RNA was biotinylated at
the 3′-end, whereas a digoxigenin moiety was attached to the 5′-end of the other handle. The
RNA and two DNA handles were annealed by heating samples to 85 °C, followed by a slow
cooling down to room temperature. The RNA hairpin was pulled in 100 mM Tris-HCl, pH 8.1,
1 mM EDTA buffer. The S15 three-helix junction and the mutant have been pulled in 62 mM
KCl, 10 mM HEPES pH 7.8 buffer. In 4 mM MgCl2 the KCl concentration was adjusted to 50
mM to work at the same ionic strength as in the absence of Mg2+.

Work measurements
Work probability distributions were obtained from many force–extension curves for a given
molecule and aligned to a worm-like chain curve that best fitted the force–extension data at
forces below the range of forces where the molecule unfolds. This procedure minimizes the
effect of machine drift on the measured work values. For the worm-like chain fits we used P
≈ 10 nm and P ≈ 1 nm for the persistence lengths of the DNA/RNA hybrid handles and ssRNA
respectively. Work values were integrated along the range of extension: [355 nm, 380 nm] for
the hairpin; [326 nm, 392 nm] for the S15 three-helix junction without magnesium (wild and
mutant); and [337 nm, 398 nm] for the S15 three-helix junction with magnesium. The free-
energy contributions from stretching the handles and the ssRNA were then obtained by
numerical integration of the worm-like chain reference curves using the values for the
persistence and contour lengths of the polymers. To estimate the free energy of unfolding at
zero, ΔG0

exp, we subtract the free-energy contribution of the hybrid handles and ssRNA from

the total reversible work across the transition, ΔGexp, by using the expression7,29: ΔG0
exp =

ΔGexp − ΔGhandles − ΔGssRNA, where ΔGhandles,ΔGssRNA are the entropy loss contributions
due to the stretching of the molecular handles attached on both sides of the hairpin and of the
extended ssRNA, respectively.

Supplementary Material
Refer to Web version on PubMed Central for supplementary material.
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Figure 1. Force–extension curves
The stochasticity of the unfolding and refolding process is characterized by a distribution of
unfolding or refolding work trajectories. Five unfolding (orange) and refolding (blue) force–
extension curves for the RNA hairpin are shown (loading rate of 7.5 pN s−1). The blue area
under the curve represents the work returned to the machine as the molecule switches from the
unfolded to the folded state. The RNA sequence is shown as an inset.
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Figure 2. Test of the CFT using an RNA hairpin
Work distributions for RNA unfolding (continuous lines) and refolding (dashed lines). We plot
negative work, PR(−W), for refolding. Statistics: 130 pulls and three molecules (r =
1.5pNs−1), 380 pulls and four molecules (r = 7.5pNs−1), 700 pulls and three molecules (r =
20.0pNs−1), for a total of ten separate experiments. Good reproducibility was obtained among
molecules (see Supplementary Fig. S2). Work values were binned into about ten equally spaced
intervals. Unfolding and refolding distributions at different speeds show a common crossing
around ΔG = 110.3kBT.
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Figure 3. Free-energy recovery and test of the CFT for non-gaussian work distributions
Experiments were carried out on the wild-type and mutant S15 three-helix junction without
Mg2+. Unfolding (continuous lines) and refolding (dashed lines) work distributions. Statistics:
900 pulls and two molecules (wild type, purple); 1,200 pulls and five molecules (mutant type,
orange). Crossings between distributions are indicated by black circles. Work histograms were
found to be reproducible among different molecules (error bars indicating the range of
variability). Inset, test of the CFT for the mutant. Data have been linearly interpolated between
contiguous bins of the unfolding and refolding work distributions.
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Figure 4. Use of CFT to extract the stabilizing contribution of Mg2+ to the free energy of the S15
three-helix junction (wild type)
Unfolding (continuous lines) and refolding (dashed lines) work distributions. Green curves,
450 pulls and two molecules in Mg2+; purple curves, 900 pulls and two molecules without
Mg2+. Crossings between distributions are indicated by black circles. Work histograms are
reproducible between the molecules (error bars indicating the range of variability). Inset, the
same histograms in logarithmic scale (axes labels as for the main panel) showing (vertical black
bars) the regions of work values where unfolding and refolding distributions are expected to
cross each other by Bennett’s acceptance ratio method (Supplementary Information).
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Supplementary Material 

 

Free energy recovery in single molecule experiments 

Single molecule force measurements (experimental setup shown in Fig. S1) can be used 

to determine free-energy differences between the folded (F) and the unfolded (U) states 

provided that the process is quasi-static (i.e. that the pulling is done slowly enough for the 

system to go through a succession of equilibrium states). In the mechanical unfolding of 

an RNA molecule, by measuring the reversible work revW  performed on the molecule 

during the unfolding process and using the thermodynamic relation revWG =∆ , we can 

estimate the RNA folding free energy at zero force 0G∆  (after correcting for the 

stretching of the handles required to manipulate the RNA hairpin and the entropy loss of 

the RNA between the extended conformation at a fixed end-to-end distance and the 

unfolded state). This method has been applied to small RNA hairpins that, in the absence 

of Mg++, can be unfolded quasi-statically at low pulling speeds 1. However, when the 

native state is determined by the existence of tertiary contacts, pulling cannot be carried 

out reversibly as the typical value of the folding-unfolding relaxation time 

relaxτ (measured at the transition force, 2/1F , i.e. the force at which both chemical species 

(F,U) are equally populated) is larger than the time required to reach 2/1F  during the 

pulling protocol, rFrelax /2/1>>τ , where r  is the loading rate in pN-s-1. Using very low 

pulling rates is often not a solution to obtain reliable free-energy estimates because of 

thermal drift of the instrument2. Nonequilibrium methods offer an alternative  way to 

extract free energy differences. 



 

The Jarzynski equality 

For irreversible pulls it is possible to use the Jarzynski equality3 (hereafter referred to as 

JE).  It relates the equilibrium free-energy difference G∆  between two equilibrium states 

to an exponential average (denoted by >< ... ) of the work done on the system, W , taken 

over an infinite number of repeated nonequilibrium experiments, 

>−=<∆− )/exp()/exp( TkWTkG BB . Using Jensen’s inequality, 

( ) >≥<>< XX )exp(log , it follows that GW ∆>≥<  which is recognized as the content 

of the second law of thermodynamics. For reversible processes the equality holds 

GW ∆>=< . The JE requires exponential averaging over an infinite number of work 

trajectories in order to recover the free energy. Performing this average over a finite 

number of trajectories introduces a systematic bias in the free-energy estimate whose 

magnitude depends on the finite number of pulls and the extent of the work 

dissipation6,7,8. Recently, the JE was experimentally tested in single-molecule force-

unfolding experiments1 on the P5ab RNA hairpin, a derivative of the L-21 Tetrahymena 

ribozyme4 .  These experiments showed that application of the Jarzynski equality on work 

values obtained when the molecule was unfolded irreversibly converged after a few 

hundred realizations towards the values of the free energy derived from the quasi-static, 

mechanical unfolding of the molecule. A few hundred repetitions of the irreversible work 

trajectories were enough to determine the value of G∆  with an accuracy of  TkB2
1

± . 

This result has been later theoretically justified in5. However, the average value of the 

dissipated work (defined as GWWdiss ∆−= ) during these irreversible studies was 



relatively small, ~ TkB3 , in comparison with values in the range TkB5010 − often seen in 

single molecule pulling experiments, and application of the JE to more dissipative 

processes is not straightforward. In fact, sources of random noise introduce a systematic 

bias in the exponential average required by the JE, which can be comparable in 

magnitude but of different sign to the bias arising from the finite number of pulling 

repetitions 6,7,8.  These two sources of noise often lead to large statistical uncertainties in 

the free energies estimated with the JE, particularly when the process occurs far from 

equilibrium. We find that the slow convergence shown by the JE can be improved by 

using the CFT 9 , and that the latter constitutes a less error–sensitive and faster – 

convergence method to extract equilibrium free energies from non-equilibrium processes.  

In practice, as mentioned above, it is often difficult to extract unfolding free energies 

using quasi-static pulling rates (below a few pN-s-1) due to spatial drift in various 

components of the manipulation instrument.  Drift effects decrease noticeably for larger 

pulling speeds, making it possible to obtain more reliable experimental data and better 

statistics (doing a large number of pulls), but at the expense of a more irreversible 

unfolding process 
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     FIGURE S1 

Figure S1. The optical tweezers set-up is similar to the one previously described in1. An 

RNA molecule is attached between a streptavidin coated bead positioned at the tip of a 

micropipette and an anti-digoxigenin coated bead captured in an optical trap. A piezo 

controls the position of the chamber and thus of the bead on the micropipette2. Molecules 

are stretched and relaxed by moving the chamber in the vertical direction at constant 

rate via the piezoelectric stage. The forces on the trap bead are determined by measuring 

the change of momentum of the photons as they pass through the trap. This movement is 

monitored with the light-lever, which consists of a small laser, a lens connected to the 

chamber, and a detector2. Force and extension of the molecule were monitored at ~300 

Hz. 

 

The Crooks fluctuation theorem (CFT) 

(numbering of equations in this section refer to the body text of the paper) 

The reversible process is an example of the CFT (1) where there is no hysteresis, so both 

unfolding and refolding distributions are equal and GW ∆= . The JE can also be obtained 

as a particular case of (1) as can be shown by rewriting (1) in the form 

)/exp()()/exp()( TkGWPTkWWP BRBU ∆−−=−  and integrating with respect to W  from 

−∞=W  to ∞=W . The l.h.s of this equation gives then the exponential average of the 

work along the unfolding path whereas the rhs is equal to )/exp( TkG B∆− . 

 

Expression for the work (2) is not strictly accurate.  The CFT (1) requires that ix  must be 

the control (non-fluctuating) parameter that characterizes the state of the system. 

However, the end-to-end distance is strictly speaking not the control parameter in our 

RNA pulling experiments, as the position of the bead fluctuates in the trap10,11. However, 

it can be shown that this effect is too small compared to other sources of error and the 



work done can be approximated10 by Eq. 2. When this is not the case, the correct free-

energy profile can nevertheless be reconstructed using the analysis of Hummer and 

Szabo12, or for sufficiently stiff traps the method of Park and Schulten7. 

 

Although the simple identity (3) already gives an estimate of ∆G , it is not necessarily 

very precise as it only uses the local behavior of the distribution around GW ∆= .  

However, the CFT suggests at least two methods of utilizing the full distributions of work 

values to extract G∆  and to avoid the noise and the convergence problems of the JE.  In 

the direct method, we plot the ratio )(/)( WPWP RU −  in logarithmic scale as a function of 

W .  The resulting points should fall on the line TkGW B/)( ∆− intersecting the W -axis at 

GW ∆= ; this is a direct test of the validity of the CFT, Eq. (1).  When the overlapping 

region of work values between the unfolding and refolding distributions is too narrow, as 

may happen for large dissipated work values, the direct method cannot be used and 

another type of analysis is required. In the matching method we define the functions 

( ) )2/()(log)( TkWWPWg BUU −=  and ( ) )2/()(log)( TkWWPWg BRR +−=  and use Eq. 

(1) to infer the relation TkGWgWg BUR /)()( ∆=− . We then determine the value of G∆  

such that the experimental distributions )(WgU , )(Wg R  match each other. Matching the 

experimental distributions )(),( WgWg RU  cannot be very accurate in the presence of 

large statistical fluctuations in the tails of the distributions. Therefore a different 

optimization analysis of the experimental data is necessary.  This is the basis of the ratio 

acceptance method developed by Bennett to efficiently estimate free-energy differences 

from Monte Carlo data 13,14,15 (see below and Fig. S7).  This method has been used to 

determine values of ∆G  that are in agreement (within the statistical error) with the ones 



found by the matching method.  The values so obtained are comparable (but also more 

accurate) to those derived by averaging the JE estimates for the unfolding and refolding 

paths thereby proving the consistency between the different estimates13,14.  A 

compendium of all results obtained for the different molecules we investigated is shown 

in Table 1 (main text). 

 

Results for the hairpin 

For a given pulling speed, systematic deviations in the distributions for different 

molecules are expected, either due to accumulative drift effects in the optical tweezers 

machine, or to variability in the tether attachments of the RNA to the beads. These 

deviations cannot be too large, otherwise the reliability of the method would be 

compromised.  As shown in Fig. S2 variability from molecule to molecule is small 

allowing us to test Eq. (1) by using data averaged over different molecules.  We test the 

direct method in Fig. S3 where we plot the logarithm of the left hand side of Eq. (1) as a 

function of TkW B/ for four different molecules, as well as the data averaged over all four 

molecules.  Data for all molecules follow straight lines with slopes in the range 0.8-1.1 

and the value of G∆  fluctuates from molecule to molecule within a range of work values 

which is smaller than TkB1 . The average data (green circles) fall on a straight line with a 

slope 15.095.0 ±  —the error being due to variation of the slope among the different 

molecules—in very good agreement with the expected result. The reported values for 

TkG B5.03.110(exp) ±=∆ are in agreement with estimates obtained using Bennett’s 

acceptance ratio method (Figure S7).  



 

     FIGURE S2 

Figure S2. Reproducibility of work distributions for 4 molecules taken at r=7.5pN/s. 

Molecules 1,2,3,4 plotted with different colors correspond to 50,120,110,106 pulls 

respectively. The thick green line corresponds to the average work distribution (green) 

shown in Figure 1 (main text). 

 

The result TkG B5.03.110(exp) ±=∆  is also in good agreement with estimates obtained 

using cumulant expansions16 , valid for distributions that do not deviate much from 

Gaussian behavior.  Estimates obtained by using the JE are also comparable, albeit their 

statistical fluctuations tend to be larger.  As shown in the last column of Table 1 (main 

text), the work distributions for the unfolding of this hairpin satisfy the fluctuation-

dissipation relation between the variance of the work and the average dissipated work, 

RU
disBRU TWk ,2

, 2=σ , characteristic of Gaussian work distributions.  We note, however, that 

these irreversible measurements are not taken in the linear response regime.  For the latter 



we would expect RU
disW ,  and the variance 2

,RUσ  to be proportional to the loading rate r 5. 

This proportionality is not observed in the data shown in Table 1 (main text), indicating 

that the dissipated work tends to saturate as has been predicted in two-state kinetic 

models of the unfolding reaction17. 

       
        FIGURE S3 

Figure S3. Test of the CFT (1) for the distributions shown in Figure S2 plotted in the 

region of work values W where unfolding and refolding distributions overlap along the 

work axis (data have been linearly interpolated between contiguous bins of the unfolding 

and refolding work distributions). The different color symbols correspond to different 

molecules (same as in Fig. S2), the green color indicating the average data (circles) as 

well as the best linear fit to that data (dashed green line) giving a slope of 15.095.0 ±  

(the error spanning the range of slopes observed for different molecules) and a free-

energy value TkG B5.03.110(exp) ±=∆  (the error being given by the range of work values 

at which different molecules cross the work axis).  

 

 



The RNA motif S15 

The structure and typical force-extension curves for the wild and mutant types (without 

magnesium) are shown in Fig.S4 and in Fig. S5 for the wild type in magnesium. The 

matching method shown in Fig. S6 makes it possible to determine the value of G∆ for the 

unfolding of both molecules without magnesium.  Folding free energy predictions for 

S15 under different conditions are given in Table 1 (main text). 

 

    FIGURE S4 

Figure S4. Secondary structures of the three-helix junction in the wild type and the 

C754G-G587C mutant. Five typical force-extension curves of unfolding (orange) and 

refolding (blue) reactions  (62 mM KCl, 10 mM HEPES pH 7.8) are shown for both cases. 

 

As shown in Table 1, cumulant methods do not even predict correctly the sign of the free-

energy difference ( TkG B8.2(exp)
0 −=∆∆ ) whereas the Jarzynski equality gives less 



accurate free-energy values, with larger statistical uncertainties. Only by averaging the 

free-energy estimates obtained for the unfolding and refolding paths  (called )(est
JW  in 

Table 1, main text) can we get comparable values. 

Unlike the hairpin, sometimes the three-helix junction (wild and mutant) does not refold 

into its native state, but into an intermediate conformation. The presence of the 

intermediate is revealed by the subsequent unfolding of the molecule which shows a 

completely different force-extension curve that cannot be aligned to the worm-like chain 

reference curve. We have excluded these trajectories (typically around 5%) from our data 

as one of the conditions for the validity of Eq.(1) is the fact that the initial state during the 

unfolding process must be the equilibrium (or native) conformation. Because the wild 

type and the mutant molecules were attached to identical handles, the contributions of 

these handles and RNA stretching are the same for both. Therefore, these contributions 

subtract out when estimating the free-energy difference between the two molecules.  

         
    FIGURE S5 

Figure S5. Typical force-extension curves for the wild type in the presence of Mg2+; five 

unfolding and refolding pathways are presented in orange and blue, respectively. 



 

    FIGURE S6 

Figure S6. Matching method applied to the unfolding and refolding experimental work 

histograms as described in the text. The value of G∆  obtained is consistent with that 

extracted using the Bennett’s acceptance ratio method13. We obtain 

TkG B4.01.154 ±=∆ and TkG B2.09.157 ±=∆  for the three-helix junction and the 

mutant, respectively.  The thick black error bars show the vertical range along which 

matched distributions shift when changing the estimate for G∆  by TkB1 . 

 

Bennett’s acceptance ratio method  

When there is little overlap between the unfolding and refolding work distributions, an 

estimate of G∆  can be obtained with the acceptance ratio method, first proposed by 

Bennett in the context of equilibrium sampling13 and later extended by to the 

nonequilibrium case by Crooks18.  To begin, note that Eq.(1) can be rewritten as,  

)()(exp)(exp)( WPWf
Tk
GWP

Tk
WWf Rx

B
U

B
x −







 ∆
−=








−                                             (4) 



where )(Wfx  is an arbitrary real function, which depends on a parameter x.  Integrating 

both sides of  (4) between −∞=W and ∞=W we get, 

Rx
BUB

x Wf
Tk
G

Tk
WWf )(expexp)( 







 ∆
−=








−                                            (5) 

where
U

...  and 
R

...  denote averages over work values sampled from the unfolding and 

refolding distributions, )(WPU  and )( WPR − , respectively. 

This relation is valid for arbitrary functions )(Wfx . In particular, for 1)( =Wfx  we get 

the Jarzynski equality. If we further define, 






















−=

UB
xU Tk

WWfxz exp)(log)(          ;      ( )
RxR Wfxz )(log)( =          (6) 

then we obtain the simple relation, 

Tk
Gxzxz

B
UR

∆
=− )()(         .                                                                           (7) 

Therefore the difference between both z functions must be a constant over all range of x  

values. Equation (7) is an exact relation if we were to know both unfolding and refolding 

work distributions with infinitely high precision. However, this is not the case in the 

experiments where there is noise in the measurements and only a finite number of 

measurements is available. Bennett has proven that, among all possible functions )(Wfx , 

the one that minimizes the statistical error of the estimate of G∆  is given by the function, 
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Tk
Wx

Tk
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Wf
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exp1

2
exp

)(           .                                                                      (8) 



Moreover, when the number of  repeated experiments is the same along the unfolding and 

refolding paths, the best estimate is obtained by evaluating (7) at Gx ∆= meaning that 

the best estimate for G∆ can be obtained from the intersection of the curves 

)()()( xzxzxy UR −=   and 
Tk

xxy
B

=)(  . This result has been recently derived using 

maximum-likelihood methods by Pande and collaborators15.  The results of the analysis 

for the hairpin and S15 (with and without magnesium) are shown in Figure S7.  

  

  FIGURE S7(A)     FIGURE S7(B) 

Figure S7. Bennett’s acceptance ratio method13 applied to different molecules. According 

to Eq. (7) the function )()()( xzxzxy UR −=  should intersect the dashed line 

Tkxxy B/)( =  at Gx ∆= . The former must be also approximately constant around the 

intersection region. (A) Hairpin at 7.5 and 20.0 pN/s (data shown in Figure 2, main text). 

Note that the function )()()( xzxzxy UR −=  is flat over a wide range of work )(x  values. 

The small square indicates the crossing region located around Tkx B3.110= . (B) S15 

three-helix junction in the absence and with Mg2+ ions. The function 

)()()( xzxzxy UR −=  is very nearly flat around the crossing region (indicated by small 

circles) and shows the reliability of the method. The values obtained using this method 

are shown  in Table 1. 
 



Applicability of the method   

Here we describe how general is the present method and under which conditions we 

expect it to be applicable to extract free energies. The main limitations to the method is 

for processes in which the system is removed too far from equilibrium with excessively 

large values of the dissipated work. We expect our method to be applicable as long as the 

amount of dissipated work (equal to the difference between the total irreversible work 

and the reversible or minimum work) is equal or less than ~ 100 kBT.  For large values of 

the dissipated work the experimental unfolding and refolding work distributions hardly 

cross, thereby limiting the direct applicability of the Crooks FT.  Although the possibility 

to determine the crossing between the unfolding and refolding work distributions 

increases for a larger number of pulls, that number might soon become un-realizable in 

some cases.  In general, a far better way to get reliable free energy estimates is by using 

quantitative data analysis such as the Bennett’s acceptance ratio method used in this 

paper. 

 

There are, however, at least two cases where, even for large values of the dissipated work, 

the method might still work.  The first case corresponds to biomolecules that have 

transition states very close either to their folded or unfolded states. In this case we expect 

one among the two work distributions (unfolding or refolding) to be pretty wide and the 

other pretty narrow. The presence of a long tail in the one of the two work distributions 

might make it easier to infer the value of the reversible work at which the two 

distributions cross each other. This is the case of proteins with a high barrier located  at 

less than 1nm distance from the folded state, and whose crossing constitutes the rate 



limiting step for the unfolding dynamics. In addition, the protein can be characterized by 

a very corrugated free energy landscape with many competing basins of attraction or 

intermediates that slow down the folding dynamics. The unfolding work distribution 

would display, in this case, a very long left tail while the refolding distribution would be 

strongly peaked at smaller work values. The latter would dictate that the excursion of the 

molecule from the unfolded to the native state follows quite similar force-extension 

curves in every refolding realization, implying a reproducible collapse of the unfolded 

structure for every one of the repeated trajectories.  Note that the scenario described 

above is what it is observed in our measurements on S15, suggesting more similarities 

than differences between the mechanical unfolding of proteins and RNAs19. The second 

case corresponds to biomolecular complexes that have a modular structure (e.g. RNAs 

made out of several domains). Application of our approach to recover the free energy 

landscape in such cases might be possible if the unfolding of different domains occurs in 

an approximate sequential fashion at different values of forces. In this way, the method 

could be applied by measuring the partial work at several intermediate forces 

corresponding to each of the unfolding intermediates. This approach would make it 

possible to reconstruct the free energy landscape for unfolding.  

 

The applicability of the method to AFM pulling data could, however, be problematic. The 

stiffness of the AFM tip, which is typically 1000 times larger than that of the optical trap, 

may drive the system too far from equilibrium. In fact, the relevant parameter that tunes 

the degree of irreversibility induced by the pulling is the loading rate which is equal to 

the pulling speed times the stiffness of the AFM tip.  Only by separating the tip from the 



substrate at speeds around 1 – 10 nm/s we can expect the method to be applicable.  AFMs 

have another limitation, however.  For molecules with critical forces below 50 pN, the 

signal-to-noise ratio of the AFM might be too small to clearly define the transition events 

and accurately measure the work values along the pulls.  
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This is an artistic impression of the nanoparticle in a laser trap.

Nanoparticle trapped with laser light temporarily violates second law of
thermodynamics

March 31, 2014

University of Vienna

Objects with sizes in the
nanometer range, such as the
molecular building blocks of
living cells or
nanotechnological devices, are
continuously exposed to
random collisions with
surrounding molecules. In
such fluctuating environments
the fundamental laws of
thermodynamics that govern
our macroscopic world need to
be rewritten. An international
team of researchers from
Barcelona, Zurich and Vienna
found that a nanoparticle
trapped with laser light
temporarily violates the
famous second law of
thermodynamics, something
that is impossible on human
time and length scale.

Surprises at the nanoscale

Watching a movie played in reverse often makes us laugh because unexpected and mysterious things seem to happen:
glass shards lying on the floor slowly start to move towards each other, magically assemble and suddenly an intact
glass jumps on the table where it gently gets to a halt. Or snow starts to from a water puddle in the sun, steadily
growing until an entire snowman appears as if molded by an invisible hand. When we see such scenes, we immediately
realize that according to our everyday experience something is out of the ordinary. Indeed, there are many processes in
nature that can never be reversed. The physical law that captures this behavior is the celebrated second law of
thermodynamics, which posits that the entropy of a system -- a measure for the disorder of a system -- never decreases
spontaneously, thus favoring disorder (high entropy) over order (low entropy).

However, when we zoom into the microscopic world of atoms and molecules, this law softens up and looses its absolute
strictness. Indeed, at the nanoscale the second law can be fleetingly violated. On rare occasions, one may observe
events that never happen on the macroscopic scale such as, for example heat transfer from cold to hot which is unheard
of in our daily lives. Although on average the second law of thermodynamics remains valid even in nanoscale systems,
scientists are intrigued by these rare events and are investigating the meaning of irreversibility at the nanoscale.

Nanoparticles in laser traps

Recently, a team of physicists of the University of Vienna, the Institute of Photonic Sciences in Barcelona and the
Swiss Federal Institute of Technology in Zürich succeeded in accurately predicting the likelihood of events transiently
violating the second law of thermodynamics. They immediately put the mathematical fluctuation theorem they derived to
the test using a tiny glass sphere with a diameter of less than 100 nm levitated in a trap of laser light. Their experimental
set-up allowed the research team to capture the nano-sphere and hold it in place, and, furthermore, to measure its
position in all three spatial directions with exquisite precision. In the trap, the nano-sphere rattles around due to
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University of Vienna. "Nanoparticle trapped with laser light temporarily violates second law of thermodynamics."
ScienceDaily. ScienceDaily, 31 March 2014. <www.sciencedaily.com/releases/2014/03/140331130848.htm>.

collisions with surrounding gas molecules.

By a clever manipulation of the laser trap the scientists cooled the nano-sphere below the temperature of the
surrounding gas and, thereby, put it into a non-equilibrium state. They then turned off the cooling and watched the
particle relaxing to the higher temperature through energy transfer from the gas molecules. The researchers observed
that the tiny glass sphere sometimes, although rarely, does not behave as one would expect according to the second
law: the nano-sphere effectively releases heat to the hotter surroundings rather than absorbing the heat. The theory
derived by the researchers to analyze the experiment confirms the emerging picture on the limitations of the second law
on the nanoscale.

Nanomachines out of equilibrium

The experimental and theoretical framework presented by the international research team in the scientific journal Nature
Nanotechnology has a wide range of applications. Objects with sizes in the nanometer range, such as the molecular
building blocks of living cells or nanotechnological devices, are continuously exposed to a random buffeting due to the
thermal motion of the molecules around them. As miniaturization proceeds to smaller and smaller scales nanomachines
will experience increasingly random conditions. Further studies will be carried out to illuminate the fundamental physics
of nanoscale systems out of equilibrium. The planned research will be fundamental to help us understand how
nanomachines perform under these fluctuating conditions.
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Dynamic Relaxation of a Levitated Nanoparticle from a Non-Equilibrium Steady State
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Fluctuation theorems are a generalization of thermodynamics on small scales and provide the
tools to characterise the fluctuations of thermodynamic quantities in non-equilibrium nanoscale
systems. They are particularly important for understanding irreversibility and the second law in
fundamental chemical and biological processes that are actively driven, thus operating far from
thermal equilibrium. Here, we apply the framework of fluctuation theorems to investigate the
important case of a system relaxing from a non-equilibrium state towards equilibrium. Using a
vacuum-trapped nanoparticle, we demonstrate experimentally the validity of a fluctuation theorem
for the relative entropy change occurring during relaxation from a non-equilibrium steady state. The
platform established here allows non-equilibrium fluctuation theorems to be studied experimentally
for arbitrary steady states and can be extended to investigate quantum fluctuation theorems as well
as systems that do not obey detailed balance.

PACS numbers:

One of the tenets of statistical physics is the central limit theorem. It allows systems with many microscopic
degrees of freedom to be reduced to only a few macroscopic thermodynamic variables. The central limit theorem
states that, independently of the distribution of the microscopic variables, a macroscopic extensive quantity U ,
such as the total energy of a system with N degrees of freedom, follows a Gaussian distribution with mean
〈U〉 ∝ N and variance σ2

U ∝ N . Consequently, for large N , the relative fluctuations σU/〈U〉 vanish and the
macroscopic quantity becomes sharp. With the advance of nanotechnology it is now possible to study experimentally
systems small enough such that the relative fluctuations become comparable to the mean value. This gives rise to
new physics where transient fluctuations may run counter to the expectations of the second law of thermodynamics [1].

The statistical properties of the fluctuations of thermodynamic quantities like heat, work and entropy production
are described by exact relations known as fluctuation theorems [2–5], which permit to express the inequalities
familiar from macroscopic thermodynamics as equalities [6, 7]. Fluctuation relations are particularly important for
understanding fundamental chemical and biological processes, which occur on the mesoscale where the dynamics
are dominated by thermal fluctuations [8]. They allow us, for instance, to relate the work along non-equilibrium
trajectories to thermodynamic free-energy differences [9, 10]. Fluctuation theorems have been experimentally
tested on a variety of systems including pendulums [11], trapped microspheres [1], electric circuits [12], electron
tunneling [13, 14], two-level systems [15] and single molecules [16, 17]. Most of these experiments are described by
an overdamped Langevin equation. However, systems in the underdamped regime [18], or in quantum systems [19]
where the concept of a classical trajectory looses its meaning, are less explored.

Here, we study the thermal relaxation of a highly underdamped nanomechanical oscillator from a non-equilibrium
steady state towards equilibrium. Because of the low damping of our system, the dynamics can be precisely controlled
even at the quantum level [20–22]. This high level of control allows us to produce non-thermal steady states and
makes nanomechanical oscillators ideal candidates for investigating non-equilibrium fluctuations for transitions
between arbitrary steady states. While for the initial steady state detailed balance is violated, the relaxation
dynamics are described by a microscopically reversible Langevin equation that satisfies detailed balance [23]. Under
these conditions, a transient fluctuation relation holds [7, 24] for the relative entropy change characterising the
irreversibility of the relaxation process. Similar relations hold also for relaxation processes in ageing systems as
studied both theoretically [25] and experimentally [26–28] in gels and glasses. For the initial non-equilibrium steady
state generated in our experiment we derive an analytical expression for the phase space distribution, which is in
excellent agreement with the experimental data and directly validates the fluctuation theorem. Our experimental
framework can be extended to study transitions between arbitrary steady states and, furthermore, lends itself to the
experimental investigation of quantum fluctuation theorems [29] for nanomechanical oscillators [20–22].

The experimental setup is shown in Fig. 1. We consider a silica nanoparticle of radius r ∼ 75 nm and mass
m ∼ 3 × 10−18 kg that is trapped in vacuum by the gradient force of a focused laser beam. Within the trap, the
nanoparticle oscillates in all three spatial directions. To first approximation, the three motional degrees of freedom
are well decoupled. Hence, the time evolution of the particle position x is described by the one-dimensional Langevin
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FIG. 1: Experimental setup. A nanoparticle is trapped by a tightly focused laser beam in high vacuum. In a first experiment,
the nanoparticle is initially cooled by parametric feedback. At time t = toff the feedback is switched off and the nanoparticle
trajectory is followed as it relaxes to equilibrium. After relaxation, the feedback is switched on again and the experiment is
repeated. In a second experiment the nanoparticle is initially excited by an external modulation in addition to feedback cooling.
Again at a time t = toff , both the feedback and the external modulation are switched off and the nanoparticle is monitored as
it relaxes.

equation

ẍ+ Γ0ẋ+ Ω2
0x =

1

m
(Ffluct + Fext) , (1)

where Ω0 /2π ∼ 125kHz is the particle’s angular frequency along the direction of interest, Γ0 the friction coefficient
and Fext is an externally applied force. The random nature of the collisions does not only provide deterministic damp-
ing Γ0 but also a stochastic force Ffluct, which thermalizes the energy of the nanoparticle. The fluctuation-dissipation
theorem links the damping rate intimately to the strength of the stochastic force, Ffluct(t) =

√
2mΓ0kBT0 ξ(t),

with T0, kB and ξ(t) being the bath temperature, the Boltzmann constant, and white noise with 〈ξ(t)〉 = 0 and
〈ξ(t)ξ(t′)〉 = δ(t− t′).

The total energy of the harmonically oscillating nanoparticle is given by

E(x, p) =
1

2
mΩ2

0x
2 +

p2

2m
=

1

2
mΩ2

0x̄(t)2, (2)

where x is the displacement form the trap center and p is the momentum. The second equality in the above equation
follows from the slowly-varying amplitude approximation, x(t) = x̄ sin(Ω0t), ˙̄x � Ω0x̄. This approximation is well
satisfied in our experiments since it takes many oscillation periods for the oscillation amplitude to change appreciably
(see inset Fig. 2a).

Applying a time-dependent external force Fext for a sufficiently long time, the system is initially prepared in a
non-equilibrium steady state with distribution ρss(u, α), which, in general, is not known analytically. Here, u specifies
the state of the system and α denotes one or several parameters that determine the initial steady state distribution,
such as the strength of the external force. At time t = toff the external force is switched off and we follow the evolution
of the undisturbed system. In this relaxation phase (external force Fext off) the dynamics satisfies detailed balance
with respect to the equilibrium distribution ρeq ∝ exp(−β0)E(u) at reciprocal temperature β0 = 1/kBT . As shown be
Evans and Searles [24, 30] for thermostatted dynamics and by Seifert [7] for stochastic dynamics, the time reversibility
of the underlying dynamics implies the transient fluctuation theorem

p(−∆S) / p(∆S) = e−∆S , (3)

holding for the relative entropy change

∆S = β0Q+ ∆φ . (4)
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Here, Q is the heat absorbed by the bath at reciprocal temperature β0. Since no work is done on the system,
the heat Q exchanged along a trajectory of length t starting at u0 and ending at ut equals the energy lost by the
system, Q = −[E(ut) − E(u0)]. The quantity ∆φ = φ(ut) − φ(u0) is the difference of the trajectory-dependent
entropy φ(u) = − ln ρss(u, α) [31] between the initial and final state of the trajectory. Thus, ∆S is the change in
relative entropy [32], or Kullback-Leibler divergence, between the initial steady state distribution and the equilibrium
distribution observed along a particular trajectory. Note that the fluctuation theorem (3) holds for any time t at
which ∆S is evaluated and it is not required that the system reaches the equilibrium distribution at time t. The
relative entropy change, which equals the dissipation function introduced by Evans and Searles for thermostatted
dynamics [24, 30, 33], is the logarithmic ratio of the probability to observe a particular trajectory and the probability
of the corresponding time reversed trajectory [7, 34, 35]. As such, ∆S can be viewed as a measure of the irreversibility
occurring during the relaxation process.

From the detailed fluctuation theorem of Eq. (3) the integral fluctuation theorem

〈e−∆S〉 = 1 (5)

directly follows. Through Jensen’s inequality, the convexity of the exponential function implies the second law-like
inequality

〈∆S〉 ≥ 0 (6)

such that the average relative entropy change is non-negative. The average relative entropy change is related to the
total entropy change of oscillator and bath together by [7]

〈∆S〉 = ∆Stot +D(ρt‖ρss) , (7)

where D(ρt‖ρss) is the relative entropy of the statistical state of the system at time t with respect to the initial
steady state distribution. Slightly modifying the definition of ∆S one can also derive a different but related integral
fluctuation theorem [7, 31, 36], from which the non-negativity of the total entropy change follows, ∆Stot ≥ 0,
providing a direct link to the second law of thermodynamics. However, no detailed fluctuation theorem holds for
this case. Analogous fluctuation relations for the total entropy production have also been verified for two coupled
systems kept in a non-equilibrium steady state by holding each system at a different temperature [37, 38]. For further
discussion of the fluctuation theorem and the significance of ∆S see Supplementary Information.

If the initial steady state distribution is an equilibrium distribution, ρss(u, α) = e−β[E(u)−F (β)], corresponding to
a temperature T = 1 /kBβ and with free energy F (β) = −kBT ln

∫
du e−β E(u), the expressions become particularly

simple and the fluctuation theorem for ∆S acquires a physically very transparent meaning. In this case, φ(u) =
β[E(u)−F (β)], such that ∆S = (β0−β)Q and the fluctuation theorem simplifies to p(−Q)/p(Q) = exp{−(β0−β)Q}.
Note that this particular fluctuation expression for the special case of transitions between equilibrium states has been
obtained earlier [39] and was shown experimentally to hold also in the case of an ageing bath [27]. As a consequence
of this fluctuation relation for the heat, the probability of observing energy flowing from the hotter bath to the colder
system is exponentially small compared to the probability of observing energy transfer in the other direction. Since
Q is an extensive quantity, irreversibility for macroscopic systems is a direct consequence of the fluctuation theorem.
The integral fluctuation theorem for the relative entropy change further implies that (β0 − β)〈Q〉 ≥ 0, such that heat
flows from hot to cold on the average, in line with the second law of thermodynamics.

In the following, we experimentally investigate the fluctuation theorem (3) for two different initial non-equilibrium
steady state distributions. The first steady state is generated by parametric feedback cooling (ss = fb) and the second
one by external modulation (ss = mod) in addition to feedback cooling. In the case of parametric feedback cooling
we enforce a non-equilibrium state by applying a force Fext = Ffb to the oscillating particle through a parametric
feedback scheme (c.f. Fig. 1) [40]. The feedback Ffb = −ηmΩ0x

2ẋ adds a cold damping Γfb to the natural damping Γ0.
This is different from thermal damping, where an increased damping is accompanied by an increase in fluctuations.
Since parametric feedback adds an amplitude dependent damping Γfb ∝ x2, oscillations with a large amplitude
experience a stronger damping than oscillations with a small amplitude. As a consequence, the position distribution
is non-Gaussian and assumes the form (see Supplementary Information)

ρfb(x, α) =

√
β0mΩ2

0(4 + αmΩ2
0x

2)

8π3

exp
[
−β0(4+αmΩ2

0x
2)2

32α

]
erfc

(√
β0/α

) K1/4

[
β0(4 + αmΩ2

0x
2)2

32α

]
, (8)

where α = η /mΓ0Ω0 , and erfc and K1/4 are the complementary error function and a generalized Bessel function of
the second kind, respectively. In analogy to the thermal equilibrium temperature of the harmonic oscillator, we define
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an effective temperature Tfb = 〈E〉fb/kB of the system. Here 〈E〉fb denotes the average energy with feedback on.
Using the distribution (8) to calculate the average energy we find the effective temperature

Tfb = T0

2

√
β0

α

e−β0/α

√
π erfc

(√
β0 /α

) − 2
β0

α

 ≈
√

4mΓ0Ω0T0

πkBη
, (9)

where the approximation holds for Tfb/T0 � 1.
At time t = toff the feedback is switched off and the system relaxes back to the thermal equilibrium distribution

at temperature T0. The experimental data for this relaxation process are shown in Fig. 2c and d. Without the
feedback, the collisions with the surrounding molecules are no longer compensated and the oscillator energy increases.
Exploiting that at low friction the oscillator energy changes slowly, one finds from Eqs. (1) and (2) that the time
evolution of the energy is governed by Ė = −Γ0(E − kBT0) +

√
2EΓ0kBT0ξ(t). An average over noise then yields

the differential equation 〈Ė〉 = −Γ0(〈E〉 − kBT0), which implies that the average energy of the oscillator relaxes
exponentially to the equilibrium value kBT0,

〈E(t)〉 = kBT0 + kB(Tss − T0)e−Γ0t , (10)

where Tss denotes an arbitrary initial steady-state temperature, for example Tfb.

To verify this equation, we repeat the relaxation experiment 104 times. Each time the same initial distribution
ρfb(u0, α) is established by parametric feedback and, after switching off the feedback, the system is followed as it
evolves from u0 to ut within time t. Along each ∼ 1s trajectory we sample the particle position at a rate of 625kHz
and from integration over 64 successive position measurements we obtain the energy at a rate of 9.8kHz. In Fig.
2a we show the average over the individual time-traces together with a fit to Eq. (10). Equilibrium is reached
after a time of the order of τ0 = 1/Γ0 = 0.17 s. According to Eq. (10) and the data shown in Fig. 2, the average
energy of the particle increases monotonically. However, due to the small size of the particle, the fluctuating part√

2EΓ0kBT0ξ(t) is comparable to the deterministic part −Γ0(E − kBT0) and hence an individual trajectory can be
quite different from the ensemble average of Eq. (10). Figure 2b shows four realizations of the relaxation experiment.
Each particle trajectory x(t) results from switching off the feedback at initial time t = toff .

The 104 trajectories allow us to evaluate the distributions pfb(∆S) = 〈δ[∆S − ∆S(ut)]〉fb for different times t.
Here, the subscript ’fb’ denotes the average over the initial distributions obtained under the action of feedback.
For this initial non-equilibrium steady state the energy distribution is calculated analytically as (see Supplementary
Information)

ρfb(E,α) =

√
αβ0

π

exp (−β0/α)

erfc
(√

β0/α
) exp

(
−β0

[
E +

α

4
E2
])
. (11)

This distribution has the form of a Boltzmann-Gibbs distribution for the generalised energy E+αE2/4, where the term
αE2/4 arises from the feedback and strongly penalises high energy states. It is consistent with the phonon number
distribution of an optomechanical system with a quadratic coupling term [41]. Inserting the above distribution into
Eq. (4) we find that for the relaxation from ρfb the relative entropy change is given by ∆S = β0α

(
E2
t − E2

0

)
/4.

In this case, the integral fluctuation theorem implies that 〈∆E2〉 ≥ 0, i.e., the average of the squared energy does
not decrease during the relaxation process. Figure 3a shows the measured steady state distribution of the energy in
excellent agreement with the prediction of Eq. (11). For small energies, the measured distribution features a small
dip caused by measurement noise. For comparison, we also show the corresponding equilibrium distribution with the
same average energy (gray dashed line). It is evident that it deviates strikingly from the true distribution ρfb(E,α).
In Fig. 3b we plot the distributions pfb(∆S) for different times t. They become increasingly asymmetric for long times,
with higher probabilities for positive ∆S and lower probabilities for negative ∆S. To test the fluctuation theorem (3)
for our measurements we define

Σ(∆S) = ln

[
p(∆S)

p(−∆S)

]
= ∆S, (12)

where Σ(∆S) is predicted to be time-independent. Using the distributions for ∆S shown in Figure 3b we compute
Σ(∆S) and show the resulting data in Fig. 3c. Since the fluctuation theorem (3) is time-independent, we evaluate
the time-average for each ∆S in Fig. 3c and render it in the plot shown in Fig. 3d. The averaging improves the
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FIG. 2: Relaxation from a non-equilibrium steady state generated by parametric feedback cooling. The initial effective
temperature is kBTfb. At time toff the feedback is switched off and the particle energy relaxes to the equilibrium energy kBT0.
(a) Time evolution of the average energy evaluated from 104 individual experiments. The red dashed line is a fit according
to Eq. (10). The inset shows that the particle oscillates with constant amplitude on short time scales. (b) Four different
realizations of the relaxation experiment. Each run yields a different trajectory and the time it takes for the particle to acquire
an energy of kBT0 deviates considerably from that of the average curve in (a). (c) Time evolution of the position distribution
shown as a density plot. (d) Position distributions evaluated at three different times. The distributions correspond to vertical
cross-sections in figure (c). The superimposed red curves are the theoretical distributions. The initial distribution deviates
significantly from a thermal equilibrium distribution with the same average energy (gray dashed line).

statistics and leads to excellent agreement with the fluctuation theorem for ∆S. The offset for small ∆S results from
measurement noise.

The experimental scheme introduced here allows us to study non-equilibrium processes for arbitrary initial states
and for arbitrary transitions between states. To demonstrate that the fluctuation theorem holds for arbitrary non-
equilibrium initial states, we apply an external harmonic drive signal in addition to the parametric feedback as
illustrated in Fig. 1. The harmonic drive generates a force Fmod = εmΩ2

0 cos(Ωmodt)x acting on the nanoparticle, with
modulation frequency Ωmod/2π = 249kHz and modulation depth ε = 0.03. Modulation at Ωmod brings the particle
into oscillation at frequency 124.5kHz and amplitude x̄. The resulting steady state position distribution ρmod(x)
deviates strongly from an equilibrium Gaussian distribution and resembles the characteristic double-lobe function

ρmod(x) =
π−1

√
x̄2 − x2

(13)

of a harmonic oscillator with constant energy. As in the previous experiment, at t = toff the modulation and
the feedback are switched off, and the nanoparticle dynamics is measured during relaxation. Figure 4 shows the
relaxation of the particle’s average energy and the evolution of the position distribution.

Due to the additional driving, the average initial energy is larger than the thermal energy kBT0. After the driving
is switched off, the average energy relaxes exponentially to the equilibrium value according to Eq. (10). As in
the previous experiment, individual realizations of the switching experiment differ significantly from the average
(Fig. 4b). As the system relaxes, the two lobes of the initial position distribution broaden until they merge into a
single Gaussian peak corresponding to temperature T0.

In the case of parametric modulation, the form of the initial energy distribution ρmod(E) is not known analytically
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FIG. 3: Fluctuation theorem for the relaxation experiment in Fig. 2. (a) Energy distribution with feedback on (red circles).
The black solid curve is a fit according to Eq. (11). Large amplitude oscillations experience stronger damping and are therefore
suppressed relative to an equilibrium distribution (gray dashed line). (b) Probability density p(∆S) evaluated for different
times after switching off the feedback. (c) The function Σ(∆S) evaluated for the distributions shown in (b). (d) The function
Σ evaluated for the time averaged distributions 〈p(∆S)〉t. The data are in excellent agreement with the fluctuation theorem of
Eq. (3) (black dashed line).

and therefore needs to be determined experimentally. Using the measured initial distribution together with the
energies E0 and Et evaluated at times 0 and t, respectively, we calculate ∆S = β0Q + ∆φ. Figure 5a shows
the initial energy distribution ρmod(E), which has a narrow spread around a non-zero value and therefore differs
significantly from a thermal distribution with identical effective temperature (gray dashed line). The measured
distributions of ∆S evaluated at different times after switching off the modulation are shown in Fig. 5b. As before,
we use the distributions p(∆S) to evaluate Σ(∆S) and plot it in Fig. 5c. To reduce the variance we time-average
the distributions p(∆S) and plot the corresponding Σ function in Fig. 5d. As in the previous experiment, we find
excellent agreement with the theory (black dashed line), providing solid experimental validation of the fluctuation
theorem (3) valid for initial steady states that are out of equilibrium.

In conclusion, we have experimentally demonstrated the validity of a fluctuation theorem for the relaxation
from a non-equilbrium state towards equilibrium. The theorem holds for the relative entropy change ∆S, which
is related (but not identical) to the total entropy production. Using a levitated nanoparticle in high vacuum
we have verified the fluctuation theorem for different initial non-equilibrium states, demonstrating that this
theoretical framework can be used to understand fluctuations in nanoscale systems. Our experimental approach
allows us to measure the dynamics of a nanoparticle during relaxation from an arbitrary initial state and to study
its statistical properties. We succeeded in deriving an analytic expression for the non-equilibrium steady state
under the action of a feedback force and demonstrated excellent agreement with experimental data. The here
presented experimental framework naturally extends to the study of transitions between arbitrary steady states
and to quantum fluctuation theorems, similar to recent proposals for trapped ions [19, 29]. We envision that our
approach of using highly controllable nanomechanical oscillators will open up experimental and theoretical studies of
fluctuation theorems in complex settings, which arise, for instance, from the interplay of thermal fluctuations and
nonlinearities [42] where detailed balance does not hold [43, 44]. Furthermore, it serves as an experimental simula-
tor platform in analogy to quantum simulators based on ultracold gases, superconducting circuits or trapped ions [45].
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FIG. 4: Relaxation from a non-equilibrium steady state generated by external parametric modulation. The initial effective
temperature is kBTeff . At time toff the feedback is switched off and the particle energy relaxes to the equilibrium energy
kBT0. (a) Time evolution of the average energy evaluated from repeated individual experiments. The red dashed line is a fit
according Eq. (10). (b) Four different realizations of the relaxation experiment. Each run yields a different trajectory and the
time it takes for the particle to acquire an energy of kBT0 deviates considerably from that of the average curve (a). (c) Time
evolution of the position distribution shown as a density plot. (d) Position distributions evaluated at three different times. The
distributions correspond to vertical cross-sections in figure (c). The superimposed red curves are the theoretical distributions.
The initial distribution features a sharply peaked double-lobe distribution, characteristic for a harmonic oscillator at constant
energy. As the system evolves, the two peaks smear out and merge into a single Gaussian distribution.
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Abstract

The reason we never observe violations of the second law of thermo-

dynamics is in part a matter of statistics: When !1023 degrees of

freedom are involved, the odds are overwhelmingly stacked against

the possibility of seeing significant deviations away from the mean

behavior. As we turn our attention to smaller systems, however,

statistical fluctuations become more prominent. In recent years it

has become apparent that the fluctuations of systems far from ther-

mal equilibrium are not mere background noise, but satisfy strong,
useful, and unexpected properties. In particular, a proper accounting

of fluctuations allows us to rewrite familiar inequalities of macro-

scopic thermodynamics as equalities. This review describes some of

this progress, and argues that it has refined our understanding of

irreversibility and the second law.

329

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

11
.2

:3
29

-3
51

. D
ow

nl
oa

de
d 

fro
m

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 U
ni

ve
rs

ity
 o

f M
ar

yl
an

d 
- C

ol
le

ge
 P

ar
k 

on
 0

3/
02

/1
1.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



1. INTRODUCTION

On anyone’s list of the supreme achievements of nineteenth-century science, both Maxwell’s

equations and the second law of thermodynamics surely rank high. Yet whereas Maxwell’s

equations are widely viewed as done, dusted, and uncontroversial, the second law still provokes
lively arguments, long after Carnot published his Reflections on the Motive Power of Fire
(1824) and Clausius articulated the increase of entropy (1865). The puzzle at the core of the

second law is this: How can microscopic equations of motion that are symmetric with respect to

time reversal give rise to macroscopic behavior that clearly does not share this symmetry? Of

course, quite apart from questions related to the origin of time’s arrow, there is a nuts-and-bolts

aspect to the second law. Together with the first law, it provides a set of tools that are indis-

pensable in practical applications ranging from the design of power plants and refrigeration

systems to the analysis of chemical reactions.
The past few decades have seen growing interest in applying these laws and tools to individ-

ual microscopic systems, down to nanometer length scales. Much of this interest arises at the

intersection of biology, chemistry, and physics, where there has been tremendous progress in

uncovering the mechanochemical details of biomolecular processes (1). For example, it is

natural to think of the molecular complex f29—a motor protein that crams DNA into the

empty shell of a virus—as a nanoscale machine that generates torque by consuming free energy

(2). The development of ever more sophisticated experimental tools to grab, pull, and otherwise

bother individual molecules, and the widespread use of all-atom simulations to study the
dynamics and the thermodynamics of molecular systems, have also contributed to the growing

interest in the thermodynamics of small systems (3).

Because the rigid, prohibitive character of the second law emerges from the statistics of

huge numbers, we might expect it to be enforced somewhat more leniently in systems with

relatively few degrees of freedom. To illustrate this point, consider the familiar gas-and-piston

setup, in which the gas of N ! 1023 molecules begins in a state of thermal equilibrium inside

a container enclosed by adiabatic walls. If the piston is rapidly pushed into the gas and then

pulled back to its initial location, there will be a net increase in the internal energy of the gas.
That is,

W>0, 1:

where W denotes the work performed by the agent that manipulates the piston. This inequality

is not mandated by the underlying dynamics: There certainly exist microscopically viable

N-particle trajectories for which W< 0. However, the probability to observe such trajectories

becomes fantastically small for large N. By contrast, for a gas of only a few particles, we would

not be surprised to observe—once in a rare while, perhaps—a negative value of work, although
we still expect Equation 1 to hold on average

hWi>0: 2:

The angular brackets here and below denote an average over many repetitions of this hypothet-

ical process, with the tiny sample of gas re-equilibrated prior to each repetition.

This example suggests the following perspective: As we apply the tools of thermodynamics

to ever-smaller systems, the second law becomes increasingly blurred. Inequalities such as

Equation 1 remain true on average, but statistical fluctuations around the average become ever

more important as fewer degrees of freedom come into play.

This picture is accurate, but incomplete. It encourages us to dismiss the fluctuations in
W as uninteresting noise that merely reflects poor statistics (small N). As it turns out, these
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fluctuations themselves satisfy rather strong, interesting, and useful laws. For example, Equa-

tion 2 can be replaced by the equality,

he"W=kBTi # 1, 3:

where T is the temperature at which the gas is initially equilibrated, and kB is Boltzmann’s

constant. If we additionally assume that the piston is manipulated in a time-symmetric manner,

for example, pushed in at a constant speed and then pulled out at the same speed, then the
statistical distribution of work values r(W) satisfies the symmetry relation

r$%W&
r$"W& # eW=kBT : 4:

The validity of these results depends neither on the number of molecules in the gas, nor (sur-

prisingly!) on the rate at which the process is performed.

I have used the gas and piston out of convenience and familiarity, but the predictions
illustrated by Equations 3 and 4—and expressed more generally by Equations 15 and 30

below—are not specific to this particular example. They apply to any system that is driven

away from equilibrium by the variation of mechanical parameters, under relatively standard

assumptions regarding the initial equilibrium state and the microscopic dynamics. Moreover,

they belong to a larger collection of recently derived theoretical predictions, which pertain to

fluctuations of work (4–9), entropy production (10–18), and other quantities (19, 20) in

systems far from thermal equilibrium. Although these predictions go by various names, both

descriptive and eponymous, the term “fluctuation theorems” has come to serve as a useful label
encompassing the entire collection of results. There is by now a large body of literature on

fluctuation theorems, including reviews and pedagogical treatments (3, 21–38).

In my view, these are not results that one might naturally have obtained by starting with a

solid understanding of macroscopic thermodynamics and extrapolating down to small system

size. Rather, they reveal genuinely new, nanoscale features of the second law. My aim in this

review is to elaborate on this assertion. Focusing on those fluctuation theorems that describe the

relationship between work and free energy—these are sometimes called nonequilibrium work

relations—I argue that they have refined our understanding of dissipation, hysteresis, and other
hallmarks of thermodynamic irreversibility. Most notably, when fluctuations are taken into

account, inequalities that are related to the second law (e.g., Equations 5, 24, 28, 35) can be

rewritten as equalities (Equations 15, 25, 30, 31). Among the take-home messages that emerge

from these developments are the following:

1. Equilibrium information is subtly encoded in the microscopic response of a system driven far

from equilibrium.

2. Surprising symmetries lurk beneath the strong hysteresis that characterizes irreversible

processes.

3. Physical measures of dissipation are related to information-theoretic measures of

time-asymmetry.

4. The ability of thermodynamics to set the direction of time’s arrow can be quantified.

Moreover, these results have practical applications in computational thermodynamics and in

the analysis of single-molecule manipulation experiments, as discussed briefly in Section 8.

Section 2 introduces definitions and notation, and specifies the framework that will serve as

a paradigm of a thermodynamic process. Sections 3–6 address the four points listed above,
respectively. Section 7 discusses how these results relate to fluctuation theorems for entropy

production. Finally, I conclude in Section 8.
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2. BACKGROUND AND SETUP

This section establishes the basic framework that will be considered, and introduces the defini-

tions and assumptions used in later sections.

2.1. Macroscopic Thermodynamics and the Clausius Inequality

Throughout this review, the following serves as a paradigm of a nonequilibrium thermo-
dynamic process.

Consider a finite, classical system of interest in contact with a thermal reservoir at temperature

T (for instance, a rubber band surrounded by air), and let l denote some externally controlled

parameter of the system (the length of the rubber band). I refer to l as a work parameter, because

by varying it we perform work on the system. The notation [l,T] specifies an equilibrium state of

the system. Now imagine that the system of interest is prepared in equilibrium with the reservoir,

at fixed l#A; that is, in state [A,T]. Then from time t# 0 to t# t the system is perturbed, perhaps

violently, by varying the parameter with time, ending at a value l # B. (The rubber band is
stretched rapidly.) Finally, from t# t to t# t( the work parameter is held fixed at l # B, allowing

the system to re-equilibrate with the thermal reservoir and thus relax to the state [B,T].
In this manner, the system is made to evolve from one equilibrium state to another, but in the

interim it is generally driven away from equilibrium. The Clausius inequality of classical

thermodynamics then predicts that the external work performed on the system is no less than

the free-energy difference between the terminal states:

W ) DF * FB,T " FA,T : 5:

Here Fl,T denotes the Helmholtz free energy of the state [l,T]. When the parameter is varied

slowly enough that the system remains in equilibrium with the reservoir at all times, then the
process is reversible and isothermal, and W # DF.

Throughout most of this review, Equation 5 serves as the essential statement of the second

law of thermodynamics. Of course, not all thermodynamic processes fall within this paradigm,

nor is Equation 5 the broadest formulation of the Clausius inequality. However, because

complete generality can impede clarity, I focus on the class of processes described above. Most

of the results presented in the following sections can be extended to more general thermody-

namic processes—such as those involving multiple thermal reservoirs or nonequilibrium initial

states—as I briefly discuss in Section 7.
Three comments are now in order, before proceeding to the nanoscale:

1. As the system is driven away from equilibrium, its temperature may change or become ill-

defined. The variable T, however, always denotes the initial temperature of the system and

thermal reservoir.

2. No external work is performed on the system during the re-equilibration stage, t < t < t(,
as l is held fixed. Therefore Equation 5 remains valid if the process is considered to end

at t # t—even if the system has not yet reached equilibrium with the reservoir!—provided
we agree to define DF to be a free-energy difference between the equilibrium states [A,T] and
[B,T]. In this sense the re-equilibration stage is somewhat superfluous.

3. Although in general it is presumed that the system remains in thermal contact with the

reservoir for 0 < t < t, the results discussed in this review are also valid if the system is

isolated from the reservoir during this interval. (This is not surprising, given that an isolated

system can be viewed as a limiting case of a system in contact with a reservoir, if we imagine

that the interaction between the two is so weak that the effects of thermal contact are

negligible over a time interval of duration t.)
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2.2. Microscopic Definitions of Work and Free Energy

Now let us scale down this paradigm to small systems, with an eye toward incorporating

statistical fluctuations. Consider a framework in which the system of interest and the thermal

reservoir are represented as a large collection of microscopic, classical degrees of freedom. The
work parameter l is an additional coordinate describing the position or orientation of a body—

or some other mechanical variable such as the location of a laser trap in a single-molecule

manipulation experiment (27)—that interacts with the system of interest, but is controlled by

an external agent. This framework is illustrated with a toy model in Figure 1. Here the system of

interest consists of the three particles represented as open circles, whose coordinates zi give
distances from the fixed wall. The work parameter is the fourth particle, depicted as a shaded

circle at a distance l from the wall.

Let the vector x denote a microscopic state of the system of interest, that is the configura-
tions and momenta of its microscopic degrees of freedom; let y similarly denote a microstate of

the thermal reservoir. The Hamiltonian for this collection of classical variables is assumed to

take the form

H$x, y; l& # H$x; l& %Henv$y& %Hint$x, y&, 6:

whereH (x; l) represents the energy of the system of interest—including its interaction with the
work parameter—Henv(y) is the energy of the thermal environment, andHint (x, y) is the energy

of interaction between system and environment. For the toy model in Figure 1, x # (z1, z2, z3,
p1, p2, p3) and we assume

H$x; l& #
X3

i#1

p2i
2m

%
X3

k#0

u$zk%1 " zk&, 7:

where u(+) is a pairwise interaction potential, z0 * 0 is the position of the wall, and z4 * l is the

work parameter.

Now imagine a process during which the external agent manipulates the work parameter
according to a protocol l(t). As the parameter is displaced by an amount dl, the change in the

value of H due to this displacement is

!W * dl
@H

@l
$x; l&: 8:

1 2 1

z1

Position, !

Fixed wall

3

Figure 1

Illustrative model. The numbered circles constitute a three-particle system of interest, with coordinates
(z1, z2, z3) giving the distance of each particle from the fixed wall, as shown for z1. The blue particle is the
work parameter, whose position l is manipulated externally. The springs represent particle-particle (or
particle-wall) interactions. The system of interest interacts with a thermal reservoir whose degrees of
freedom are not shown.
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Because dl +@H / @l is the work required to displace the coordinate l against a force"@H / @l, we

interpret Equation 8 to be the work performed by the external agent in bringing about this small

displacement (39). Over the entire process, the work performed by the external agent is

W #
Z
!W #

Z t

0
dtl

: @H

@l
x$t&; l$t&&,$ 9:

where the trajectory x(t) describes the evolution of the system of interest. This is the micro-

scopic definition of work that is used throughout this review. (For discussions and debates

related to this definition, see References 37, 39–48.)
Let us now focus on the free-energy differenceDF appearing in Equation 5. In statistical physics

an equilibrium state is represented by a probability distribution rather than by a single micro-

scopic state. If the interaction energy Hint in Equation 6 is sufficiently weak—as usually assumed

in textbook discussions—then this distribution is given by the Boltzmann-Gibbs formula,

peql,T$x& #
1

Zl,T
exp,"H$x; l&=kBT-, 10:

where

Zl,T #
Z
dx exp,"H$x; l&=kBT- 11:

is the classical partition function. If Hint is too large to be neglected, then the equilibrium

distribution takes the modified form

peql,T / exp$"H(=kBT& , H($x; l& # H$x; l& % f$x;T&, 12:

where f(x;T) is the free-energetic cost of inserting the system of interest into its thermal surround-

ings. For the purpose of this review, the distinction between Equations 10 and 12 is not terribly

relevant. I will use the more familiar Equation 10, which applies to the weak-coupling limit (small

Hint), with the understanding that all the results discussed below are equally valid in the case of

strong coupling, provided H is replaced by H(. (See Reference 49 for a more detailed discussion.)

The free energy associated with this equilibrium state is

Fl,T # "kBT lnZl,T : 13:

With these elements in place, imagine a microscopic analog of the process described in

Section 2.1. The system of interest is prepared in equilibrium with the reservoir, at l # A. From
t# 0 to t# t, the system evolves with time as the work parameter is varied from l(0)# A to l(t)#
B. By considering infinitely many repetitions of this process, we arrive at a statistical ensemble of

realizations of the process, which can be pictured as a swarm of independently evolving trajecto-

ries, x1(t), x2(t),+++. For each of these we can compute the work, W1, W2,+++ (Equation 9). Letting

r(W) denote the distribution of these work values, it is reasonable to expect that Equation 5 in this
case becomes a statement about the mean of this distribution, namely

hWi *
Z
dW r$W&W)DF: 14:

As suggested earlier, this inequality is correct, but it is not the entire story.

2.3. The Need to Model

Although the laws of macroscopic thermodynamics can be stated without reference to underly-

ing equations of motion, when we study how these laws might apply to a microscopic system
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away from equilibrium, we must typically specify the equations we use to model its evolution.

These equations represent approximations of physical reality, and the choice inevitably reflects

certain assumptions. Equation 6 suggests one approach: Treat the system and reservoir as an

isolated, classical system evolving in the full phase space (x,y) under a time-dependent Hamil-

tonian H$x, y; l$t&&. The results discussed in Sections 3–6 can all be obtained within this

framework. Alternatively, we can treat the reservoir implicitly, by writing down effective

equations of motion for just the system variables, x. Examples include Langevin dynamics, the
Metropolis algorithm, Nosé-Hoover dynamics and its variants, the Andersen thermostat, and

deterministic equations based on Gauss’s principle of least constraint (23, 34). As with the

Hamiltonian approach, the results discussed below can be derived for each of these model

dynamics. This suggests that the results themselves are rather robust: They do not depend

sensitively on how the microscopic dynamics are modeled.

In this review, full-blown derivations of fluctuation theorems and work relations are not

provided. However, in Sections 3 and 4, in addition to describing various work relations and

their connections to the second law, I sketch how several of them can be derived for the toy
system shown in Figure 1, in the physical context mentioned by the final comment in Section

2.1: The system is thermally isolated during the interval 0 < t < t. The aim here is to convey

some idea of the theoretical foundations of these results, without exploring the technical details

that accompany an explicit treatment of the reservoir (50).

3. EQUILIBRIUM INFORMATION FROM
NONEQUILIBRIUM FLUCTUATIONS

Thermodynamics accustoms us to the idea that irreversible processes are described by inequal-

ities, such as W ) DF. One of the surprises of recent years is that if we pay attention

to fluctuations, then such relationships can be recast as equalities. In particular, the non-

equilibrium work relation (6, 7) states that

he"W=kBTi#e"DF=kBT , 15:

where (as above) T is the initial temperature of the system and thermal reservoir, and angular

brackets denote an ensemble average over realizations of the process. This result has been

derived in various ways, using an assortment of equations of motion to model the microscopic

dynamics (6–9, 17, 18, 49–62), and has been confirmed experimentally (63–66). In the follow-

ing paragraph I sketch how it can be obtained for the toy model of Figure 1.

Imagine that after preparing the system in equilibrium at l # A we disconnect it from the

thermal reservoir. Then from t# 0 to t# t the three-particle system of interest evolves under the

Hamiltonian H(x; l(t)) (Equation 7), as we displace the fourth particle from l # A to B using a
protocol l(t). A realization of this process is described by a trajectory xt * x(t) obeying

Hamilton’s equations. Combining Equation 9 with the identity dH/dt # @H / @t (see Reference
67, section 8–2), we getW #H(xt; B) "H(x0; A). We then evaluate the left side of Equation 15

by averaging over initial conditions, using Equation 10:

he"W=kBTi #
Z
dx0 p

eq
A,T$x0&e

"W=kBT

# 1

ZA,T

Z
dxt

@xt
@x0

!!!!

!!!!
"1

e"H$xt ;B&=kBT # ZB,T

ZA,T
:

16:
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On the second line, the variables of integration have been changed from initial conditions to

final conditions. By Liouville’s theorem, the associated Jacobian factor is unity, j@xt/@x0j#1,

which brings us to the desired result, ZB,T=ZA,T # e"DF=kBT (Equation 13).

This gist of the calculation can be extended to the more general case in which the system and

reservoir remain in contact during the interval 0 < t < t (6, 49). The steps are essentially the

ones in Equation 16, only carried out in the full phase space (x, y), and care must be taken if the
interaction energy Hint (x, y) is strong (49). For alternative derivations of Equation 15 in which

the presence of the reservoir is modeled implicitly, using non-Hamiltonian equations of motion,

see References 6–8, 17, 18, 32, 51–62.

Recall that the work performed during a reversible, isothermal process depends only on

the initial and final states,W # DF * FB,T " FA,T , and not on the sequence of equilibrium states

that mark the journey from [A,T] to [B,T]. The nonequilibrium work relation extends this

statement to irreversible processes:

"kBT ln he"W=kBTi # DF: 17:

That is, the value of the nonlinear average on the left depends only on equilibrium states [A,T]
and [B,T] (because these determine DF), and not on the intermediate, out-of-equilibrium states

visited by the system. This implies that we can determine an equilibrium free-energy difference
by observing a system driven away from equilibrium, provided we repeat the process many

times: The value of DF is to be found not in a single measurement of work, but in its statistical

fluctuations. The idea that far-from-equilibrium fluctuations encode useful equilibrium infor-

mation is further extended by Equations 25, 30, and 31 below, but before getting to those

results I briefly draw attention to a few points related to Equation 15.

First, Equation 15 is closely related, but not equivalent, to an earlier work relation derived

by Bochkov & Kuzovlev (4, 5, 68, 69), which can be written as

he"W0=kBTi # 1: 18:

This result does not involve DF and uses a definition of work that differs from Equation 9.

References 32, 41, and 70 contain a more detailed discussion of the relationship between

Equations 15 and 18, as well as between Equations 25, 30, and their counterparts in References

4, 5, 68, and 69.

With minimal effort, we can use Equation 15 to obtain two inequalities that are closely

related to the second law of thermodynamics. Combining Equation 15 with Jensen’s inequality
(72), hexp xi ) exphxi, we get

hWi)DF, 19:

as already anticipated (Equation 14). A stronger and less expected result follows almost as

immediately from Equation 15 (31):

P,W < DF " z- *
Z DF"z

"1
dWr$W&

.
Z DF"z

"1
dWr$W&e$DF"z"W&=kBT

. e$DF"z&=kBT
Z %1

"1
dWr$W&e"W=kBT

# e"z=kBT :

20:

Here, P is the probability to observe a value of work that falls below DF " z, where z is an

arbitrary positive value with units of energy. Equation 20 reveals that the left tail of the
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distribution r(W) becomes exponentially suppressed in the thermodynamically forbidden

region W < DF, a bit like the evanescent piece of a quantum-mechanical wave function in a

classically forbidden region. Thus, we have no reasonable hope to observe a value of work that

falls much more than a few kBT below DF. This is gratifyingly consistent with experience, which

teaches us that the second law is never violated on a macroscopic scale.

For sufficiently slow variation of the work parameter, the central limit theorem suggests that

r(W) is approximately Gaussian. In this case Equation 15 implies (6)

DF # hWi" s2W
2kBT

, 21:

where s2W is the variance of the work distribution. This is the result that one expects from linear

response theory (72–75).

When Equation 15 is applied to processes involving the motion of perfectly hard walls or

other hard constraints, then interesting subtleties can arise that are related to the ordering of
limits (76, 77).

Because Equation 15 unequivocally implies that hWi) DF, it might at first glance appear

that this represents a microscopic, first-principles derivation of the second law, and thus clar-

ifies the microscopic origins of irreversibility. This is not the case, however. In all derivations of

Equation 15 and related work relations (e.g., Equations 25, 30, and 31), the arrow of time is

effectively inserted by hand. Specifically, a quite special statistical state (the Boltzmann-Gibbs

distribution, peq) is assumed to describe the system at a particular instant in time (t # 0), and

attention is then focused on the system’s evolution at later times only (t > 0). If instead the
evolution of the system leading up to the equilibrium state at t # 0 had been considered, then all

the inequalities associated with the second law would have been obtained, but with their signs

reversed. This emphasizes the importance of boundary conditions (in time), and touches on the

deep connection between irreversibility and causality (78–80).

Gibbs already recognized that if one accepts an initial equilibrium state given by peq / e"H=kBT,

then various statements of the second law follow from properties of Hamiltonian dynamics (see

Chapter XIII of Reference 81). Similar results can be obtained if the initial equilibrium state is

represented by any distribution that is a decreasing function of energy (82). Interestingly, however,
for a microcanonical initial distribution, inequalities related to the second law of thermodynamics

can be violated, at least for systems with one degree of freedom (83, 84).

Let us now return to the picture of our ensemble as a swarm of trajectories, x1$t&,x2$t&,+++
described by the time-dependent phase-space density,

f $x, t& * hd,x" xk$t&-i, 22:

and let us define a weighted density

g$x, t& * hd,x" xk$t&-e"wk$t&=kBTi, 23:

where wk(t) is the work performed up to time t during the k-th realization. If we visualize

each trajectory xk(t) as a particle moving through many-dimensional phase space, and mk(t) #
exp["wk(t)=kBT] as a fictitious, time-dependent mass that the particle carries on its journey,

then f(x, t) and g(x, t) can be interpreted as a normalized particle density and mass density,

respectively. Both are initially described by the canonical distribution, f # g # peqA,T , but for
t > 0 the system is no longer in equilibrium:

ft * hd,x" xk$t&-i 6# peql$t&,T$x, t& , t > 0: 24:
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By the simple trick of reweighting each trajectory by mk(t), however, this inequality is trans-

formed into an equality, namely (9)

gt * hd,x" xk$t&-e"wk$t&=kBTi # 1

ZA,T
e"H$x;l$t&&=kBT : 25:

Note that the right side is proportional to peql$t&,T and that we recover Equation 15 by setting
t # t and integrating over phase space.

To sketch a derivation of Equation 25 for our toy model (Figure 1), we begin by recalling

that the ordinary density f(x, t) satisfies the Liouville equation, @f=@t % {f,H} # 0, using

Poisson bracket notation (67) and assuming that the system is isolated from the reservoir.

The left side of the Liouville equation is just the total time derivative of f(x(t), t) along a

Hamiltonian trajectory. For the weighted density g(x, t), an additional term accounts for the

time-dependent weight (7, 9):

@g

@t
% g,Hf g # "

_w

kBT
g, 26:

where _w # _l@H=@l. It is now a matter of substitution to show that for the initial conditions

g0 # peqA,T , the right side of Equation 25 solves Equation 26. For derivations of Equation 25
(or equivalent results) in which the reservoir is modeled using stochastic and other non-

Hamiltonian dynamics, see References 7, 9, 18, 26, 32, and 59.

Equation 25 reveals the following: Even as it is driven away from equilibrium, the swarm of

trajectories retains information about the equilibrium state peql$t&,T , and the key to unlocking this

information is to attach a statistical, time-dependent weight exp["wk(t)=kBT] to each realiza-
tion. This reweighting procedure was described and illustrated by Jarzynski (7, 85), and

obtained in terms of path averages by Crooks (18); however, the elegant formulation given by

Equation 25 is due to Hummer & Szabo (9, 26), who recognized it as a consequence of the

Feynman-Kac theorem of stochastic processes. This naturally brings to mind an analogy with

the path-integral formulation of quantum mechanics, in which a wave function is constructed

as a sum over paths, each contributing a phase exp$iS=!& . The reweighting procedure outlined

above has a similar flavor, but with real weights exp["wk(t)=kBT] rather than complex

phases. In the quantum-mechanical case, the sum over paths produces a solution to the
Schrödinger equation, whereas here we get the construction of an equilibrium distribution from

nonequilibrium trajectories. Hummer & Szabo (9) have used Equation 25 to derive a method of

constructing an equilibrium potential of mean force from nonequilibrium data. This method

has been confirmed experimentally by Berkovich et al. (86).

4. MACROSCOPIC HYSTERESIS AND MICROSCOPIC SYMMETRY

The second law of thermodynamics is manifested not only by inequalities such as W ) DF, but
also by the time asymmetry inherent to irreversible processes. Hysteresis loops neatly depict this

asymmetry. As an example, imagine that we rapidly stretch an ordinary rubber band, then after

a sufficient pause we contract it, returning to the initial state. For this process we get a classic

hysteresis loop by plotting the tension T versus the length L of the rubber band (Figure 2).

Hysteresis conveys the idea that the state of the rubber band follows one path during the

stretching stage, but returns along a different path during contraction. The second law implies

that the enclosed area is nonnegative, rT dL ) 0 .
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Similar considerations apply to the analogous stretching and contraction of single molecules

(87), only now statistical fluctuations become important: The random jigglings of the molecule

differ from one repetition of the process to the next. In the previous section we saw that when

fluctuations are taken into account, the relationship between work and free energy can be

expressed as an equality rather than the usual inequality. The central message of the present
section has a similar ring: With an appropriate accounting of fluctuations, the two branches of

an irreversible thermodynamic cycle (e.g., the stretching and contraction of the single molecule)

are described by unexpected symmetry relations (Equations 30, 31) rather than exclusively by

inherent asymmetry (Equations 28, 35).

To develop these results, it is useful to imagine two distinct processes, designated the forward

and the reverse process (8). The forward process is the one defined in Section 2, in which the

work parameter is varied from A to B using a protocol lF (t) (the subscript F has been attached

as a label). During the reverse process, l is varied from B to A using the time-reversed protocol,

lR$t& # lF$t" t&: 27:

At the start of each process, the system is prepared in the appropriate equilibrium state, corre-

sponding to l # A or B, at temperature T. If we perform the two processes in sequence (the
forward followed by the reverse), allowing the system to equilibrate with the reservoir at the

end of each process, then we have a thermodynamic cycle that exhibits hysteresis. The Clausius

inequality applies separately to each stage:

"hWiR . DF . hWiF, 28:

where DF is defined as before (Equation 5) and the notation now specifies separate averages

over the two processes. Of course, Equation 28 implies that the average work over the entire

cycle is nonnegative:

hWiF % hWiR ) 0: 29:

Length

Te
ns

io
n

Str
etc
hin

g

Co
ntr
act
ion

Figure 2

Schematic hysteresis loop for the irreversible stretching and contraction of a rubber band. During the
stretching stage, the temperature and tension of the rubber band are higher than would have been the case
if the process were performed reversibly, whereas during the contraction stage they are lower. As a result,
W > 0 over the entire cycle. The hysteresis loop illustrates the idea that the system evolves through one
sequence of states during the forward process, but follows a different path back during the reverse process.
The statistical expression of this statement is given by Equation 35.
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This illustrates the Kelvin-Planck statement of the second law: No process is possible whose

sole result is the absorption of heat from a reservoir and the conversion of all of this heat into

work (88).

Statistically, the forward and reverse processes are described by work distributions rF(W)

and rR(W). Whereas Equation 28 applies to the means of these distributions, Crooks (17) has

shown that their fluctuations satisfy

rF$%W&
rR$"W& # e$W"DF&=kBT . 30:

As with Equation 15 (which is an immediate consequence of Equation 30), this result remains

valid even when the system is driven far from equilibrium and has been verified experimentally
(64–66, 87, 89).

Crooks’s fluctuation theorem (Equation 30) is a statement about distributions of work

values, but at its heart is a stronger result about distributions of trajectories (8):

PF,gF-
PR,gR-

# e$WF"DF&=kBT : 31:

Here, the notation gF * {xF(t);0.t.t} denotes a trajectory that might be observed during a

realization of the forward process, and gR is its conjugate twin,

xR$t& # x(F$t" t&, 32:

where x( is the microscopic state obtained by reversing all the momenta of x, as is illustrated

schematically in Figure 3. Simply put, the trajectory gR represents what we would see if we were

to film the trajectory gF, and then run the movie backward. Equation 31 then states that the
probability of observing a particular trajectory when performing the forward process $PF,gF-&
relative to that of observing its conjugate twin during the reverse process $PR,gR-& is given by

the right side of the equation, where WF * W[gF] is the work performed in the forward case.

To derive Equation 31 for our toy model, let us assume as before that the reservoir is

removed for 0 < t < t. The ratio of probabilities to observe the Hamiltonian trajectories gF
and gR is simply the ratio of probabilities to sample their respective initial conditions from

equilibrium (80). Thus,

p

q

xF(0) xF(!)

x*R(!) x*R(0)

!
R

!
F

Figure 3

A conjugate pair of trajectories, gF and gR.
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PF,gF-
PR,gR-

# ZB,T

ZA,T
e,H$xR$0&;B&"H$xF$0&;A&-=kBT

# ZB,T

ZA,T
e,H$xF$t&;B&"H$xF$0&;A&-=kBT# e$WF"DF&=kBT ,

33:

using Equations 32 and 7 to replace H(xR(0);B) by H(xF(t);B). We get to the final result

by observing that the quantity inside square brackets on the second line is the net change in

H during the forward process, which (for a thermally isolated system) is the work performed on

the system. As with the results of Section 3, numerous derivations of Equations 30 and 31 exist

in the literature, corresponding to various models of the system and reservoir (8, 17, 18, 32, 51,

53, 57, 58, 60–62, 90).

To gain some appreciation for this result, recall that a system in equilibrium satisfies micro-

scopic reversibility (91) [closely related to detailed balance (17)]: Any sequence of events is
as likely to occur as the time-reversed sequence. Using notation similar to Equation 31, this

condition can be written as

Peq,g- # Peq,g(-, 34:

where g and g( are a conjugate pair of trajectories (of some finite duration) for a system in
equilibrium. By contrast, as depicted by the two branches of a hysteresis loop, an essential

feature of thermodynamic irreversibility is that the system does not simply retrace its steps

when forced to return to its initial state. This idea is expressed statistically by the inequality

PF,gF- 6# PR,gR-; 35:

that is, the trajectories we are likely to observe during one process are not the conjugate twins of
those we are likely to observe during the other process. Equation 31, which replaces this

inequality with a stronger equality, can be viewed as an extension of the principle of micro-

scopic reversibility, to systems that are driven away from equilibrium by the variation of

external parameters.

5. RELATIVE ENTROPYAND DISSIPATED WORK

Information theory and thermodynamics enjoy a special relationship, evidenced most conspic-

uously by the formula,

I, peq- # S=kB, 36:

where I, p- * "
R
p ln p is the information entropy associated with a statistical distribution p.

When p describes thermal equilibrium (Equation 10), its information entropy I coincides with

the thermodynamic entropy, S=kB (Equation 36). This familiar but remarkable result relates a

measure of our ignorance about a system’s microstate (I), to a physical quantity defined via

calorimetry (S).
In recent years, another set of results have emerged that, similarly, draw a connection

between information theory and thermodynamics, but these results apply to irreversible

processes rather than equilibrium states. Here the relevant information-theoretic measure is

the relative entropy (92, 93) between two distributions (Equation 37), and the physical quantity

is dissipated work, W " DF. This section describes these results in some detail, but the central

idea can be stated succinctly as follows. The irreversibility of a process can be expressed as an

inequality between a pair of probability distributions, either in trajectory space or in phase
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space (Equations 35, 40, 24). Using the relative entropy to quantify the difference between the

two distributions, we find in each case that this information-theoretic measure relates directly

to dissipated work (Equations 38, 41, 43).

For two normalized probability distributions p and q on the same space of variables, the

relative entropy [or Kullback-Leibler divergence (92)]

D,pjq- *
Z
p ln

p

q

" #
)0 37:

quantifies the extent to which one distribution differs from the other. D # 0 if and only if the

distributions are identical, and D / 1 if there is little overlap between the two distributions.

Because relative entropy provides a measure of distinguishability, it is a handy tool for
quantifying time-asymmetry. For example, recall that hysteresis can be expressed statistically

by the inequality PF,gF- 6# PR,gR- (Equation 35), where the trajectory-space distributions PF

and PR represent the system’s response during the forward and reverse processes. We can then

use the relative entropyD,PFjPR- to assign a value to the extent to which the system’s evolution

during one process differs from that during the other. From Equation 31, it follows that (80)

D,PFjPR- #
Wdiss

F

kBT
, 38:

where

Wdiss
F * hWiF " DF 39:

is the average amount of work that is dissipated during the forward process. Similarly,

D,PRjPF- # Wdiss
R =kBT .

Distributions in trajectory space are abstract and difficult to visualize. However, a result

similar to Equation 38 can be placed within the more familiar setting of phase space. Let fF(x, t)
denote the time-dependent phase-space density describing the evolution of the system during

the forward process (Equation 22), and define fR(x, t) analogously for the reverse process.

Then the densities fF(x, t1) and fR(x, t " t1) are snapshots of the statistical state of the system

during the two processes, both taken at the moment the work parameter achieves the value
l1 * lF(t1) # lR(t " t1). The inequality

fF$x, t1& 6# fR$x(, t" t1& 40:

then expresses the idea that the statistical state of the system is different when the work param-

eter passes through the value l1 during the forward process, than when it returns through the
same value during the reverse process. [The reversal of momenta in x( is related to the conjugate

pairing of trajectories (Equation 32).] Evaluating the relative entropy between these distribu-

tions, Kawai et al.(94) showed that

D, fFj f (R- .
Wdiss

F

kBT
, 41:

where the arguments of D are the distributions appearing in Equation 40, for any choice of l1.
This becomes an equality if the system is isolated from the thermal environment as the work

parameter is varied during each process. As with Equation 38, we see that an information-

theoretic measure quantifying time-asymmetry (the left side of Equation 41) is related to a

physical measure of dissipation, Wdiss
F =kBT .

Equations 38 and 41 are closely related. The phase-space distribution fF # fF(x, t1) is

the projection of the trajectory-space distribution PF,gF- onto a single time slice, t # t1,
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and similarly for f (R. Because the relative entropy between two distributions decreases when they

are projected onto a smaller set of variables (92, 94)—in this case, from trajectory space

to phase space—we have

D, fFj f (R- . D,PFjPR- #
Wdiss

F

kBT
: 42:

In the above discussion, relative entropy has been used to quantify the difference between the

forward and reverse processes (hysteresis). It can equally well be used to measure how far a
system lags behind equilibrium at a given instant in time, leading again to a link between

relative entropy and dissipated work (Equation 43 below).

For the process introduced in Section 2, let ft * f(x,t) denote the statistical state of the system
at time t, and let peqt * peql$t&,T$x& be the equilibrium state corresponding to the current value of

the work parameter. It is useful to imagine that ft continually chases p
eq
t : As the work parameter

is varied with time, the state of the system (ft) tries to keep pace with the changing equilibrium

distribution $peqt &, but is unable to do so. Vaikuntanathan & Jarzynski (95) have shown that

D, ftjpeqt - . hw$t&i" DF$t&
kBT

, 43:

where DF(t) * Fl(t),T " FA,T. In other words, the average work dissipated up to time t, in units

of kBT, provides an upper bound on the degree to which the system lags behind equilibrium at

that instant. This result can be obtained from either Equation 25 or Equation 41 (95). If we take

t # t(, allowing the system to relax to a final state of equilibrium (see Section 2.1), then the left

side of Equation 43 vanishes and we recover the Clausius inequality.
Relative entropy is an asymmetric measure: In general D[pjq] 6# D[qjp]. Feng & Crooks

(96) have discussed the use of two symmetric measures of distinguishability to quantify

thermodynamic irreversibility. The first is the Jeffreys divergence, D[p jq] % D[q jp]. When

applied to forward and reverse distributions in trajectory space, this gives the average work

over the entire cycle (see Equation 38):

Jeffreys$PF;PR& #
Wdiss

F %Wdiss
R

kBT
# hWiF % hWiR

kBT
: 44:

The second measure is the Jensen-Shannon divergence,

JS$p; q& # 1

2
$D,pjm- %D,qjm-&, 45:

where m # (p % q)/2 is the mean of the two distributions. When evaluated with p # PF and

q # PR, this leads to a more complicated, nonlinear average of Wdiss
F and Wdiss

R (see equation 7

of Reference 96). Feng and Crooks nevertheless argue that the Jensen-Shannon divergence is

the preferred measure of time asymmetry, as it has a particularly nice information-theoretic

interpretation. I return to this point at the end of the following section.

6. GUESSING THE DIRECTION OF TIME’S ARROW

Sir Arthur Eddington introduced the term “arrow of time” to describe the evident directionality

associated with the flow of events (97). While time’s arrow is familiar from daily experience—

everyone recognizes that a movie run backward looks peculiar!—Eddington (among others)

argued that it is rooted in the second law of thermodynamics. For a macroscopic system

undergoing an irreversible process of the sort described in Section 2.1, the relationship between
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the second law and the arrow of time is almost tautological:W> DFwhen events proceed in the

correct order, and W < DF when the movie is run backward, so to speak. For a microscopic

system, fluctuations blur this picture, because we can occasionally observe violations of

the Clausius inequality (Equation 5). Thus, the sign of W " DF, although correlated with

the direction of time’s arrow, does not fully determine it. These general observations can be

made precise; that is, the ability to determine the direction of time’s arrow can be quantified.

To discuss this point, it is convenient to consider a hypothetical guessing game (80). Imagine
that I show you a movie in which you observe a system undergoing a thermodynamic process as

l is varied from A to B. Your task is to guess whether this movie depicts the events in the order

in which they actually occurred, or whether I have filmed the reverse process (varying l from B
to A) and am now (deviously) showing you the movie of that process, run backward. In the

spirit of a Gedanken experiment, assume that the movie gives you full microscopic information

about the system—you can track the motion of every atom—and that you know the Hamilto-

nian function H(x;l) and the value DF # FB,T " FA,T. Assume moreover that in choosing which

process to perform, I flipped a fair coin: Heads # F, tails # R.
We can formalize this task as an exercise in statistical inference (96). Let L(Fjg) denote

the likelihood that the movie is being shown in the correct direction (the forward process was

performed), given the microscopic trajectory g that you observe in the movie. Similarly, let

L(Rjg) denote the likelihood that the reverse process was in fact performed and the movie is now

being run backward. The likelihoods associated with the two hypotheses (F, R) sum to unity:

L$F j g& % L$R j g& # 1: 46:

Now let W denote the work performed on the system, for the trajectory depicted in the

movie. If W > DF, then the first hypothesis (F) is in agreement with the Clausius inequality and

the second hypothesis (R) is not; if W < DF, it is the other way around. Therefore for a

macroscopic system the task is easy. Formally,

L$F j g& # y$W " DF&, 47:

where y(+) is the unit step function.

For a microscopic system we must allow for the possibility that Equation 5 might be violated

now and again. Bayes’ Theorem then provides the right tool for analyzing the likelihood:

L$F j g& # P$g j F&P$F&
P$g& : 48:

Here P(F) is the prior probability that I carried out the forward process, which is simply 1/2

given that I flipped a fair coin to make my choice, and P(g jF) is the probability to generate the

trajectory g when performing the forward process; in the notation of Section 4, this is PF,g- .
Finally, P(g) is (effectively) a normalization constant (see Equation 46). Writing the analogous

formula for L(R jg), then combining these with the normalization condition Equation 46 and

invoking Equation 31, we get (31, 98, 99)

L$F j g& # 1

1% e"$W"DF&=kBT
: 49:

This result quantifies your ability to determine the arrow of time from the trajectory depicted

in the movie. The expression on the right is a smoothed step function. If the value ofW surpasses

DF by many units of kBT, then L(F j g)0 1, and you can say with high confidence that the movie
is being shown in the correct direction; in the opposite case, you can be equally confident that

the movie is being run backward. The transition from one regime to the other—where time’s
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arrow gets blurred, in essence—occurs over an interval of work values whose width is a few

kBT. What is remarkable is that this transition does not depend on the details of either the

system or the protocol l(t). Equation 49 was derived by Shirts et al. (98) and later by Maragakis

et al. (99) in the context of free-energy estimation, where the interpretation is somewhat

different from the one discussed here.

Returning to the point mentioned at the end of the previous section, the Jensen-Shannon

divergence has the following interpretation in the context of our hypothetical guessing game:
JS$PF;PR& is the average gain in information (regarding which process was performed)

obtained from observing the movie (96). When the processes are highly irreversible, this

approaches its maximum value, JS 0 ln 2, corresponding to one bit of information. This makes

sense: By watching the movie, you are able to infer with confidence whether the coin I flipped

turned up heads (F) or tails (R). Feng & Crooks (96) have argued that this interpretation has

surprisingly universal implications for biomolecular and other nanoscale machines. Namely,

approximately 4 – 8 kBTof free energy must be dissipated per operating cycle to guarantee that

the machine runs reliably in a designated direction (as opposed to taking backward and forward
steps with equal probability, as would necessarily occur under equilibrium conditions).

Finally, time’s arrow has unexpected relevance for the convergence of the exponential

average in Equation 15. Namely, the realizations that dominate that average are precisely

those “during which the system appears as though it is evolving backward in time”

(80, p. 046105–8). A detailed analysis of this assertion involves both hysteresis and relative

entropy, thus nicely tying together the four strands of discussion represented by Sections 3–6 (80).

7. ENTROPY PRODUCTION AND RELATED QUANTITIES

This review has focused on far-from-equilibrium predictions for work and free energy (Equa-

tions 15, 25, 30, 31) and how these inform our understanding of the second law of thermody-

namics. Because the second law is often taken to be synonymous with the increase of entropy,
we might well wonder how these predictions relate to statements about entropy.

As a point of departure, for macroscopic systems we can use the first law (DU#W%Q) and

the definition of free energy (F # U " ST) to write

W " DF
T

# DS"Q

T
# DStot, 50:

where DStot is the combined entropy change of the system and reservoir. If we extend this result

to microscopic systems, accepting (W " DF)/T as the definition of DStot for a single realization

of a thermodynamic process, then the results discussed in Sections 3–6 can formally be rewrit-

ten as statements about the fluctuations of entropy production.

When multiple thermal reservoirs are involved, one can generalize Equation 6 in an obvious

way by including terms for all the reservoirs, H # H %
P

k$Hk
env %Hk

int&. Working entirely

within a Hamiltonian framework, the results of Section 3, notably Equations 15, 19, and 20,
can then be written in terms of entropy production, and generalized further by dropping the

assumption that the system of interest begins in equilibrium (100). Esposito et al. (101) have

recently shown that in this situation the value of hDStoti is equal to the statistical correlation

that develops between the system and the reservoirs, as measured in terms of relative entropy.

Although the Hamiltonian framework has many advantages, it is often inconvenient for

studying irreversible processes, particularly those involving nonequilibrium steady states.

Among the many tools that have been introduced as alternatives to the Hamiltonian approach,

Gaussian thermostats—the term refers to a method of modeling nonequilibrium systems on the
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basis of Gauss’s principle of least constraint (102)—have played a prominent role in recent

developments in nonequilibrium thermodynamics. The term fluctuation theorem was originally

applied to a property of entropy production, observed in numerical investigations of a

sheared fluid simulated using a Gaussian thermostat (10–13). Because fluctuation theorems

for entropy production have been reviewed elsewhere (21, 22, 24, 29, 30, 32, 33, 35, 36),

I limit myself to a brief summary of how these results connect to those of Sections 3–6.

The transient fluctuation theorem of Evans & Searles (11) applies to a system that evolves
from an initial state of equilibrium to a nonequilibrium steady state. Letting pt(Ds) denote the

probability distribution of the entropy produced up to a time t > 0, it states that

pt$%Ds&
pt$"Ds&

# eDs=kB : 51:

This is clearly similar to Equation 30, although it pertains to a single thermodynamic process,

rather than a pair of processes (F and R). Equation 51 implies an integrated fluctuation

theorem,

he"Ds=kBi # 1, 52:

that is analogous to Equation 15, and from this we in turn get analogs of Equations 19 and 20:

hDsi)0 , P,Ds < "x- . e"x=kB : 53:

Now consider a system that is in a nonequilibrium steady state from the distant past to the

distant future, such as a fluid under constant shear (10), and let s * Ds / t denote the entropy

production rate, time averaged over a single, randomly sampled interval of duration t. The
steady-state fluctuation theorem of Gallavotti & Cohen (12, 13) asserts that the probability

distribution pt(s) satisfies

lim
t!1

1

t
ln

pt$%s&
pt$"s& #

s
kB

: 54:

The integrated form of this result is (21)

lim
t!1

1

t
ln he"ts=kBit # 0, 55:

where the brackets denote an average over intervals of duration t, in the steady state. Formal

manipulations then give us

hsit ) 0 , lim
t!1

1

t
lnPt,s < "E- . "E, 56:

where Pt[s < "E] is the probability to observe a time-averaged entropy production rate less
than "E, during an interval of duration t. The resemblance between Equations 54–56, and

Equations 30, 15, 19, 20, respectively, should be obvious; although, viewed as mathematical

statements they are different.

The microscopic definition of entropy production in Equations 51–56 depends on the

equations of motion used to model the evolution of the system. In the early papers on fluctua-

tion theorems, entropy production was identified with phase-space contraction along a deter-

ministic but non-Hamiltonian trajectory (10–13). These results were then extended to

encompass stochastic dynamics, first by Kurchan (14) for diffusion, then by Lebowitz & Spohn
(15) for Markov processes in general. Maes (16) subsequently developed a unified framework

based on probability distributions of space-time histories; that is, trajectories. In all these cases,
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the validity of the fluctuation theorem ultimately traces back to the idea that trajectories come

in pairs related by time reversal, and that the production of entropy is intimately linked with the

probability of observing one trajectory relative to the other, in a manner analogous with

Equation 31.

It is intriguing to note that multiple fluctuation theorems can be valid simultaneously, in a

given physical context. This idea was mentioned in passing by Hatano & Sasa (19) in the

context of transitions between nonequilibrium states, and it has been explored in greater detail
by a number of authors since then (32, 53, 103, 104).

Finally, for nonequilibrium steady states there exist connections between entropy production

and relative entropy, analogous to those discussed in Section 5. If relative entropy is used

to quantify the difference between distributions of steady-state trajectories and their time-

reversed counterparts, then the value of this difference can be equated with the thermodynamic

production of entropy. This issue has been studied by Maes (16), Maes & Netočný (105),

and Gaspard (106).

8. CONCLUSIONS AND OUTLOOK

The central message of this review is that far-from-equilibrium fluctuations are more interesting

than one might have guessed. They tell us something new about how the second law of

thermodynamics operates at the nanoscale. In particular, they allow us to rewrite thermody-

namic inequalities as equalities, revealing that nonequilibrium fluctuations encode equilibrium

information.

The last observation has led to practical applications in two broad settings. The first is the

development of numerical methods for estimating free energy differences, an active enterprise in
computational chemistry and physics (23). Whereas traditional strategies involve equilibrium

sampling, Equations 15, 25, and 30 suggest the use of nonequilibrium simulations to construct

estimates of DF. This is an ongoing area of research (107, 108–110), but nonequilibrium

methods have gradually gained acceptance into the free energy estimation toolkit and are being

applied to a variety of molecular systems; see Reference 111 for a recent example.

Nonequilibrium work relations have also been applied to the analysis of single-molecule

experiments, as originally proposed by Hummer & Szabo (9) and pioneered in the laboratory

by Liphardt et al. (63). Individual molecules are driven away from equilibrium using optical
tweezers or atomic-force microscopy, and from measurements of the work performed on these

molecules, one can reconstruct equilibrium free energies (27, 112). For recent applications of

this approach, see References 113–116.

It remains to be seen whether the understanding of far-from-equilibrium fluctuations that

has been gained in recent years will lead to the formulation of a unified thermodynamics of

small systems; that is, a theoretical framework based on a few propositions, comparable to

classical thermodynamics. Some progress, in any case, has been made in this direction.

For stochastic dynamics, Seifert and colleagues (32, 53, 117–119)—building on earlier work
by Sekimoto (37, 120)—have developed a formalism in which microscopic analogs of all relevant

macroscopic quantities are precisely defined. Many of the results discussed in this review follow

naturally within this framework, and this has helped considerably to clarify the relations among

these results (32). Evans & Searles (22) have championed the view that fluctuation theorems are

elegantly unified in terms of a dissipation function, O, whose properties are (by construction)

independent of the dynamics used to model the system of interest. More recently, Ge & Qian

(121) have proposed a unifying framework for stochastic processes, in which both the informa-

tion entropy "
R
p lnp and the relative entropy

R
p ln $p=q& play key roles.
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References 32 and 121 make a connection to earlier efforts by Oono & Paniconi (122) to

develop a steady-state thermodynamics organized around nonequilibrium steady states.

Although the original goal was a phenomenological theory, the derivation by Hatano and Sasa

of fluctuation theorems for transitions between steady states (19, 123) has encouraged a micro-

scopic approach to this problem (124, 125). In the absence of a universal statistical description

of steady states analogous to the Boltzmann-Gibbs formula (Equation 10), this has proven to be

highly challenging.
This review has focused exclusively on classical fluctuation theorems and work relations, but

the quantum case is also of considerable interest. Quantum versions of these results have been

studied for some time (126–129), and the past two to three years have seen a surge of interest in

this topic (130–139, 140, 141, 142). Quantum mechanics of course involves profound issues of

interpretation. It can be hoped that in the process of trying to specify the quantum-mechanical

definition of work (134), dealing with open quantum systems (133, 139, 140, 141, 142),

analyzing exactly solvable models (132, 135, 137, 138), or proposing and ultimately

performing experiments to test far-from-equilibrium predictions (136), important insights will
be gained. Applications of nonequilibrium work relations to the detection of quantum entan-

glement (143) and to combinatorial optimization using quantum annealing (144) have very

recently been proposed.

Finally, there has been a rekindled interest in recent years in the thermodynamics of

information-processing systems and closely related topics such as the apparent paradox of

Maxwell’s demon (145). Making use of the relations described in this review, a number

of authors have investigated how nonequilibrium fluctuations and the second law are affected

in situations involving information processing, such as occur in the context of memory erasure
and feedback control (146–150).
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BOLTZMANN'S ENTROPY
AND TIME'S ARROW

Given that microscopic physical laws are reversible, why do all
macroscopic events have a preferred time direction? Boltzmann's
thoughts on this question have withstood the test of time.

Joel L. Lebowitz

Given the success of Ludwig Boltzmann's statistical ap-
proach in explaining the observed irreversible behavior
of macroscopic systems in a manner consistent with their
reversible microscopic dynamics, it is quite surprising
that there is still so much confusion about the problem
of irreversibility. (See figure 1.) I attribute this confu-
sion to the originality of Boltzmann's ideas: It made
them difficult for some of his contemporaries to grasp.
The controversies generated by the misunderstandings of
Ernst Zermelo and others have been perpetuated by
various authors. There is really no excuse for this,
considering the clarity of Boltzmann's later writings.1
Since next year, 1994, is the 150th anniversary of
Boltzmann's birth, this is a fitting moment to review his
ideas on the arrow of time. In Erwin Schrodinger's
words, "Boltzmann's ideas really give an understanding"
of the origin of macroscopic behavior. All claims of
inconsistencies that I know of are, in my opinion, wrong;
I see no need for alternate explanations. For further
reading I highly recommend Boltzmann's works as well
as references 2—7. (See also PHYSICS TODAY, January
1992, page 44, for a marvelous description by Boltzmann
of his visit to California in 1906.)

Boltzmann's statistical theory of time-asymmetric,
irreversible nonequilibrium behavior assigns to each mi-
croscopic state of a macroscopic system, be it solid, liquid,
gas or otherwise, a number SB, the "Boltzmann entropy"
of that state. This entropy agrees (up to terms that are
negligible for a large system) with the macroscopic ther-
modynamic entropy of Rudolf Clausius, Se(,, when the
system is in equilibrium. It then also coincides with the
Gibbs entropy SG, which is defined not for an individual
microstate but for a statistical ensemble (a collection of
independent systems, all with the same Hamiltonian,
distributed in different microscopic states consistent with
some specified macroscopic constraints). However, unlike
SG, which does not change in time even for ensembles

Joel Lebowitz is the George William Hill Professor in the
departments of mathematics and physics at Rutgers
University, in New Brunswick, New Jersey.

describing (isolated) systems not in equilibrium, SB typi-
cally increases in a way that explains the evolution
toward equilibrium of such systems.

The superiority of SB over SG in this regard comes
from the fact that unlike SG, SB captures the separation
between microscopic and macroscopic scales. This sepa-
ration of scales, inherent in the very large number of
degrees of freedom within any macroscopic system, is
exactly what enables us to predict the evolution "typical"
of a particular macroscopic system—where, after all, we
actually observe irreversible behavior.6"8 The "typicality"
is very robust: We can expect to see unusual events,
such as gases unmixing themselves, only if we wait for
times inconceivably long compared with the age of the
universe. In addition, the essential features of the evo-
lution do not depend on specific dynamical properties
such as the positivity of Lyapunov exponents, ergodicity
or mixing (see my article with Oliver Penrose in PHYSICS
TODAY, February 1973, page 23), nor on assumptions
about the distribution of microstates, such as "equal
a priori probabilities," being strictly satisfied. Particular
ensembles with these properties, commonly used in sta-
tistical mechanics, are no more than mathematical tools
for describing the macroscopic behavior of typical indi-
vidual systems.

Macroscopic evolution is quantitatively described in
many cases by time-asymmetric equations of a hydrody-
namic variety, such as the diffusion equation. These
equations are derived (rigorously, in some cases) from
the (reversible) microscopic dynamics of a system by
utilization of the large ratio of macroscopic to microscopic
scales.7-8 They describe the time-asymmetric behavior of
individual macroscopic systems, not just that of ensemble
averages. This behavior should be distinguished from
the chaotic but time-symmetric behavior of systems with
a few degrees of freedom, such as two hard spheres in a
box. Given a sequence of photographs of a system of the
latter sort, there is no way to order them in time. To
call such behavior "irreversible" is, to say the least,
confusing.

On the other hand, instabilities induced by chaotic
microscopic behavior are responsible for the detailed
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Irreversibility of
macroscopic events:
"All the king's horses
and all the king's men /
Couldn't put Humpty
together again." But
why not? (Illustration
by H. Willebeck Le
Mair, from A. Moffat,
Our Old Nursery
Rhymes, Augener,
London, 1911.) Figure 1

features of the macroscopic evolution. An example is the
Lorentz gas, a macroscopically large number of noninter-
acting particles moving in a plane among a fixed, periodic
array of convex scatterers, arranged so that a particle
can travel no more than a specified distance between
collisions. The chaotic nature of the (reversible) micro-
scopic dynamics allows a simple deterministic description,
via a diffusion equation, of the macroscopic density profile
of this system to exist. This description is achieved in
the hydrodynamic scaling limit, in which the ratio of
macroscopic to microscopic scales goes to infinity.6'8 Such
a deterministic description also holds to a high accuracy
when this ratio is finite but very large; it is, however,
clearly impossible when the system contains only one or
a few particles. I use this example, despite its highly
idealized nature, because here all the mathematical i's
have been dotted. The Lorentz gas shows ipso facto, in
a way that should convince even (as Mark Kac put it) an
"unreasonable" person, not only that there is no conflict
between reversible microscopic and irreversible macro-
scopic behavior but also that the latter follows from the
former—in complete accord with Boltzmann's ideas.

Boltzmann's analysis was of course done in terms of
classical, Newtonian mechanics, and I shall also use that
framework. I believe, however, that his basic ideas carry
over to quantum mechanics without essential modification.
I do not agree with the viewpoint that in the quantum
universe, measurement is a new source of irreversibility;
rather, I believe that real measurements on quantum sys-
tems are time asymmetric because they involve, of necessity,
systems, such as measuring apparatus, with a very large
number of degrees of freedom. Quantum irreversibility
should and can be understood using Boltzmann's ideas. I
will discuss this briefly later.

I will, however, in this article completely ignore
relativity, special or general. The phenomenon we wish
to explain, namely the time-asymmetric behavior of spa-
tially localized macroscopic objects, is for all practical
purposes the same in the real, relativistic universe as in
a model, nonrelativistic one. For similar reasons I will

also ignore the violation of time invariance in the weak
interactions and focus on idealized versions of the prob-
lem 'of irreversibility, in the simplest contexts. The rea-
soning and conclusions will be the same whenever we
deal with systems containing a great many atoms or
molecules.

Microscopic reversibility
Consider an isolated macroscopic system evolving in time,
as in the (macroscopic) snapshots in figure 2. The blue
color represents, for example, ink; the white, a colorless
fluid; and the four frames are taken at different times
during the undisturbed evolution of the system. The
problem is to identify the time order in which the se-
quence of snapshots was taken.

The obvious answer, based on experience, is that time
increases from figure 2a to 2b to 2c to 2d—any other
order is clearly absurd. Now it would be very simple
and nice if this answer followed directly from the micro-
scopic laws of nature. But that is not the case: The
microscopic laws, as we know them, tell a different story.
If the sequence going from 2a to 2d is permissible, so is
the one going from 2d to 2a.

This is easiest seen in classical mechanics, where the
complete microscopic state of a system of N particles is
represented by a point X= (r1,v1,r2,v2, . . - , rN,vN) in its
phase space F, r; and v, being the position and velocity
of the ith particle. The snapshots in figure 2 do not,
however, specify the microstate X of the system; rather,
each snapshot describes a macrostate, which we denote
by M = M(X). To each macrostate M there corresponds
a very large set of microstates making up a region TM in
the total phase space I". To specify the macrostate M we
could, say, divide the 1-liter box in figure 2 into a billion
little cubes and state, within some tolerance, the number
of particles of each type in each cube. To completely
specify M so that its further evolution can be predicted,
we would also need to state the total energy of the system
and any other macroscopically relevant constants of the
motion, also within some tolerance. While this specifi-
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cation of the macroscopic state clearly contains some
arbitrariness, this need not concern us too much, since
all the statements we are going to make about the
evolution of M are independent of its precise definition
as long as there is a large separation between the macro-
and microscales.

Let us consider now the time evolution of micro-
states underlying that of the macrostate M. The evo-
lution is goverped by Hamiltonian dynamics, which
connects a microstate X(tQ) at some time t0 to the
microstate X ( t ) at any other time t. Let X(t0) and
X(t0 + T), with T positive, be two such microstates. Re-
versing (physically or mathematically) all velocities at
time t0 + T, we obtain a new microstate. If we now
follow the evolution for another interval r we find that
the new microstate at time t0 + 2r is just the state X(t0)
with all velocities reversed. We shall call the micro-
state obtained from X by velocity reversal RX; that is,
RX = (r^-v^^-Va, . . . ,rN,-vN).

Returning now to the snapshots in figure 2, it is clear
that they would not change if we reversed the velocities
of all the particles; hence if X belongs to YM, then so does
RX. Now we see the problem with our definite assign-
ment of a time order to the snapshots in the figure: Going
from a macrostate Ma at time ta to another macrostate
Mb at time tb (ib = t& + T, T > 0) means that there is a
microstate X in FMa that gives rise to a microstate Y in
VMb (at time tb)fbutthen RY is also in FMb, and following
the evolution of RY for a time r would produce the state
RX—which would then be in TM^ Hence the snapshots
depicting Ma, Mb, Mc and Md in figure 2 could, as far
as the laws of nature go, correspond to a sequence of
times going in either direction.

So our judgment of the time order in figure 2 is not
based on the dynamical laws of evolution alone; these
permit either order. Rather, it is based on experience:

One direction is common and easily arranged; the other
is never seen. But why should this be so?

Boltzmann's answer
Boltzmann (depicted in figure 3) starts by associating
with each macroscopic state M—and thus with every
microscopic state X in FM—an entropy, known now as
the Boltzmann entropy,

SB (M(X)) = k log I TM(X) I (1)

where k is Boltzmann's constant and I FMI is the phase
space volume associated with macrostate M. That is,
I F M I is the integral of the time-invariant Liouville vol-
ume element FI f= i d3r; d3i>, over FM. (SB is defined up to
additive constants.) Boltzmann's stroke of genius was,
first, to make a direct connection between this micro-
scopically defined function SB(M) and the thermodynamic
entropy of Clausius, Seq, which is a macroscopically de-
fined, operationally measurable (also up to additive con-
stants), extensive property of macroscopic systems in
equilibrium. For a system in equilibrium having a given
energy E (within some tolerance), volume V and particle
number N, Boltzmann showed that

where Meq(.E,V,N) is the corresponding macrostate. By
the symbol "=" we mean that for large N, such that the
system is really macroscopic, the equality holds up to
negligible terms when both sides of equation 2 are
divided by N and the additive constant is suitably fixed.
We require here that the size of the cells used to define
Meq, that is, the macroscale, be very large compared with
the microscale.

Boltzmann's second contribution was to use equation
1 to define entropy for nonequilibrium systems and thus
identify increases in Clausius (macroscopic) entropy with

How would you order this sequence of
"snapshots" in time? Each represents a

macroscopic state of a system containing, for
example, two fluids. Figure 2
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increases in the volume of the phase space region TM(X).
This identification explains in a natural way the obser-
vation, embodied in the second law of thermodynamics,
that when a constraint is lifted from an isolated macro-
scopic system, it evolves toward a state with greater
entropy. To see how the explanation works, consider
what happens when a wall dividing the box in figure 2
is removed at time ta. The phase space volume available
to the system now becomes fantastically enlarged; for 1
mole of fluid in a 1-liter container the volume ratio of
the unconstrained region to the constrained one is of
order 2N or 1010 . For the system in figure 2 this
corresponds roughly to the ratio I Fw I / I YM I . We can
then expect that when the constraint is removed the
dynamical motion of the phase point X will with very
high "probability" move into the newly available regions
of phase space, for which IF M I is large. This will con-
tinue until X(t) reaches YM . After that time we can
expect to see only small fluctuations from equilibrium
unless we wait for times that are much larger than the
age of our universe. (Such times correspond roughly to
the Poincare recurrence time of an isolated macroscopic
system.)

Notions of probability
Boltzmann's analysis implies the existence of a relation
between phase space volume and probability. In particu-
lar, his explanation of the second law depends upon
identifying a small fraction of the phase space volume
with small probability. This is in the spirit of (but does
not require) the assumption that an isolated "aged" mac-
roscopic system should be found in different macroscopic
states M for fractions of time that equal the ratio of

I FMI to the total phase space volume I FI having the
same energy. Unless there are reasons to the contrary
(such as extra additive constants of the motion), the
latter statement, a mild form of Boltzmann's ergodic
hypothesis, seems very plausible for all macroscopic
systems. Its application to "small fluctuations" from
equilibrium is consistent with observations.

Thus not only did Boltzmann's great insights give a
microscopic interpretation of the mysterious thermody-
namic entropy of Clausius; they also gave a natural
generalization of entropy to nonequilibrium macrostates
M, and with it an explanation of the second law of
thermodynamics—the formal expression of the time-
asymmetric evolution of macroscopic states occurring in
nature. In particular, Boltzmann realized that for a
macroscopic system the fraction of microstates for which
the evolution leads to macrostates with larger SB is so
close to 1, in terms of their phase space volume, that
such behavior is what should "always" happen. In mathe-
matical language, we say this behavior is "typical."

Boltzmann's ideas are, as David Ruelle6 says, at the
same time simple and rather subtle. They introduce into
the "laws of nature" notions of probability, which, cer-
tainly in Boltzmann's time, were quite alien to the sci-
entific outlook. Physical laws were supposed to hold
without any exceptions, not just "almost" always, and
indeed no exceptions to the second law were (or are)
known; nor should we expect any, as Richard Feynman2

rather conservatively says, "in a million years."

Initial conditions
Once we accept Boltzmann's explanation of why macro-
scopic systems evolve in a manner that makes SB increase
with time, there remains the nagging problem (of which
Boltzmann was well aware) of what we mean by "with
time." Since the microscopic dynamical laws are sym-
metric, the two directions of the time variable are a priori

Boltzmann lecturing, by a contemporary
Viennese cartoonist. (Courtesy of the
University of Vienna.) Figures

equivalent and thus must remain so a posteriori.9 Con-
sider a system with a nonuniform macroscopic density
profile, such as Mb, shown in figure 2b. If its microstate
at time tb is typical of FM(> then almost surely its macro-
state at both times £b + r and tb - T would be like Mc.
This is inevitable: Since the phase space volume corre-
sponding to Mb at some time tb gives equal weight to
microstates X and RX, it must make the same prediction
for tb - T as for tb + r. Yet experience shows that the
assumption of typicality at time ib will give the correct
behavior only for times t > tb and not for times t < tb. In
particular, given just Mb and Mc, we have no hesitation
in ordering Mb before Mc.

If we think further about our ordering of Mb and Mc,
it seems to derive from our assumption that Mb is itself
so unlikely that it must have evolved from an initial state
of even lower entropy like Ma. From such an initial state,
which can be readily created by an experimentalist hav-
ing a microstate typical of Afa, we get a monotonic be-
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havior of SB with the time ordering Ma, Mb, Mc and Md. If,
by contrast, the system in figure 2 had been completely
isolated for a very long time compared with its hydrody-
namic relaxation time, then we would expect to see it in
its equilibrium state Md. Presented with the four pictures,
we would (in this very, very unlikely case) have no basis
for assigning an order to them; microscopic reversibility
assures that fluctuations from equilibrium are typically
symmetric about times at which there is a local minimum
of SB. In the absence of any knowledge about the history
of the system before and after the sequence, we use our
experience to conclude that the low-entropy state Ma must
have been an initial prepared state. In the words of Roger
Penrose,4 "The time-asymmetry comes merely from the fact
that the system has been started off in a very special (i.e.,
low-entropy) state, and having so started the system, we
have watched it evolve in the future direction." The point
is that the microstate corresponding to Mb coming from Ma
must be atypical in some respects of points in VMk. This
is because, if we consider all microstates in Mb at time t^
that were in Ma at time ta, then by Liouville's theorem, the
set of all such phase points has a volume TM that is much
smaller than TM .

Origin of low-entropy states
The creation of low-entropy initial states poses no prob-
lem in laboratory situations such as the one depicted in
figure 2. Laboratory systems are prepared in states of

low Boltzmann entropy by experimentalists who are them-
selves in low-entropy states. Like other living beings, they
are born in such states and maintained there by eating
low-entropy foods, which in turn are produced by plants
using low-entropy radiation coming from the Sun, and so
on.4 In addition these experimentalists are able to prepare
systems in particular macrostates with low values ofSB(M),
like our state Ma. Of course the total entropy SB, including
the entropy of the experimentalists and that of their instru-
ments, must always increase: There are no Maxwell de-
mons. But what are the origins of these complex creatures
the experimentalists? Or what about events in which there
is no human participation—for example, if instead of figure
2 we are given snapshots of a meteor and the Moon before
and after their collision? Surely the time direction is just
as obvious.

Trying to answer this question along the Boltzmann
chain of reasoning, we are led more or less inevitably to
cosmological considerations of an initial "state of the
universe" having a very small Boltzmann entropy. That
is, the universe is pictured to be born in an initial
macrostate M0 for which I VMf> I is a very small fraction
of the "total available" phase space volume. Roger Pen-
rose takes that initial state, the macrostate of the uni-
verse just after the Big Bang, to be one in which the
energy density is approximately spatially uniform. He
then estimates that if Mf is the macrostate of the final
"Big Crunch," having a phase space volume of IY M I ,

Reversing time. PHYSICS TODAY cover from
November 1953 shows athletes on a

racetrack. At the first gunshot, they start
running; at the second, they reverse and run

back, ending up again in a line. The
drawing, by Kay Kaszas, refers to an article

by Erwin L Hahn on the spin echo effect on
page 4 of that issue. Figure 4
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S = k log W is Boltzmann's epitaph. W is what we call
IF/J (see equation 1). Boltzmann killed himself on

5 September 1906. Some speculate (but I rather doubt)
that it was because of the hostility his ideas on statistical
mechanics met with from positivists like Ernst Mach and

formalists like Ernst Zermelo. Boltzmann is buried in
Vienna, the city of his birth in 1 844. (Courtesy of the

University of Vienna.) Figure 5

then i r M o i / i r M f i= io - 1 0 ' 2 3 .
The high value of I FM I compared with I TM I comes

from the vast amount of phase space corresponding to
a universe collapsed into a black hole in the Big Crunch.
I do not know whether these initial and final states are
reasonable, but in any case one has to agree with Feynman's
statement2 that "it is necessary to add to the physical laws
the hypothesis that in the past the universe was more
ordered, in the technical sense, than it is today . . . to make
an understanding of the irreversibility." "Technical sense"
clearly refers to the initial state M0 having a smaller SB
than Mf. Once we accept such an initial macrostate M0,
then the initial microstate can be assumed to be typical of
FM . We can then apply our statistical reasoning to
the further evolution of this initial state, despite the fact
that it was a very unlikely one, and use phase-space-volume
arguments to predict the future behavior of macroscopic
systems—but not to determine the past.

Velocity reversal
The microscopic physical laws don't preclude having a
microstate X for which SB(M) would be decreasing as t
increased. An experimentalist could, in principle, re-
verse all velocities of the system in figure 2b (see also
figure 4) and then watch the system unmix itself. In
practice, however, it seems impossible: Even if he or she
managed to perfectly reverse the velocities, as was done
(imperfectly) in spin echo experiments,10 we would not
expect to see the system in figure 2 go from Mb to Ma.
This would require that both the velocity reversal and
the system isolation be absolutely perfect. We would
need such perfection now but did not need it before
because while the macroscopic behavior of a system with
microstate Y in the state Mb—that came from a micro-
state X typical of TM —is stable against perturbations
in its future evolution, it is very unstable as far as its
past is concerned. That is the same as saying that the
forward evolution of RY is unstable to perturbations.
This difference in stability is a consequence of the fact
that almost any perturbation of a microstate in FM will
tend to make it more typical of its macrostate Mb. Per-
turbation will thus not interfere with behavior typical of
rMt>. But the forward evolution of the unperturbed RY
is by construction heading toward a smaller phase space
volume and is thus untypical of TM . Such an evolution
therefore requires "perfect aiming" and will be derailed
even by small imprecisions in the reversal or by tiny
outside influences. This situation is analogous to
pinball-machine-type puzzles where one is supposed to
get a small metal ball into a particular small region. You
have to do things just right to get it in, but almost
anything you do gets it out into larger regions. For the
macroscopic systems we are considering, the disparity
between the sizes of the comparable regions of the phase
space is unimaginably larger.

The behavior of all macroscopic systems, whether
ideally isolated or realistically subject to unavoidable
interactions with the outside world, can therefore be
confidently predicted to be in accordance with the second
law. Even if we deliberately create, say by velocity

reversal, a microstate that is very atypical of its macro-
state, we will find that after a very short time in which
SB decreases, the imperfections in the reversal and out-
side perturbations, as from a solar flare, a starquake in
a distant galaxy a long time ago or a butterfly beating
its wings,5 will make it increase again. The same thing
happens also in the usual computer simulations, where
velocity reversal is easy to accomplish but where roundoff
errors play the role of perturbations. It is possible,
however, to avoid this effect in simulations by the use of
discrete-time integer arithmetic and clearly see RY go to
RX (as in figure 4) following perfect velocity reversal in
the now truly isolated system.11

Bolfzmann vs Gibbs entropies
The Boltzmannian focus on the evolution of a particular
macroscopic system is conceptually different from Gibbs's
approach, which focuses more on ensembles. This differ-
ence shows up strikingly when we compare Boltzmann's
entropy—defined for a microstate X of a macroscopic
system—with the more commonly used (and misused)
entropy of Gibbs, defined by

(3)

Here p(X) dX is the ensemble density, or the probability
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for the microscopic state of the system to be found in the
phase space volume element dX, and the integral is over
the total phase space P. Of course if we take p(X) to be
the generalized microcanonical ensemble corresponding
to a macrostate M—that is, if pU(X)= 1 / ' TMI if X belongs
to FM, and PMQO = 0 otherwise—then clearly,

SG(pM)=Mogirwl =SB(M) (4)

More generally, the two entropies agree with each other,
and with the generalized Clausius entropy, for systems
in which the particle density, energy density and momen-
tum density vary slowly on a microscopic scale and in
which we have local equilibrium. Note, however, that
unless the system is in complete equilibrium and there
is no further systematic change in M or p, the time
evolutions of SB and SG are very different. As is well
known, as long as X evolves according to the Hamiltonian
evolution (that is, p evolves according to the Liouville
equation), the volume of any phase space region remains
unchanged even though its shape changes, and SG(p)
never changes in time. SB(Af) certainly does change.
Consider the situation in figure 2. At the initial time ia,
SG equals SB, but subsequently SB increases while SG
remains constant. SG therefore does not give any indi-
cation that the system is evolving toward equilibrium.
Thus the relevant entropy for understanding the time
evolution of macroscopic systems is SB and not SG. (This
great discovery'of Boltzmann's is memorialized on his
tombstone; see figure 5.)

Quantum mechanics
The analysis given above in terms of classical mechanics
applies also to quantum mechanics if we take the micro-
state X to correspond to the wavefunction i/>(r1; . . . .r^);
the time evolution X(t), to the unitary Schrodinger evo-
lution ip(t)', the velocity reversal RX, to the complex
conjugation ij<; and the phase space volume of the macro-
state \TM\, to the dimension, that is, to the number of
linearly independent quantum states in the subspace
defined by M.

This correspondence preserves equation 2 as well as
the time symmetry of classical mechanics. It does not,
however, take into account the nonunitary, or "wavefunc-
tion collapse," part of quantum mechanics, which on the
face of it looks time asymmetric. It seems to me that
there is no necessity or room in quantum mechanics for
such an extra measurement postulate.12 Instead one
should be able to deduce everything from some single
time-symmetric theory describing the evolution of the
state of the system and its environment; together these
might encompass the whole universe.12'13 The conven-
tional wavepacket reduction formalism should then arise
from the macroscopically large number of degrees of
freedom affecting the time evolution of a nonisolated
system. In fact, because of the intrinsically nonlocal
character of quantum mechanics,12 the whole notion of
conceptually isolating a system, which serves us so well
on the classical macroscopic level, requires much more
care on the microscopic quantum level (see the Reference
Frame column by David Mermin in PHYSICS TODAY, June
1990, page 9.)

Even aside from the standard quantum measurement
formalism, it has been argued14 that one should not
introduce, via a measurement postulate, a time-symmet-
ric element into the foundations of quantum mechanics.
Rather one should and can conceptually and usefully
separate the measurement formalism of conventional
quantum theory into two parts, a time-symmetric part
and a second-law-type asymmetric part. One can then,
using Boltzmann-type reasoning, trace the latter back to

the initial low-entropy state of the universe.
I believe the same is true of other arrows of time

such as the psychological one or that given by retarded
versus advanced electromagnetic potentials. Ultimately
all arrows of time and our being here to discuss them
are manifestations of our (very large, macroscopic) uni-
verse's having started in a very low-entropy state.

Typical vs averaged behavior
I conclude by emphasizing again that having results for
typical microstates rather than averages is not just a
mathematical nicety but is at the heart of understanding
the microscopic origin of observed macroscopic behavior:
We neither have nor do we need ensembles when we carry
out observations like those in figure 2. What we do need
and can expect to have is typical behavior. Ensembles
are merely mathematical tools, useful for computing typi-
cal behavior as long as the dispersion in the quantities
of interest is sufficiently small.

There is no such typicality with respect to ensembles
describing the time evolution of a system with only a few
degrees of freedom. This is an essential difference (un-
fortunately frequently overlooked or misunderstood) be-
tween the irreversible and the chaotic behavior of Hamil-
tonian systems. The latter, which can be observed
already in systems consisting of only a few particles, will
not have a unidirectional time behavior in any particular
realization. Thus if we had only a few hard spheres in
a box, we would get plenty of chaotic dynamics and very
good ergodic behavior, but we could not tell the time
order of any sequence of snapshots.

/ dedicate this article to my teachers, Peter Bergmann and Melba
Phillips, who taught me statistical mechanics and much, much
more. I want to thank Yakir Aharonov, Gregory Eyink, Oliver
Penrose and especially Shelly Goldstein, Herbert Spohn and
Eugene Speer for many very useful discussions.
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Abstract 

In this paper we survey the topic of time-reversal symmetry in dynamical systems. We begin with a brief discussion of 
the position of time-reversal symmetry in physics. After defining time-reversal symmetry as it applies to dynamical systems, 
we then introduce a major theme of our survey, namely the relation of time-reversible dynamical sytems to equivariant and 
Hamiltonian dynamical systems. We follow with a survey of the state of the art on the theory of reversible dynamical systems, 
including results on symmetric periodic orbits, local bifurcation theory, homoclinic orbits, and renormalization and scaling. 
Some areas of physics and mathematics in which reversible dynamical systems arise are discussed. In an appendix, we provide 
an extensive bibliography on the topic of time-reversal symmetry in dynamical systems. 
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1. Introduct ion  

Time-reversal  symmetry is one of  the fundamen- 

tal symmetries discussed in natural science. Con- 

sequently, it arises in many physical ly motivated 

dynamical  systems, in particular in classical and 

quantum mechanics. 

The aim of  this paper  is to give a br ief  and com- 

pact  survey of  the state of  the art with regards to t ime- 

reversal symmetry  in dynamical  systems theory. That 

is, we consider ordinary differential equations and 

diffeomorphisms possessing (what we call) revers ing  

symmetries.  

We are aware that the interest in t ime-reversal sym- 

metry goes beyond this confined setting. For  instance, 

there is extensive work on t ime-reversal  symmetry in 

statistical and quantum mechanics that falls outside the 

* Corresponding author. 

scope of  our survey. Our survey also does not include 

a discussion on reversible cellular automata. For fur- 

ther reading in these areas we recommend the books 

by Brush [6], Sachs [22] and Hawking [14], and the 

survey paper  by  Toffoli and Margolus [23]. 

Our survey is largely self-contained and accompa- 

nied by an extensive bibl iography in Appendix A. 

However, in areas where other good recent surveys 

are available (most of  them in this special volume: 

[Sevryuk, 1998; Champneys,  1998; Hoover, 1998]), 

our discussion will  be brief  and will  refer to those pa- 

pers for more details. We will focus here on survey- 

ing areas of  research that are complimentary to those 

reviewed elsewhere. 

Needless to say, we aim to give a balanced ac- 

count of  the work and interests in the field of  time- 

reversal symmetry in dynamical  systems. However, 

we realize very well  that our survey is subjective and 

we would like to apologize to those colleagues who 

0167-2789/98/$19.00 Copyright © 1998 Elsevier Science B.V. All rights reserved 
PI1 S0167-2789(97)00199-1 
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might find their work under- or misrepresented. Also, 

rather than trying to discuss results in this field in de- 
tail, we have aimed at giving the reader a taste of  the 
state of  the art. Our bibliography in Appendix A is 
inevitably incomplete and the process of  compiling 
the bibliography is without end. 1 However, we hope 
that our bibliography will provide an encouragement 

and opportunity for the reader to explore further from 
there. 

The paper is organized as follows. In Section 2 we 
briefly discuss the position of  time-reversal symmetry 
in physics. In Section 3 we introduce the setting of  our 
survey, defining time-reversal symmetry in dynami- 
cal systems and sketching its relation to equivariant 

and Hamiltonian dynamical systems. In Section 4 we 
survey the state of  the art on the theory of  reversible 
dynamical systems, including results on symmetric pe- 
riodic orbits, local bifurcation theory, homoclinic or- 
bits, and renormalization and scaling. In Section 5 we 
briefly discuss some areas of  applications in physics 
and mathematics that have stimulated the research into 
reversible dynamical systems. Our concluding section 

is devoted to an outlook. Appendix A contains an ex- 
tended bibliography on time-reversal symmetry in dy- 
namical systems. References to this bibliography are 
separated by style ([author, year]) from other refer- 
ences ([number]). 

As a guide to the reader, we note that Sections 1-3 
provide a nontechnical introduction, aimed at a non- 
specialized audience. In contrast, Sections 4 and 5 
contain more details and references. 

2. Time-reversal symmetry in physics 

Before addressing the topic of  time-reversal symme- 
try in dynamical systems in Section 3, in this section 
we will briefly discuss the position of  time-reversal 
symmetry in physics, i.e. in classical mechanics, ther- 
modynamics and quantum mechanics. 

1 Regular updates of this bibliography will be made available 
at ht tp : //www. maths, warwick, ac. uk/~lamb. 

2.1. Time-reversal symmetry in classical mechanics 

The conventional notion of  time-reversal symmetry 
relates to observations of  physical phenomena. 

To fix the discussion, consider the example of  the 
dynamics of  a classical ideal pendulum that experi- 
ences no energy loss due to friction. 

We now propose the following experiment: we let 
the pendulum swing, film it, and watch it using a pro- 
jector that plays the film backward (in the reverse di- 
rection). So we see the pendulum moving backward 
in time. If  we are not familiar with the original film, 

then as a viewer it would be impossible to tell that the 
film was actually played in reverse. This is because 

the motion on the reverse film also corresponds to a 
possible motion of  the same pendulum. Namely, the 
reverse motion satisfies the same laws of motion as 
the forward motion. The only difference between the 
motion depicted on the forward and reverse versions 
of  the film is the initial position and speed of  the pen- 
dulum at the point where we start showing the movie. 

If  for a motion picture of  a mechanical system one 
cannot decide whether it is shown in the forward or re- 
verse direction, the system is said to have time-reversal 
symmetry. 

When we consider the more realistic physical situ- 
ation of  a swinging pendulum in the presence of  fric- 

tion, we can tell the difference between a forward and 
a reverse film of  this pendulum. Namely, the original 
(forward) film will show the swinging pendulum los- 
ing amplitude until it comes to a standstill. However, 
the film in reverse direction shows a swinging pendu- 
lum whose amplitude is increasing in time. The lat- 
ter film is clearly unphysical as it does not satisfy the 
natural laws of  motion anymore (assuming there is no 
hidden source of  energy feeding the pendulum). The 
presence of  friction breaks the time-reversal symmetry 

of the ideal pendulum. 

The time-reversal symmetry described in this exam- 
ple arises very frequently in classical mechanics. Al- 
though in nature we hardly ever encounter mechanical 
systems with perfect time-reversal symmetry, in the- 

t r y  a truly isolated pendulum has time-reversal sym- 
metry. The friction and energy transfer are merely due 
to the coupling of  the pendulum with its environment. 
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In the Hamiltonian formulation of classical me- 
chanics, we describe the system with variables (q, p), 
where q is a vector describing the position of the sys- 
tem and p a vector describing its momentum. 

In its simplest form, the Hamiltonian H (q, p) is a 
function which generates the equations of motion via 

dq OH dp OH 
dt Op dt 0q (2.1) 

The classical notion of time-reversal symmetry as dis- 
cussed above is directly related to a symmetry prop- 
erty of the Hamiltonian 

H(q, p) -~ H(q, - p ) .  (2.2) 

Namely, if the Hamiltonian satisfies (2.2), then the 
equations of motion (2.1) are invariant under the 
transformation 

R0 : (q, p, t) ~ ( q , - p , - t ) .  (2.3) 

In turn, this implies that when (q(t), p(t)) is a tra- 
jectory in phase space describing a possible motion 
of the system with initial position and momentum 

(q0, P0), then so is (q ( - t ) ,  - p ( - t ) )  with initial con- 
clifton (qo, -Po) .  

In configuration (position) space this means that if 
we have a trajectory q(t), then we also have a trajec- 
tory q ( - t ) .  This is precisely what we see when we 

play a film of a time-reversible system in reverse. 

2.2. Thermodynamics 

Let us now consider a macroscopic number of clas- 
sical particles and describe their collective behaviour. 

In fact, such a system is in principle described by 
Hamiltonian equations of motion where q and p de- 
scribe the positions and momenta of N particles, where 
N is a very large number (e.g. in the order of Avo- 
gadro's number 1024). 

Despite the time-reversal symmetry property of the 
equations of motion, the collective behaviour of a 
macroscopic number of classical particles displays a 
clear direction of time, i.e. if q(t) is a likely trajectory 
of the system then q ( - t )  is not necessarily! As an ex- 
ample, consider the motion of a macroscopic number 
of gas molecules in one of the two compartments of a 

tank. When we open up a connection between the two 
compartments, molecules from one compartment will 
flow to the second compartment and in the end they 
will distribute evenly over the two compartments. If 
one watches a film of this dynamical process in re- 
verse, one observes the gas flowing from an evenly 
distributed state towards a state in which all the gas 
is in one of the two compartments of the tank. De- 
spite the theoretical possibility of this happening, the 
realistic chance of this occurring is extremely small. 

In statistical mechanics, when we want to describe 
the bulk dynamics of many particles (N --+ cxz), there 
is a true sense of direction of time. The most well- 
known result in this direction is Boltzmann's second 
law of thermodynamics, saying that entropy is a mono- 
tonically increasing function of time [2]. 

This result needs careful interpretation, and it is not 
surprising that this result has led to a lot of confusion. 
Loschmidt [ 18] challenged Boltzmann by pointing out 
that his result "violated" the time-reversal symme- 
try of the (microscopic) equations of motion of the 

particles concerned. In recognition of his critique, the 
situation whereby an ensemble of particles with time- 
reversible dynamics displays irreversible behaviour is 
called Loschmidt's paradox. 

A first solution to the paradox was proposed by 

Gibbs [11], who gave an explanation involving the 
course-grained structure of the phase space. However, 
to the present day, many papers are written that pro- 
vide an explanation of the paradoxical situation in 
which a system that has time-reversal symmetry on a 
microscopic scale breaks this symmetry in its collec- 
tive macroscopic behaviour. A popular resolution of 

Loschrnidt's paradox is to argue that despite the re- 
versibility of the equations of motion, not all solutions 

need possess the full time-reversal symmetry. A differ- 
ent view is presented by Kumicak and de Hemptinne 
[17] in this issue. For a historical account, see [6]. 

A general discussion of this area is outside the 
scope of our survey (but we refer the reader to 
the work of Prigogine and the Brussels school on 
reversibility/irreversibility and arrows of time in 
physics and chemistry [20,21]). A recent approach 
in which irreversible dynamics of nonequilibrium 
thermodynamical systems is modelled by reversible 
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dynamical systems has attracted a lot of  interest, see, 
e.g. Section 5 and the papers [Dellago and Posch, 
1998; Gallavotti, 1998; Hoover, 1998] in this volume. 

2.3. Time-reversal symmetry in quantum mechanics 

In the 1930s, Wigner [25] successfully introduced a 
quantum mechanical version of  the classical conven- 

tional time-reversal operator. With it, he explained the 
twofold degeneracy of  energy levels that was reported 
by Kramers [16] in systems with an odd number of  
electrons in the absence of  a magnetic field. In the 
presence of  a magnetic field the time-reversal symme- 
try is broken and the degeneracy disappears yielding a 
splitting of  energy bands, cf. also [15]. Time-reversal 
symmetry is also important in quantum field theories 
for elementary particle physics, cf. [22]. 

With the growing interest in chaotic dynamics in 
the 1980s, there was also a growing interest in quan- 
tum mechanical systems whose classical limit displays 
chaotic behaviour. In this field (called quantum chaol- 

ogy by Berry [1 ]), time-reversal symmetry enters in the 
analysis of  level statistics. Random matrix theory pre- 
dicts that the rate of  energy-level repulsion is classified 
by the presence or absence of  time-reversal symme- 
try. These predictions have been discussed by many, 
and for an introduction, see [13]. We note that, despite 
the success of  group representation theory in quan- 
tum mechanics [26], the role of  comparable symmetry 

methods in quantumchaology appears to be relatively 
unexplored. For a recent exception see Cvitanovic and 
Eckhardt [8], who discuss the use of  symmetries (but 
not time-reversal symmetries!) in the calculation of  
zeta-functions. 

3. Time-reversal symmetry  in dynamical  systems 

are taken to be flows of  vector fields. Discrete time 
dynamical systems are taken to be generated by an 
invertible map f .  In most applications of interest 
will be a manifold, e.g. ~2 = ~n. 

In the continuous time context we consider au- 
tonomous ordinary differential equations of  the form 

dx 
- -  = F(x)  (x ~ ~2), (3.1) 
dt 

where F : S2 ~+ TI2 is a (smooth, continuous) vec- 
tor field. The dynamics of  (3.1) is given by a one- 
parameter family of  evolution operators 

~ot : S'2 ~--> ~2, 

qgt : x(z)  v-+ qgt(x(r)) = x(z + t), (3.2) 

such that 2 

qgtl o (Pt2 = ~Otl+t2 for all tl, t2 E N. (3.3) 

We now say that an invertible (smooth, continuous) 
map R : S2 w-> ~2 is a reversing symmetry of (3.1) 

when 

dR(x) 
-- F(R(x) ) ,  (3.4) 

dt 

or equivalently, when 

dR Ix" F(x)  = - - F ( R  (x)), (3.5) 

where dR Ix denotes the (Frechet) derivative of  R in x. 
In terms of  the evolution operator q~t, (3.4) and (3.5) 

imply 

R o ~o t = ¢P-t o R = ~Ot I o R 

for all t 6 R. 

In the context of  classical 

(3.6) 

mechanics, where the 
ordinary differential equations are derived from a 
Hamiltonian H(q ,  p), the conventional reversing 
symmetry is given by 

We will now give a more precise mathematical de- 
scription of  time-reversal symmetry in the setting of  
dynamical systems, as considered in this survey. We 
also give a historical account of  its origin. 

We consider two types of  dynamical systems, with 
continuous time (t 6 N) and discrete time (t 6 77) 
on some phase space ~2. Continuous time systems 

R(q, p) = (q, - p ) .  (3.7) 

Note that in this particular case R is an involution (i.e. 
R 2 = id), and R is anti-symplectic. 

By analogy to definition (3.6) in the case of  flows, 
we call an invertible map R : Y2 ~ 12 a reversing 

2 o denotes composition. 
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symmetry of an invertible map f : £2 w-~ S2, when- 
ever 3 

R o f ----- f - 1  o R. (3.8) 

The notion of reversing symmetries for autonomous 
flows extends in a natural way to nonantonomous 

flows, 

dx 
- -  = F ( x ,  t ) .  ( 3 . 9 )  
dt 

Namely, we call Ra : (x, t) e--> (R(x), - t  + a) a re- 
versing symmetry of (3.9) whenever (3.9) is invariant 
under the transformation R a (for some a ~ R), i.e. 

dR(x) 
-- F(R(x), - t  + a). (3.10) 

dt 

Note that by introducing a new variable v = t - 
a /2 ,  the extended differential equation d(x, v ) / d t  = 

(F'(x, v), 1) (with F'(x,  r) := F(x, r + a/2)) is au- 

tonomous and has reversing symmetry R0 : (x, v) e--> 
(R(x), -r) .  

The presence and importance of time-reversal sym- 
metry was recognized in the early days of dynamical 
systems by Birkhoff. He utilized it in his study of the 
restricted three-body problem in classical mechanics 
[Birkhoff, 1915]. In particular, he noted that a map f 
with an involutory reversing symmetry R can always 

be written as the composition of two involutions 

f = R o T ,  whereR 2 = T  2 = i d .  (3.11) 

In this context, note that when R is not an involution 
one readily verifies that the decomposition property 
(3.11) generalizes to 

f = R o T, where R 2 o T 2 = id. (3.12) 

In flows of nonantonomous vector fields (3.9) when 
F(x, t) is periodic in time, i.e. F(x, t) = F(x, t + 1) 
(with period scaled to 1), then in a natural way the 
time-one return map of such a flow is autonomous. 
Moreover, it is readily checked that when the nonan- 
tonomous system is invariant under Ra, then the time- 
one return map with respect to the surface of section 

3 Usually - but not always - one is interested in maps f 
and R that are not just invertible, but also homeomorphisms or 
diffeomorphisms. 

t = a / 2  has reversing symmetry R. A similar result 
also applies to local return maps for R-symmetric pe- 

riodic orbits of autonomous flows with reversing sym- 
metry R. 

After the work of Birkhoff, time-reversal symme- 
try did not receive much attention until the 1960s 
[DeVogelaere, 1958; Heinbockel and Struble, 1965; 
Moser, 1967; Bibikov and Pliss, 1967; Hale, 1969]. In 
particular, Hale described the property of time-reversal 
symmetry as property E. 4 

Devaney [Devaney, 1976] noted that many conse- 
quences of conventional time-reversal symmetry are 
shared by dynamical systems which have a different 
type of involutory reversing symmetry than the con- 
ventional anti-symplectic one (3.7). This led him to a 
definition of reversible systems in which the involu- 
tory nature of the time-reversal operator R was central, 

together with the fact that R should fix a subspace half 
the dimension of the phase space. Later, Arnol'd and 
Sevryuk [Arnol'd, 1984; Arnol'd and Sevryuk, 1986] 

relaxed this further to allow for any involutory re- 
versing symmetry. The latter definition of reversibility 

was adopted by many, and hence for a map was taken 
to be synonymous with the decomposition property 
(3.11). 

Arnol'd and Sevryuk [Arnol'd, 1984; Arnol'd and 
Sevryuk, 1986] remarked that systems with reversing 

symmetries need not have an involutory reversing 
symmetry (for some examples, see [Arnol'd and 

Sevryuk, 1986; Lamb, 1996a; Baake and Roberts, 
1997]). In quantum mechanics, the importance of 
noninvolutory time-reversal symmetries was long 
before acknowledged by Wigner [26]. Arnol'd and 
Sevryuk proposed to call systems with only non- 
involutory reversing symmetries weakly reversible. 

They found that many results for reversible systems 
actually also hold for weakly reversible systems, by 
showing that in many problems the reversing symme- 

try enters the analysis with an effectively involutory 
action. 

4 Despite the fact that Hale did not publish many papers on 
time-reversal symmetry in dynamical systems, his interest has 
been a catalyst for further research, cf., e.g. the acknowledge- 
ments in [Kirchg~issner, 1982a; Vanderbauwhede, 1990b]. 
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In this respect it is interesting to note that if a lin- 
ear system in R n possesses a reversing symmetry it 
also possesses a linear involutory reversing symmetry 
[Sevryuk, 1986]. (This follows directly from Jordan 
normal form theory.) However, one should be careful 
interpreting this result. For instance, when considering 
continuous parameter families of matrices possessing 
a given noninvolutory reversing symmetry (such as in 
reversible linear normal form theory [Hoveijn, 1996; 
Lamb and Roberts, 1997]) this observation is not par- 
ticularly useful as, for instance, the form of the involu- 
tory reversing symmetry may change discontinuously. 
Also, it should be stressed that this implication does 
not hold in general. For example, it does not hold for 
nonlinear systems in R n [Lamb, 1994a, 1996a] and not 
even for linear diffeomorphisms of the 2-torus [Baake 
and Roberts, 1997] (cf. Example 3.5). 

In the light of a more general approach towards 
symmetry properties of dynamical systems (see 
Section 3.1), it turns out to be unnecessarily restric- 
tive to explicitly mention the nature of the reversing 
symmetry in a definition of reversibility (and so dis- 
tinguish between reversible and weakly reversible 
systems). Therefore, we define: 

Definition 3.1 (Reversible Dynamical System). A dy- 
namical system is called reversible when it possesses a 
reversing symmetry R satisfying (3.4), (3.8), or (3.10) 
for autonomous flows, maps, or nonautonomous flows, 
respectively. 

In the literature there is sometimes confusion about 
the use of terminology. Sometimes, a system is called 
reversible when its inverse exists. This notion of 
invertibility differs from the notion of reversibility 
adopted here. In particular, note that all reversible 
systems are invertible, but not all invertible systems 
are reversible (because not all invertible systems have 
a reversing symmetry). 

We now list some examples of reversible dynamical 
systems: 

Example 3.1. All Hamiltonian systems with Hamilto- 
nian H(q ,  p) satisfying (2.2) with an anti-symplectic 
R of the form (3.7). 

Example 3.2. All oscillation equations of the form 

d 2 
dt2q = F(q),  F : ~m w-~ •m. (3.13) 

When (3.13) is rewritten as a first-order system in the 
variables qi and dqi/dt in R 2m, R is the involution 
that changes the signs of dqi/dt. 

Example 3.3. In many partial differential equations, 
the equations goveming steady-state solutions are 
reversible. 

For example, Malomed and Tribelski [Malomed and 
Tribelski, 1984] considered a class of partial differen- 
tial equations, one of which, 

3 0 4 3 2 

~-7~ + ~x4~ + 2Ot~x2~ 

+ ~ + ~ = 0, (3.14) 

describes the evolution of a gas flame under certain 
physical conditions. This equation is not reversible 
with respect to the time variable. However, the steady- 
state solutions are described by (3.14) with 0~ lot = O. 
The resulting steady-state ordinary differential equa- 
tion is reversible with respect to the space variable x. 
Namely, the fourth-order ordinary differential equa- 
tion can be written as a system of four first-order 
equations in the variables ~, O~/Ox, 82~/0x 2, and 
03~/0x 3, and this dynamical system is reversible with 
respect to the involution 

R . @ , 0 ~ , 0 2  03 
57 2 ' 57x 

( ~ , _  0 02 0 3 
-ff-Z 2 - ) . 

% 

In a similar way, one finds that all autonomous even- 
order (odd-order) ordinary differential equations in 
which the odd (even) derivatives occur only in even 
combinations are reversible when rewritten as a first- 
order system. The reversing symmetry R is the trans- 
formation of the even-dimensional (odd-dimensional) 
phase space that corresponds to changing the sign of 
the variables corresponding to odd (even) derivatives. 
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Symmetric difference equations of the is reversible with the order-4 reversing symmetry R 
given by 

Xn+l Jr-Xn-1 = f ( x n )  (3.15) 

may arise as a discretization of d2x  / d t  2 = 2 x  - f (x) ,  

but may also arise due to spatial symmetry properties 
of physical models on a chain (n labels the position 
on the chain). 

A well-known example of a mapping of the form 
(3.15) arises in the study of stationary states of a chain 
of coupled oscillators with a convex nearest neighbour 
interaction potential. By Newton's ac t ion  = reac t ion  

principle this interaction potential should be invariant 
with respect to interchanging Xn and Xn+l. 

For instance, in the case of the Frenkel-Kontorova 
model, the total (interaction + background) potential 

1 is given by Y ~ n ( g ( x n  - Xn+l) z --]- V COSXn), and the 
stationary states satisfy (3.15) with f ( x n )  = 2x~ - 

v sin(x~), which is equivalent to the area-preserving 
Chirikov-Taylor standard mapping. 

Introducing new variables, Pn := Xn and qn := 
x~-i  the system (3.15) can be written as a mapping 
of the plane 

Pn+l = f ( P n )  --  qn, qn+l = Pn.  (3.16) 

This mapping is reversible with respect to the in- 
volution R ( p ,  q)  = (q, p ) .  This is a direct con- 
sequence of the fact that (3.15) is invariant under 
the transformation Xn-1 <--> Xn+l. In the context of 
the Frenkel-Kontorova model this is in turn a di- 
rect consequence of the symmetry of the interaction 
potential. 

Remarkably, (3.16) is not only reversible, but also 
area-preserving. Many area-preserving (symplec- 
tic) mappings studied in the literature are reversible 
(e.g. the well-studied area-preserving Hdnon map- 
ping, cf. [Roberts and Quispel, 1992] and references 
therein). 

E x a m p l e  3.5. The hyperbolic toral automorphism 
given by 

( ; ' ~ ) = ( ~  / 0 ) ( ; ) ( m o d l )  (3.17) 

( ; t t ) - - - ( 0 1  ; 1 ) ( ; ) ( m o d l ) .  (3.18) 

In fact, the map (3.17) has no involutory reversing 
symmetry within the group of toral homeomorphisms. 

We note that the reversibility of hyperbolic toral au- 
tomorphisms has no obvious physical cause. The sym- 
metry properties of hyperbolic toral automorphisms 
follow directly from the structure of the matrix group 
Gl(2 ,  ?7) [Baake and Roberts, 1997]. 

The above examples illustrate the fact that reversible 
dynamical systems arising in the literature obtain their 
reversibility due to a variety of reasons. In particular, 
we observe: 
- Revers ib i l i t y  in t ime arising due to a natural assump- 

tion of time-reversibility of the equations of motion 
(cf. Examples 3.1 and 3.2). 

- Revers ib i l i t y  in space  arising due to natural assump- 
tions of spatial symmetries of a physical model 
(cf. Examples 3.3 and 3.4). 

- Revers ib i l i t y  arising due to the specific structure 
of a mathematical problem under consideration 
(cf. Example 3.5). 
For more examples in the above three categories, 

see Section 5. 
There are generally two perspectives from which 

reversible dynamical systems are considered. On the 
one hand they can be treated from a symmetry per- 
spective, as reversible systems are defined in terms 
of a symmetry property. On the other hand, histori- 
cally the interest in reversible systems has often been 
in the context of Hamiltonian systems. Firstly this is 
because many examples of reversible dynamical sys- 
tems in applications are actually also Hamiltonian. 
Secondly there is the remarkable fact that reversible 
and Hamiltonian systems have many interesting dy- 
namical features in common. This duality may be the 
reason why so few systematic results on reversible 
dynamical systems have been derived, compared to 
the overwhelming machinery developed for symmetric 
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Fig. 1. Schematic diagram indicating the intersections of re- 
versible dynamical systems (R), equivariant dynamical systems 
(E), and Hamiltonian dynamical systems (H). 

(equivariant 5) and Hamiltonian dynamical systems. 

The dual approach towards reversible systems will be 
the dominant theme in this paper. A schematic view 

of  the situation is depicted in Fig. 1, where it is shown 
how the Hamiltonian, reversible, and equivariant sys- 
tems overlap. 

3.1. Reversible versus equivariant dynamics 

When a reversible system possesses more than one 
reversing symmetry, one finds that the composition of  
an odd number of  reversing symmetries yields again 

a reversing symmetry, but that the composition of  an 
even number of  reversing symmetries yields a symme- 

try. S is called a symmetry of the equations of  motion 
if, in the case of  an autonomous or nonautonomous 
flow (3.1) or (3.9), we find 

dS(x) 
- -  -- dSIx- F(x,  t) = F(S(x) ,  t), (3.19) 

dt 

or, in the case of  a map f ,  we have 

S o f = f o S. (3.20) 

Dynamical systems with a symmetry S are also called 
S-equivariant, and have attracted lots of  attention in 
recent years, cf. for instance [9,10,12]. 

In describing the symmetry properties of  flows and 
maps, it is natural to discuss symmetries and reversing 
symmetries on an equal footing as they form a group 

5 A definition of eqnivariance will be given in Section 3.1. 

under composition. We call a group of  symmetries and 
reversing symmetries of  a dynamical system a revers- 

ing symmetry group G [Lamb, 1992] and note that the 
symmetries (equivariances) form a normal subgroup 

H of  G, i.e. H ~  G. Moreover, when H 5~ G then H 
is a subgroup of  index 2, 

G / H  ~-- 772. (3.21) 

Note that G can be written as the semi-direct product 

G --~ H >~ 772 if and only if G \ H contains an 
involution. 

When a dynamical system possesses a reversing 
symmetry but no nontrivial symmetries - disregard- 
ing for the moment the trivial symmetries ~0t for flows 
and f n  for maps - it follows that H = {id} and G --~ 

772, so that the dynamical system possesses precisely 
one involutory reversing symmetry. We will call such 
a dynamical system purely reversible. 

The dynamical consequences of  symmetries (equiv- 
ariance) and reversing symmetries differ substantially. 
Symmetries map trajectories to other trajectories pre- 
serving the direction in which they are traversed in 
time. Reversing symmetries also map trajectories to 

trajectories, but now the time-direction of  the two tra- 
jectories is reversed. 

A very obvious difference resulting from this is the 
role of  fixed point subspaces. The fixed point subspace 
of  a map U : £2 ~ $2 is defined as Fix(U) :----- {x 

[ U(x) = x}. Fixed point subspaces of  symme- 
tries are setwise invariant under the dynamics. How- 

ever, fixed point subspaces of  reversing symmetries 
are usually not setwise invariant under the dynamics, 
but give rise to symmetric periodic orbits, homoclinics 
and heteroclinics (see Section 4.1 and Section 4.5). 

As a simple contrasting example, two phase por- 
traits of  flows of  planar vector fields are sketched in 
Fig. 2. Both flows are symmetric with respect to a re- 
flection in a horizontal line, but in one portrait (a) the 
reflection is a symmetry and in the other (b) it is a 
reversing symmetry. 

Despite the dynamical differences between 
reversible and equivariant dynamical systems, 
techniques developed for the equivariant context 
sometimes carry over to the reversible one. For 
instance, local bifurcation problems in reversible 
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(a) ~ ( b ) ~ ~ ~  

Fig. 2. Sketches of the phase portraits of planar flows that are 
symmetric with respect to a horizontal reflection, where (a) the 
reflection is a symmetry (eqnivariance), and (b) the reflection is 
a reversing symmetry. In (b) some typical reversible dynamical 
phenomena can be observed: the right-most equilibrium is a 
centre surrounded by a Liapunov centre family of periodic orbits 
(Section 4.1). Going outward the periods of these orbits start 
tending to infinity (blue sky catastrophe) as they come close to 
a symmetric homoclinic orbit connecting the symmetric saddle 
to itseff (Section 4.5). In the left side of the flow one observes 
an asymmetric attractor-repeller pair. 

systems can often be studied via equivariant singu- 

larity theory after performing a Liapunov-Schmidt 
reduction [Vanderbanwhede, 1982; Golubitsky et al., 
1995], cf. also Section 4.3 for more references. 

3.1.1. k-Symmetry and space-time symmetry 
It may happen that a map f possesses less sym- 

metries and/or  reversing symmetries than its kth iter- 
ate f k .  If  k is the smallest positive integer for which 
a transformation U is a (reversing) symmetry of  f k ,  
then U is called a (reversing) k-symmetry of  f [Lamb 
and Quispel, 1994]. 

It turns out that k-symmetry naturally arises in the 
study of  return maps of  flows of  time-periodic vec- 
tor fields with mixed space-time symmetries. In the 

context of  such systems we consider reversing sym- 
metries Ra : (x ,  t)~-~ ( R ( x ) , - t  + a ) a n d  (time-shift) 
symmetries of  the form Sa : (x, t) ~ (S(x), t + a), 
that leave the equations of  motion invariant. In a nat- 
ural way these space-time symmetries form a group 
under composition. 

Let us consider a nonantonomous system that is in- 
variant with respect to the time-shift t --+ t + 1. The 

symmetry properties of  the time-one return map of  
such a system are related to the space-time symme- 
tries of  the flow under consideration. For instance, the 
time-one return map with surface of  section t = 0 in- 
herits the space-time symmetries that fix the surface of  
section setwise, i.e. So gives rise to a symmetry S and 

R0 to a reversing symmetry R for such a return map. 

The remaining time-shift symmetry properties arise 
in a less obvious way. Namely, when a time-periodic 
flow admits a symmetry of  the form S_l/q(x, t) = 
(S(x), t - 1/q) (for some q E N), then the time-one 
remm map with surface of  section t = 0 can be writ- 

ten as being decomposed into q pieces that are related 
to each other by time-shift symmetries. Consequently, 
the time-one return map can be written as S -q o f q  

where f :=  So~o[0,1/q] and q0[0,1/q] denotes the first hit 
map between surfaces of  section at t = 0 and t = 1/q 
[Lamb, 1995, 1997]. The map f conveniently char- 
acterizes the dynamics of  the flow. Interestingly, the 
space-time symmetry properties of  the flow arise as 

(reversing) k-symmetries of  the map f .  k-Symmetry 
arises in a similar way in the study of  local return maps 
of  symmetric periodic orbits in autonomous flows. For 

a more detailed discussion, we refer to [Lamb, 1997]. 
Interestingly, many results for reversible maps have 

(nontrivial) extensions to the domain of  k-reversible 

maps. We will give detailed references in relevant 
sections below. For a more extended introduction to k- 
symmetric dynamical systems see [Lamb and Brands, 

1994; Lamb and Quispel, 1994; Lamb, 1994a, 1996b, 
1997]. 

3.2. Reversible versus Hamiltonian dynamics 

Reversibility is a symmetry property that most 
prominently arises in Hamiltonian dynamical systems, 

in particular in the context of  mechanical systems. In 
physics, the terms reversible and Hamiltonian might 

sometimes be thought to be nearly synonymous, since 
in practice the vast majority of  reversible dynamical 
systems arising in applications so far appear to be 
Hamiltonian. 

In studies of  classical mechanical systems re- 
versibility has been gratefully welcomed as a tool 
in studying periodic orbits, homoclinics and hete- 
roclinics, cf., e.g. [Devaney, 1976, 1977; Churchill 
and Rod, 1980, 1986; Churchill et al., 1983; Meyer, 
1981]. Reversibility began to be taken more seriously 
as a symmetry property in Hamiltonian dynamical 
systems after it turned out that many results origi- 
nally established for Hamiltonian dynamical systems 
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can also be obtained by assuming that the dynamical 
system is reversible (without taking into account the 
Hamiltonian structure). 

In two seminal papers, Devaney [Devaney, 1976, 
1977] established the reversible Liapunov centre 
theorem (Section 4.1) and the reversible blue sky 
catastrophe theorem (Section 4.5) for periodic orbits 
of reversible systems and noted the close analogy to 
comparable results for Hamiltonian systems, noting 
that "reversible systems, near symmetric periodic 
orbits, behave qualitatively just like Hamiltonian 
systems". 

Along the same lines, various other "Hamiltonian" 
results have been extended to the reversible do- 
main. Most notably, the Kolmogorov-Arnol 'd-Moser 
(KAM) theory has a reversible analogue, as do some 
results in local bifurcation theory, cf. Sections 4.2 
and 4.3. In the same spirit, the Aubry-Mather theory 
for area-preserving monotone twist maps has recently 
been extended to the domain of reversible mono- 
tone twist maps of the plane [Chow and Pei, 1995]. 
The origin of these coincidences is still an area of 
investigation and not very well understood. 

Many reversible systems in applications happen to 
be Hamiltonian at the same time. When studying re- 
versible Hamiltonian systems, it may be more con- 
venient to prove results using the reversibility rather 
than the Hamiltonian structure. In dynamical systems 
obtained as reductions from partial differential equa- 
tions, reversibility is often more easily recognized than 
an underlying symplectic structure. 6 

Unfortunately, the fact that most reversible systems 
in applications are Hamiltonian and most Hamiltonian 
systems in applications are reversible, seems to 
have obscured a bit which properties of reversible 
Hamiltonian systems are due to the reversibility and 
which are due to the Hamiltonian structure. 

Because of the overwhelming number of reversible 
Hamiltonian systems of interest, it is somewhat 
surprising that a systematic theory on reversible 

6 For instance, the authors of [Eckmann and Procaccia, 19911 
did not realize that their dynamical system obtained by PDE 
reduction is not only reversible but also Hamiltonian, until this 
was pointed out by R.S. MacKay (Woudtschoten Conference, 
1992). 

Hamiltonian systems has not really been developed. 
Also a systematic comparison between dynamical 
features of Hamiltonian systems, reversible sys- 
tems, and reversible Hamiltonian systems is far from 
established. 

In the literature there are not so many examples 
of Hamiltonian dynamical systems that are not re- 
versible. Arnol'd and Sevryuk [Arnol'd and Sevryuk, 
1986] and Roberts and Capel [Roberts and Capel, 
1992, 1997] constructed examples of nonreversible 
Hamiltonian systems using local obstructions to re- 
versibility. However, the nonreversibility in these ex- 
amples is not persistent under small (Hamiltonian) 
perturbations. Examples of persistently nonreversible 
Hamiltonian systems in R 2 were given by Mather 
[Mackay, 1993] (global topological obstruction) and 
Lamb [Lamb, 1996a] (local topological obstructions). 
Recently, it was shown that the reversibility of hy- 
perbolic toral automorphisms can always be decided 
[Baake and Roberts, 1997]. Since such mappings are 
structurally stable, this yields persistent examples of 
both reversible and nonreversible area-preserving dif- 
feomorphisms of the toms. 

Non-Hamiltonian reversible systems also do not 
appear frequently in the literature. A few examples 
are a laser model [Politi et al., 1986], the Stokeslet 
model describing sedimenting spheres [Caflisch et al., 
1988], and a model of coupled Josephson junctions 
[Tsang et al., 1991a, 1991b]. Politi et al. and Tsang 
et al. observed that their reversible systems may pos- 
sess attractors and repellers (pair-wise), and at the 
same time display Hamiltonian-like behaviour. The 
Stokeslet model has led to various interesting papers 
on reversible equivariant systems, cf. [Golubitsky et 
al., 1991; Lim and McComb, 1995, 1998; McComb 
and Lim, 1993, 1995]. Roberts and Quispel [Roberts 
and Quispel, 1992] studied scalings in non-area- 
preserving reversible mappings of the plane, and 
also found a mixture of dissipative and conservative 
(Hamiltonian) behaviour, see also Section 4.4. 

In the following sections we will discuss in more 
detail certain aspects of the theory of reversible dy- 
namical systems. We will make more precise com- 
ments on the reversible versus Hamiltonian dichotomy 
at various points. 
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4. Aspects of reversible dynamics 

In this section we will discuss some dynamical con- 

sequences of reversibility in more detail. It is orga- 

nized as follows. In Section 4.1-4.5 we review results 
on symmetric periodic orbits (in particular in relation 

to their natural occurrence in families), KAM theory, 
local bifurcations (including Birkhoff normal form 

theory), scaling properties and renormalization, and 

homoclinic and heteroclinlc behaviour. Section 4;6 

contains a brief discussion of some other topics. It 

should be noted that the length of our discussion of 

the different topics in this section has been largely in- 
fluenced by the existence or absence of other recent 

relevant surveys. 

4.1. Symmetric periodic orbits 

Understanding a dynamical system on the basis of 
its periodic orbits has been a predominant theme in 

dynamical systems theory ever since the studies of 

Poincarr. 
It is therefore not surprising that a result on periodic 

orbits is by far the most well known and used result 

in reversible dynamical systems. In 1915, Birkhoff 

[Birkhoff, 1915] described the use of reversibility 
to find periodic orbits of the restricted three-body 

problem. In 1958 DeVogelaere [DeVogelaere, 1958] 
described the method again, but now as a tool for 

searching for symmetric periodic orbits of reversible 
systems (by computer). 

Definition 4.1 (Symmetric orbits). Let o(x) be an or- 

bit of a dynamical system, i.e. o(x) = {~0t(x) I t ~ ~} 
in the case of flows and o(x) = {fn(x) [ n 6 2~} 

in the case of maps. Then o(x) is R-symmetric 
or symmetric with respect to R when the or- 
bit is setwise invariant under R, i.e. R(o(x)) = 

o(x). 

The results on finding symmetric periodic orbits 
in reversible systems are folklore and many have de- 
rived (and are still deriving!) these results apparently 
independently. We present here a general version 

of the results on periodic orbits. Note that the re- 

sults nowhere require that R is an involution [Lamb, 

1992]. 

Theorem 4.1 (Symmetric orbits for flows). Let o(x) 
be an orbit of the flow of an autonomous vector field 
with time-reversal symmetry R. Then, 

An orbit o(x) is symmetric with respect to R if and 

only if o(x) intersects Fix(R), in which case the 

orbit intersects Fix(R) in no more than two points 
and is fully contained in Fix(R2). 

An orbit o(x) intersects Fix(R) in precisely two 

points if and only if the orbit is periodic (and not a 

fixed point) and symmetric with respect to R. 

Theorem 4.2 (Symmetric orbits for maps). Let o(x) 
be an orbit of an invertible map f with reversing sym- 

metry R. Then: 
- An orbit o(x) is symmetric with respect to R if 

and only if o(x) intersects Fix(R) ~ Fix(f  e R), in 
which case the orbit intersects Fix (R) U Fix( f  e R) 

in no more than two points and is fully contained 
in Fix(R2). 

- An orbit o(x) intersects Fix(R) UFix(f  o R) in pre- 

cisely two points if and only if the orbit is sym- 

metric with respect to R and periodic (but not a 

fixed point). Such an orbit intersects both Fix(R) 

and Fix( f  o R) if and only if it has odd period. In 
particular: 

- o ( x )  is a periodic orbit of f with period 
2p if and only if there exists a y 6 o(x) 

such that y E Fix(R) n fPFix(R) or y 

F ix( f  o R) N fPF ix ( f  o R). 
- o(x) is a periodic orbit of f with period 2p .a_ 1 

if and only if there exists a y 6 o(x) such that 

y ~ Fix(R) N fPFix ( f  o R). 

Theorem 4.1 or 4.2 is used in almost every paper dis- 

cussing reversible dynamical systems. In particular, 
these theorems imply efficient techniques for track- 

ing down R-symmetric periodic orbits, as it justifies 
searching for them in only a subset of the full phase 
space, cf., e.g. [Greene et al., 1981; Kook and Meiss, 
1989], Section 4.4 and Appendix A for more exam- 
ples. In the special case of reversible maps in N2 with 

an involutory reversing symmetry R fixing a one- 

dimensional subspace, Fix(R), F ix( f  o R) and their 
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iterates have been often referred to as the symmetry 
lines of the map, cf., e.g. [Mackay, 1993; Roberts and 
Quispel, 1992]. 

From the results on periodic orbits, we find that the 
fixed point subspaces of  reversing symmetries are im- 
portant. The fixed sets of  reversing symmetries Can 
take various forms. For instance, when a reversing 

symmetry acts freely then its fixed point subspace is 
empty. Examples of  involutions with free actions in- 
clude rotations on a 2-torus or the involutory action on 
a unit 2-sphere embedded in N 3 induced by the trans- 
formation - i d  (the latter example arose recently in 
a study of  relative equilibria of  molecules [Montaldi 
and Roberts, 1997]). On more exotic manifolds, in- 
volutions may even exist whose fixed point subspace 
consists of  several connected components of  different 
dimension, cf. [Quispel and Sevryuk, 1993]. 

Generalizations of  Theorems 4.1 and 4.2 that apply 

to flows of  time-periodic vector fields with space-time 
symmetries were recently described in [Lamb, 1997]. 
Generalizations that apply to maps with reversing k- 
symmetries can be found in [Lamb and Quispel, 1994; 
Brands et al.; 1995; Lamb, 1997]. 

The above theorems imply that in reversible systems 
periodic orbits generically arise in families. Under 
some smoothness assumptions, the fixed point sub- 

spaces mentioned in the above theorems are man- 
ifolds. Their intersection will again be a manifold 
and its generic dimension follows from elementary 
considerations. 

Theorem 4.3 (Families of symmetric periodic orbits). 

(i) In a continuous m-parameter family of  dif- 

feomorphisms fa with reversing symmetry R, 
R-symmetric periodic orbits of  a given even 

period generically come in ( 2 d i m F i x ( R ) -  
d imFix(R 2) + m)-parameter families and 
(2 dim Fix ( fa o R) -- dim Fix(R 2) + m)-parameter 
families. R-symmetric periodic orbits of  a given 
odd period generically form ( d i m F i x ( R ) +  
d imFix( fa  o R) -- dim Fix(R 2) + m)-parameter 
families. 

(ii) In a continuous m-parameter family of  au- 
tonomous flows with reversing symmetry R, 

(iii) 

R-symmetric periodic orbits of  a given period 
typically arise as (2 dim Fix(R) - dim Fix(R 2) + 
m)-parameter families. 
In a continuous m-parameter family of  au- 

tonomous flows with reversing symmetry R, 
R-symmetric periodic orbits typically arise as 
(2 dim Fix(R) -- dim Fix(R 2) + m  + 1)-parameter 

families with smoothly varying period, in which 
the families with constant period mentioned in 
(ii) are embedded. 7 

Theorem 4.3 implies that under suitable conditions, 

in reversible systems one may find n-parameter fam- 
ilies (n > 0) of  R-symmetric periodic orbits in phase 
space (whenever one of  the formulas with m = 0 gives 

a positive number). 

4.1.1. Stability properties of  symmetric orbits 
A well-known property of  linear reversible systems 

is that their eigenvalue structure is similar to that of  
Hamiltonian systems. 

Theorem 4.4 (Eigenvalues of  linear reversible 
systems). 
- Let )~ be an eigenvalue of  a linear reversible vector 

field. Then so is -)~ and 2 (complex conjugate of  

)0. 
- Let )~ be an eigenvalue of  a linear reversible diffeo- 

morphism. Then so is ;.-1 and 2. 

Hence, for linear flows the eigenvalues come in 

singlets {0}, doublets {)~, - ) q  with )~ c N or )~ c iR, 
or quadruplets {)~,-)~, 2 , - 2 } .  Also for finear re- 
versible maps the eigenvalues come in singlets {4-1}, 
doublets {)~,)-1} with )~ 6 N or )~ 6 S 1 :=  {z 

C I [z[ = 1}, or quadruplets {)~,)~-1,2,~-1}. Note 
that when R is an involutory reversing symmetry 

7 The observation in Theorem 4.3(iii) can be derived from 
considering a local remm map for a symmetric periodic orbit of 
a flow. The dimension of the surface of section S is one lower 
than the dimension of the phase space and the periodic orbit is 
a fixed point of the return map. Now, importantly dim Fix(R) = 
dimFix(R)ls. Hence, by Theorem 4.3(i) the symmetric fixed 
point is typically embedded in a (2 dim Fix(R) -- dim Fix(R 2) + 
m + 1)-parameter family of fixed points representing periodic 
orbits of the flow with nearby period. 
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and dim Fix(R) ¢ 1 dim Fix(R2), then necessarily 
the linearized vector field, respectively, diffeomor- 
phism, at an R-symmetric fixed point is forced to 
have eigenvalues equal to 0, respectively, -t-1. In case 
dimFix(R) > 1 dimFix(R 2) these eigenvalues pre- 
cisely support the families of periodic orbits described 
in Theorem 4.3. 

From the characterization of eigenvalues of re- 
versible linear systems it can be seen that a range 
of interesting phenomena might arise. For instance, 
note that the stability properties of fixed points and 
periodic orbits are decided by linearized vector fields 
and return maps (via Floquet theory). The eigenvalue 
properties are consistent with confirm the fact that 
R-symmetric periodic solutions cannot be asymp- 
totically (un)stable. (In fact, this comment applies 
to any R-symmetric w-limit set, cf., e.g. [Lamb and 
Nicol, 1998]). Indeed, precisely this generic occur- 
rence of "balanced" stability characterizes reversible 
dynamical systems. It gives rise to complicated (and 
interesting) dynamical behaviour which is partly sim- 
ilar to dynamical features of volume preserving and 
Hamiltonian dynamical systems. 

4.1.2. Reversible Liapunov centre theorem 

Devaney [Devaney, 1976] showed that the Liapunov 
centre theorem for Hamiltonian systems has a re- 
versible analogue. The theorem describes the exis- 
tence of families of symmetric periodic orbits in the 
neighbourhood of an (partially) elliptic symmetric 
fixed point 0 of a vector field F in R 2n with reversing 

symmetry R. 
Suppose that 4-ico are simple eigenvalues of the 

linearized vector field dF]0, and that -t-ikco are not 
eigenvalues for all k = 0, 2, 3, 4 , . . .  To avoid res- 
onances, and assuming that none of the eigenvalues 
of dFI0 are real, it then follows that R 2 = id and 
dimFix(R) = n. The reversible Liapunov centre 
theorem asserts that there exists a two-dimensional 
invariant manifold containing 0 that, in a neighbour- 
hood of 0, contains a nested one-parameter family of 
R-symmetric periodic orbits. Moreover, the periods 
of these periodic orbits tend to 2~/co as the initial 
conditions of these orbits tend to 0. To fix the idea, 
note that the centre theorem precisely describes the 
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familiar planar picture of a centre type equilibrium 
surrounded by a family of periodic orbits (cf. the 
rightmost equilibrium point in Fig. 2(b)). 8 

Golubitsky et al. [Golubitsky et al., 1991] extended 
this result by allowing certain types of symmetry- 
induced resonances to occur, namely zero eigenvalues 
due to reversibility and 1 : 1 resonances due to equiv- 
ariance. Contrasting Devaney's geometric approach, 
they used a Liapunov-Schmidt reduction, adapting 
an alternative proof of the reversible Liapunov centre 
theorem given by Vanderbauwhede [Vanderbauwhede, 
1982]. (For a recent application of this result, see 
[Chang and Kazarinoff, 1996]). 

When resonances occur that are not a simple con- 
sequence of symmetry properties, then the families of 
periodic orbits of two pairs of purely imaginary eigen- 
values interact. For a discussion, see Section 4.3. 

While considering the Liapunov centre family in 
the right-hand side of Fig. 2(b), it is interesting to 
note that when we follow the one-parameter family 
of periodic orbits going away from the centre point, 
the periods of the closed orbits tend to infinity as they 
approach a reversible homoclinic orbit (a closed or- 
bit starting and ending at a symmetric saddle point). 
Devaney called this a blue sky catastrophe [Devaney, 
1977], and proved that such families of symmetric pe- 
riodic orbits always arise around reversible homoclinic 
orbits, cf. Section 4.5 for more details. 

4.2. KAm-theory 

The interest in reversible dynamical systems has 
been boosted not simply because of the results on pe- 
riodic orbits. Another important line of investigation 
has been that of Kolmogorov-Arnol 'd-Moser (KAM) 
theory. KAM-theory deals with the persistence of in- 
variant tori constituting quasiperiodic motion in nearly 
integrable dynamical systems. 

Originally, KAM-theory was developed in a 
Hamiltonian setting, i.e. only smooth perturbations 
were considered that preserve the symplectic structure 

8 Note that the Liapunov centre families of periodic orbits 
in flows often appear in the associated return maps as one- 
parameter families of periodic orbits (with a fixed period). 
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of an integrable dynamical system. However, early 
on it was acknowledged that KAM-theory can also 
be applied to the setting of reversible systems, cf. 
Moser [Moser, 1967] and Bibikov and Pliss [Bibikov 
and Hiss, 1967]. Interestingly, in his expository paper 
[Moser, 1973], Moser chooses to present KAM- 
theory for reversible systems as he finds it "techni- 
cally somewhat simpler" than for the Hamiltonian 
context. 

Although integrable systems need not be reversible, 
many integrable systems in the literature happen to be 
reversible. For examples of a large class of integrable 
reversible mappings of the plane that are the composi- 
tion of two involutions that also preserve the integrals, 
see [Quispel et al., 1989; Roberts and Quispel, 1992]. 

For other examples of integrable reversible mappings, 
cf. [Boukraa et al., 1994; Rerikh, 1995, 1996]. 

Sevryuk has carried through a thorough program 
of studying reversible KAM-theory, starting with his 
lecture notes [Sevryuk, 1986] (for further references 
see Appendix A). For a survey on the reversible KAM- 

theory see Sevryuk [Sevryuk, 1998] (in this volume) 
and Broer et al. [Broer et al., 1996c]. The latter treat 
KAM-theory from a general perspective, presenting 
reversible systems as just one of the contexts to which 
the KAM techniques apply. 

With the recognition that KAM-theory applies to 
reversible systems, the natural question has arisen 
whether there is a reversible analogue of (the problem 
of) Arnol'd-diffusion. Matveyev [Matveyev, 1995a, 

1995b, 1996] obtained some results that show that 
indeed there is diffusion related to the break-up of 
invariant tori. However, the mechanism of diffusion is 
not identical to the mechanism of diffusion observed 
in Hamiltonian systems. 

4.3. Local bifurcation theory 

It is well known that symmetry properties of a sys- 
tem may influence the genericity of the occurrence 
of local bifurcations. That is, bifurcations that typi- 
cally occur in certain symmetric systems might only be 
rarely observed in nonsymmetric systems. The influ- 

ence of symmetry on local bifurcations (steady-state 
and Hopf) has been extensively studied in the con- 

text of equivariant dynamical systems, cf. Golubitsky 
et al. [12]. 

Bifurcation theory for reversible systems has been 
developed in a less systematic way than for equivariant 
systems. First of all, in most papers the analysis is 
restricted to purely reversible systems (i.e. those with 
no equivariance properties). Often, further assumption 
is made that the reversing symmetry R acts in E 2n as 
a linear involution with an n-dimensional fixed point 
subspace. 9 

In papers on reversible equivariant systems there 
are often additional hypotheses: e.g. the existence of 
an involutory reversing symmetry or some explicit as- 
sumption on how a reversing symmetry R acts with 
respect to the action of the additional equivariances. 
These hypotheses are usually motivated by properties 
of the particular models under consideration, but un- 
fortunately obscure the general applicability of some 
of these results. 

Nevertheless, many interesting results on local bi- 

furcations in reversible systems have been obtained 
and their embedding in a systematic theory that ap- 
plies to more general space-time symmetric systems 
is an interesting open problem. 

Before we discuss reversible local bifurcation the- 
ory in more detail, we note that most results on 
reversible systems are indeed of a local nature. In- 
terestingly, however, Fiedler and Heinze [Fiedler and 
Heinze, 1996a, 1996b] recently developed a topolog- 
ical index theory for reversible periodic orbits. This 

might well be a starting point for the use of global 
techniques in the study of reversible systems. Also 
Fiedler and Turaev [Fiedler and Turaev, 1996] illus- 
trate how topological arguments can be used to prove 
that elliptic periodic orbits arise at certain elementary 
homoclinic bifurcations. 

In discussing local bifurcations of reversible sys- 
tems, it is important to note from Theorem 4.4 that 
instabilities may arise when eigenvalues are on the 
imaginary axis or unit circle in the complex plane. In 

9 As many authors note, the assumption of a locally linear 
action of an involution is justified by the Montgomery-Bochner 
theorem [19]. Actually this comment applies more generally to 
local actions of compact Lie groups, cf. [3]. 
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particular, by analogy to the situation in Hamiltonian 
systems, bifurcations may arise when such eigenval- 
ues pass through resonances. 

This section is organized as follows. First, we briefly 

discuss the Birkhoff normal form theory for reversible 
systems. Thereafter we survey the literature on several 
types of  local bifurcations: steady-state bifurcations, 
bifurcations at resonant centres, subharmonic branch- 
ing and reversible Krein crunch. 

Steady-state bifurcations involve the collision at 
zero of  eigenvalues of  the linearized vector field at 
an equilibrium point of  a flow, or a collision at +1 o f  
eigenvalues of  the linearized map at a fixed point of  
a diffeomorphism. More complicated bifurcations in- 
volve the occurrence of  resonances (rational relation- 
ships between the eigenvalues of  a linearized vector 
field or map on the imaginary axis or unit circle in 
the complex plane). We distinguish between bifurca- 
tions at resonant equilibrium points of  flows (when 
eigenvalues on the imaginary axis pass through a 
resonance), subharmonic branching (when the return 
map of  a symmetric periodic orbit of  a flow has (a 
pair of) eigenvalues passing through a root of  unity), 
and the reversible Krein crunch (when two pairs of  
eigenvalues of  a map collide on the unit circle). 

4.3.1. Birkhof f  normal forms  

Various authors have studied reversible bifurcation 
problems using, in one way or another, a Birkhoff nor- 
mal form analysis. The starting point of  Birkhoff nor- 
mal form theory is to consider the Taylor expansion of  
a diffeomorphism or vector field at a fixed point and 
to find a local coordinate frame in which the Taylor 
expansion looks "simple", i.e. in normal form (with 
respect to a certain convention). The aim is then to 
study certain aspects of  the local dynamics around a 
fixed point (local bifurcations, stability properties) us- 
ing the truncated normalized expansion of  the diffeo- 

morphism or vector field. However, it is important to 
keep in mind that this strategy should be applied with 
care as some dynamical features of  the truncated sys- 
tem may not arise in the original system. 

The Birkhoff normal form procedure about a fixed 
point starts with bringing the linear part of  the flow or 

map into normal form, and then studying its (versal) 
unfoldings. 

In the context of  symmetric systems, the derivation 
of  Birkhoff normal forms is naturally done in a struc- 

ture preserving (symmetry respecting) framework [5]. 
In the presence of a reversing symmetry group G this 
means that only G-equivariant coordinate transforma- 
tions are to be considered. 

For purely reversible systems, several papers on re- 
versible linear normal forms have appeared [Palmer, 

1977; Wan, 1991; Sevryuk, 1992; Shih, 1993; 
Hoveijn, 1996]. The paper by Hoveijn [Hoveijin, 
1996] is the most recent and complete reference, 
and includes a discussion of  the Hamiltonian and 
reversible Hamiltonian cases as well. For technical 
details on the symmetry-respecting linear normal 
form theory, see also Knobloch and Vanderbauwhede 
[Knobloch and Vanderbauwhede, 1995]. Recently, 
Lamb and Roberts [Lamb and Roberts, 1997] dis- 
cussed the normal form theory for finear reversible 
equivariant systems on the basis of  the representation 
theory of  reversing symmetry groups. 

After bringing the linear part of  a system into nor- 
mal form, one can subsequently normalize higher- 
order terms in the Taylor expansion of  a map or vector 
field. It turns out that most basic results for nonsym- 
metric systems (cf. [7,24]) carry over to the reversible 
(and equivariant) context without further complica- 
tions, cf., e.g. [Iooss and Adelmeyer, 1992; Lamb, 
1996b; Shih, 1997; Vanderbauwhede, 1990a; van der 
Meer et al., 1994]. 

The most common method for characterizing 
Birkhoff normal forms uses the unique decomposition 
of  a matrix into its nilpotent and semisimple part. 10 

We first consider flows. Let dFI0 be the (Frechet) 
derivative of  a vector field F at a fixed point 0, and 

dFI0 ---- As + An be the decomposition into its semi- 
simple and nilpotent part. Then, when the flow is suf- 
ficiently differentiable, a normal fo rm to any desired 
order can be obtained that is equivariant with respect to 
exp( tAs)  for all t ~ N, while preserving the (reversing) 

I°A linear operator is semi-simple whenever it is C- 
diagonalizable. A linear operator N is nilpotent if there exists 
an integer n such that N n is zero. 
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symmetry properties of the flow. 11 The additional 

symmetry properties of the normal form are usually 
referred to as the formal normal form symmetry. 

For smooth diffeomorphisms f : R n ~ R n an 

analogous scheme applies. After decomposing the 

(Frechet) derivative df[0 of f at 0 as d f[0 = 
As -k An, up to any desired order of the Taylor expan- 
sion a normal form can be obtained that is (formally) 
A s-equivariant. 

Above we described normalizations with respect to 
the semi-simple part As. Further normalization with 
respect to the nilpotent part An c a n  also be imple- 
mented. Note however, that in the case of maps, when 

df[0 is not semi-simple the explicit calculations for 
obtaining reversible normal forms for diffeomor- 
phisms are potentially cumbersome, cf. [Lamb et al., 
1993; Lamb, 1996b]. 

Jacquemard and Teixeira [Jacquemard and Teixeira, 
1996b, 1996c, 1997] have developed an alternative 
method for calculating reversible normal forms of 
diffeomorphisms. They successfully implement this 
method within a computer algebra program. Their 
method might be particularly useful, as an alterna- 
tive to the method described above, when calculating 
normal forms for maps with non-semi-simple linear 
parts. 

The normal form results for flows and diffeomor- 
phisms extend in a natural way to the reversible 
Hamiltonian setting under natural additional assump- 
tions on the (anti-)symplecticity of the representation 
of G. 

The structure preserving Birkhoff normal form 
strategy also extends naturally to diffeomorphisms 
with a reversing k-symmetry group G in which case 
the structure preserving transformations are again 
G-equivariant [Lamb, 1996b]. 

In relation to the reversible-Hamiltonian duality 
discussed in Section 3.2, it is interesting to note 
that Hamiltonian normal forms are almost always 
formally reversible. For example, an equilibrium of 

11 For local actions of compact Lie groups, we army assume 
without loss of generality that a reversing symmetry group G 
acts locally linear and orthogonal. However, for a normal form 
approach allowing for nonlinear symmetry actions, see Gaeta 
[Gaeta, 1994]. 

J.S.W. Lamb, J.A.G. Roberts/Physica D 112 (1998) 1-39 

a Hamiltonian vector field with purely imaginary 
eigenvalues -4-i co has a normal form that is, up to 
any desired order, rotationally (SO (2)) equivariant. 
Consequently, it can be written in polar coordinates 
as [Birkhoff, 1927] 

dr 0, dO g(r 2), with g(0) co, (4.1) 
dt dt 

which is reversible with respect to the involution 
(r, v~ ) ~-~ (r, - 0 ) .  For counterexamples of such coin- 
cidences, see [Roberts and Capel, 1992, 1997; Lamb 
et al., 1993]. The reason for the formal reversibifity of 
Hamiltonian normal forms is not well understood, but 
it foreshadows some of the similarities in the (local) 
dynamics of reversible and Hamiltonian systems. 

Despite the inherent problem of the convergence 
properties of Birkhoff normal forms, they are very 
helpful in bifurcation analysis and in understanding 
certain aspects of local dynamics, cf., e.g. [Iooss and 
Kirchg~issner, 1992; Iooss and Ptroubme, 1993; Iooss, 
1995a, 1997] and [Broer et al., 1998b; Hangmann, 
1998] in this volume. 

4.3.2. Steady-state bifurcations in reversible systems 
To our knowledge, Rimmer [Rimmer, 1978, 1983], 

was one of the first to discuss a reversible bifurcation 
problem. He considered reversible symplectic diffeo- 
morphisms of the plane with a reversing reflection 
symmetry R. He showed that symmetry-breaking 
pitchfork bifurcations from an R-symmetric fixed 
point are generic (codimension one). He also showed 
that such pitchfork bifurcations cease to be generic 
when the fixed point under consideration is not R- 
symmetric (e.g. when the symplectic diffeomorphism 
is not reversible). This result nicely illustrates the im- 

portance of acknowledging the presence of a reversing 
symmetry, also in Hamiltonian systems. 

More recently, steady-state bifurcations in reversible- 
Hamiltonian systems in R 2 have been studied in 
[Broer et al., 1998a, 1998b; Hangmann, 1998] (in this 
volume). It is interesting to note that (anti)symplectic 
(reversing) symmetries of Hamiltonian vector fields 
arise as invariance (or anti-invariance) properties 
of the Hamiltonian, posing the problem of steady- 
state bifurcations automatically as a singularity 
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theory problem. We note, in this respect, that in 
the classification of planar polynomial vector fields 
reversibility is a recurrent theme, either in connection 
with the study of centres [Zoladek, 1994; Berthier 
and Moussu, 1994; Teixeira, 1997b] or as a symmetry 
assumption restricting the class of vector fields under 
consideration [Guimond and Rousseau, 1996]. 

Surprisingly, steady-state bifurcations in reversible 
systems have not been studied very intensively. Mo- 
tivated by a laser model, Politi et al. [Politi et al., 
1986] observed a symmetry breaking pitchfork bifur- 
cation in non-area-preserving planar maps and flows 
of the plane and noted the birth of an attractor-repeller 
pair in such a bifurcation, cf. also [Post et al., 1990; 
Roberts and Qnispel, 1992]. Local steady-state bifur- 
cations of certain planar reversible equivariant vector 
fields were discussed by Lamb and Capel [Lamb and 
Capel, 1995]. Most of this analysis was done on the 
basis of a Birkhoff normal form approach, 

A different approach towards steady-state bifur- 
cations of reversible flows has been pursued by 
Teixeira [Teixeira, 1997a; da Rocha Medrado and 
Teixeira, 1998]: purely reversible flows in Nn where 
dimFix(R) = n - 1 are treated as a half-infinite 
system with a boundary Fix(R). In this approach, 
symmetric local bifurcations (and indeed the local 
flow around Fix(R)) are characterized by the contact 
of the vector field with Fix(R). 

Jacquemard and Teixiera [Jacquemard and Teixeira, 
1996a, 1996c, 1997] study local bifurcations of fixed 
points of reversible diffeomorphisms in R 2 and N 3 
using normal forms to describe the contact between 
the fixed sets of the two involutions that constitute a 
(purely) reversible map. 

Yet another approach has been pursued by Lim and 
McComb [Lim and McComb, 1998] (in this volume). 
They use a Liapunov-Schmidt reduction to prove the 
genericity of symmetry-breaking pitchfork bifurca- 
tions in reversible systems. Their technique allows 
for the occurrence of resonances and zero eigenvalues 
that arise due to equivariance and reversibility. 

4.3.3. Bifurcations at resonant centres 

The linearized flow at an R-symmetric equilibrium 
point of a reversible autonomous flow may have pairs 
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Fig. 3. Schematic diagram illustrating the eigenvalue movements 
at the reversible-Hopf bifi.trcation (1 : 1 resonance). 

of purely imaginary eigenvalues on the imaginary axis. 
In the absence of eqnivariance, these eigenvalues are 
typically simple (no two eigenvalues are the same). 
Also, typically, they are nonresonant (no eigenvalues 
are positive integer multiples of others). However, such 
situations may arise in generic one-parameter families 
for suitable values of the parameter. 

We consider the situation where two pairs of purely 
imaginary (nonzero) eigenvalues +io)1, -t-io92 collide 
when a parameter is varied. Then, typically, after such 
a collision they branch off as a quadruplet in the com- 
plex plane, cf. Fig. 3. In Hamiltonian systems, such 
a bifurcation is known as a Hamiltonian Hopf bifur- 
cation; in reversible systems, by analogy, it is called 
a reversible-Hopf bifurcation or reversible 1 : 1 res- 
onance. By the centre theorem, before the collision 
each pair of purely imaginary eigenvalues has a one- 
parameter family of periodic orbits associated with it. 
However, after the collision the quadruplet of eigen- 
values is in the complex plane and does not give rise 
anymore to families of periodic solutions around the 
origin. 

Amol 'd  and Sevryuk [Amol'd and Sevryuk, 1986; 
Sevryuk, 1986] studied this bifurcation and found 
that either both families simultaneously disappear, 
shrinking as a unit at the origin (the so-called elliptic 
regime), or they disappear only around the origin but 
persist outside (the hyperbolic regime). The approach 
by Arnol'd and Sevryuk is geometrical and based 
on an analysis of the curves along which the fami- 
lies of periodic orbits intersect the fixed point sub- 
space of the reversing involution. Vanderbauwhede 
[Vanderbauwhede, 1990a] also studied this bifur- 
cation but from a different (analytical) perspective, 
using Liapunov-Schmidt reduction. This allows him 
to include generalizations to some situations in which 
the system is not only reversible but also equivariant. 
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Recently, Knobloch and Vanderbauwhede [Knobloch 
and Vanderbauwhede, 1995] extended the analysis 

to reversible-Hopf bifurcations at k-fold resonances 
(where k pairs of purely imaginary eigenvalues collide, 
involving the merging of k one-parameter families 
of symmetric periodic orbits), using general results 
on periodic solutions obtained by the same authors 
in [Knobloch and Vanderbanwhede, 1996]. Iooss and 
P6roubme [Iooss and P6roubme, 1993] used a normal 
form approach to analyze homoclinic solutions in 
the reversible 1 : 1 resonance. For peculiarities about 
the normal form at the reversible 1 : 1 resonance, see 
van der Meer et at. [van der Meer et al., 1994] and 
Bridges [Bridges, 1998] (in this volume). 

Higher 1 : N resonances (where icol = Nico2) were 
also studied by Arnol'd and Sevryuk [Arnol'd and 
Sevryuk, 1986; Sevryuk, 1986]. An important differ- 
ence with the reversible Hopf-bifurcation is that now, 
before and after passing through the resonance, the 
purely imaginary eigenvalues remain on the imaginary 
axis. The two corresponding Liapunov centre families 
of (short and long) periodic orbits interact at the bifur- 

cation points. There are again two regimes (elliptic and 
hyperbolic) and the cases N = 2, N = 3, and N > 4 
are treated separately. McComb and Lim [McComb 
and Lim, 1995] extended these results by allowing for 
zero eigenvalues and resonances due to reversibility 
and equivariance along the lines of [Gohibitsky et al., 

1991]. Sevryuk [Sevryuk, 1986] further describes p : 
q resonances (with gcd(p, q) = 1) in which case the 
scenarios involve short and long periodic orbits (asso- 
ciated with p and q) and very long periodic orbits (as- 
sociated with gcd(p, q)). Recently, Shih [Shih, 1997] 
extended the analysis to case studies of resonances in- 
volving three frequencies. 

4.3.4. Subharmonic branching 

The dynamics of periodic orbits in flows can be 
studied by a (local) Poincar6 return map such that 
the periodic orbit corresponds to a fixed point of 
this map. When the flow is reversible and the peri- 
odic orbit is symmetric with respect to a reversing 
symmetry, the return map is reversible too and the 
fixed point is symmetric. Hence, among the eigenval- 
ues of the linearized map at the fixed point (Floquet 

multipliers), we may have a pair of eigenvalues on the 
unit circle in the complex plane. When the eigenval- 
ues pass through a resonance ()~± = exp(-t-2i top~q), 

with gcd(p, q) = 1) then, in the absence of other res- 

onances, Vanderbauwhede [Vanderbauwhede, 1986, 
1990b, 1992a] showed that at such resonances gener- 
ically Liapunov-centre families of periodic solutions 
meet, cf. also Gervais [Gervais, 1988] and Sevryuk 
[Sevryuk, 1986]. The cases q = 1, q = 2 (period dou- 
bling) and q > 3 (subharmonic bifurcations) require 
separate discussions. 

For a detailed bifurcation analysis in the strongly 
resonant case q = 1, see also P6roubme [P6rou~me, 
1993]. The situation where there are additional reso- 
nances due to reversibility in the form of eigenvalues 
locked at +1 is discussed by Furter [Furter, 1991] on 
the basis of a singularity theoretic approach of the re- 
duced bifurcation equations. 

Reversible subharmonic branching is similar to 
the corresponding phenomenon of subharmonic 
branching in Hamiltonian systems, and gives rise 
to a subharmonic branching tree in its phase space 

[Vanderbauwhede, 1990b]. In the Hamiltonian case, 
this tree is normally foliated by the level sets of 
the Hamiltonian. However, in the non-Hamiltonian 
reversible case there need not be any conserved 
quantities. The tree is embedded in phase space and 
longitudinal drifting motion parallel to such a tree 
may arise [Arnol'd, 1984]. For a picture of part 
of a branching tree in R 3 see [Roberts and Lamb, 
1995]. Associated scaling behaviour is discussed in 
Section 4.4. 

4.3.5. Reversible Krein crunch 

In the study of diffeomorphisms in R n (n > 4), res- 
onances may arise when a quadruplet of eigenvalues 
on the unit circle collides at exp(+i co) and the four 
eigenvalues branch off the unit circle as a quadruplet 
into the complex plane (the eigenvalues thus behaving 
as the exponents of eigenvalues in the reversible-Hopf 
bifurcation depicted in Fig. 3). By analogy to a similar 
bifurcation in Hamiltonian systems, this is sometimes 
called the reversible Krein crunch. The normal form 
theory is formally similar to the reversible 1 : 1 reso- 
nance, which is used in Sevryuk and Lahiri [Sevryuk 
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and Lahiri, 1991] to conjecture a description in case 
co/(2Jr) is sufficiently irrational, cf. also [Bridges et 
al., 1995]. In a number ofpapers, Lahiri et al. have fur- 
ther numerically studied bifurcations near resonant re- 
versible Krein crunches in four-dimensional reversible 
maps [Bhowal et al., 1993b, 1993a; Lahiri et al., 1993, 
1995], see also [Lahiri et al., 1998] (in this volume) 
for a recent account. 

4.4. Renormalization and scaling 

Universal scaling in dissipative dynamical systems, 
and accompanying explanations using renormaliza- 
tion group theory, were introduced by Feigenbaum. 
Such investigations have also been made in low- 
dimensional conservative/reversible mappings in two 
main areas: (i) break-up of KAM-tori; and (ii) period- 
multifurcation cascades. Historically, both areas were 
first explored numerically in area-preserving map- 
pings. As both investigations require finding many 
long periodic orbits, it was natural to study reversible 
area-preserving mappings in which Theorem 4.2 
above could be used to find symmetric periodic orbits. 
In fact, it seems prohibitive to conduct such studies 
without the benefits of reversibility. This means that 
the universal results obtained pertain to mappings 
that are both area-preserving and reversible. Various 
authors have investigated whether the results are dif- 
ferent if one of the properties is relaxed. This seems 
to be another area where the similarities induced by 
symplecticity and by reversibility are quite striking. 
Although a complete explanation is yet to be given, 
it seems analysis should focus on how dependent the 
spectrum of appropriate renormalization operators is 
on the properties of the space of maps on which the 
operators act. 

4.4.1. Break-up of  KAM-tori 

Greene's residue criterion [Greene, 1979] uses the 
stability of a sequence of nearby symmetric periodic 
orbits to suggest the existence or nonexistence of a 
given KAM-torus. The sequence of periodic orbits 
analysed has rotation number converging to the irra- 
tional winding number of the torus. Since its illus- 
tration for the standard mapping [Greene, 1979], it 

has been employed widely to study break-up of toil 
in area-preserving reversible mappings and universal 
scalings associated with the break-up have been iden- 
tified [Mackay, 1983b, 1988, 1993]. Renormalization 
group explanations of the scalings have been advanced 
by MacKay [Mackay, 1988, 1992]. Numerical results 
suggest that the same scalings characterize reversible 
mappings that are not area-preserving [Roberts and 
Quispel, 1992]. Khanin and Sinai [Khanin and Sinai, 
1986] have given a renormalization group theory that 
works in the space of reversible (not necessarily area- 
preserving) maps. 

4.4.2. Period-multifurcation cascades 
In the early 1980s, various authors discovered 

universal scalings in parameter and phase space in 
period-doubling trees in area-preserving reversible 
mappings [Greene et al., 1981; Bountis, 1981; 
Benettin et al., 1980b, 1980a]. Only the paper [Greene 
et al., 1981] identified two phase-space scalings, as- 
sociating them with scaling along and scaling across 
the so-called dominant symmetry line containing 
two points of each even cycle (cf. Theorem 4.2). 
Renormalization group explanations in the space of 
area-preserving reversible mappings were advanced 
by various authors [Greene et al., 1981; Collet et 
al., 1981; Mackay, 1993], the fixed point of the 
doubling operator being assumed reversible. There 
was limited discussion as to how important it was 
to have both properties : area-preservation and re- 
versibility. Again, Roberts and Quispel [Roberts and 
Quispel, 1992] show that symmetric period-doubling 
cascades in reversible mappings that are not neces- 
sarily area-preserving appear to be governed by the 
scalings found earlier. Meanwhile, the analysis in 
[Davie and Dutta, 1993] would seem to explain this 
by highlighting the significance of the spectrum of the 
doubling operator when restricted to area-preserving 
maps. 

Roberts and Lamb [Roberts and Lamb, 1995] 
showed that the self-same scalings found in 2D (re- 
versible) period-doubling describe self-similarity of 
period-doubling branching trees in 3D reversible 
mappings (cf. also [Komineas et al., 1994]). Here 
the symmetric periodic orbits in the tree form 
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one-parameter families (because of Theorem 4.3) and 
branch in phase space (rather than parameter space) 
according to the subharmonic branching theory of 
Vanderbauwhede described in Section 4.3.4. 

Self-similar universal scalings also govern multifur- 
cations in (area-preserving) reversible maps [Meiss, 
1986; Turner and Quispel, 1994]. 

4.5. Reversible homoclinics and heteroclinics 

Homoclinics and heteroclinics form connec- 
tions between saddle points and thereby usually 
constitute recurrent transport through a dynamical 
system. 

Let x0 be an equilibrium point of a dynamical sys- 
tems with reversing symmetry R. We denote the stable 
and unstable manifolds of x0 by WxS0 and WU 0. Recall 
that stable, respectively, unstable manifolds, contain 
all the points that tend to x0 for t --+ +~x~, respec- 
tively, t --+ -cx~. A point y is a homoclinicpoint of x0 
if y lies in the intersection of WxS0 and WU 0. A point y 
is a heteroclinic point of two points Xl and xz when 

Y6WxSlNWU 2. 
In  general, it is not easy to locate homoclinic or 

heteroclinic points and orbits. However, in reversible 
systems, symmetric homoclinic and heteroclinic orbits 
can be found relatively easily, because of the character- 
izations of symmetric orbits in Theorems 4.1 and 4.2. 
In fact, if a dynamical system has a reversing symme- 
try R, it follows immediately that the intersection of 
Fix(R) and the stable or unstable manifold of a hyper- 
bolic point yields homoclinic or heteroclinic points. 
More precisely, let y 7~ x0, then y c Fix(R) N wS; u 
is a homoclinic point of x0 if and only if x0 is R- 
symmetric. Alternatively, y ~ Fix(R) f? W~ u is a 
heteroclinic point of x0 if and only if x0 is not R- 
symmetric. 

For flows, this gives a full description of R- 
symmetric homoclinics and heteroclinics. For maps 
f ,  one should also consider the above statements not 
only with Fix(R) but also with F ix ( f  o R), by anal- 
ogy to the characterization of R-symmetric orbits in 
Section 4.1. Note in this respect that R-symmetric ho- 
moclinic and heteroclinic orbits are always contained 
in Fix(R2). 

Homoclinic (and heteroclinic) orbits are of great 
interest in dynamical systems because in their 
neighbourhood one usually finds chaotic behaviour. 
Importantly, the above characterization yields the 
persistent occurrence of symmetric homoclinic and 
heteroclinic solutions in many reversible systems of  
interest. In this respect it is interesting to note that 
in the prototype model for homoclinic dynamics, the 
Smale-horseshoe map, the symbolic dynamics on the 
nonwandering set is reversible in a very natural way, 
with the reversing symmetry interchanging the stable 
and unstable leaves [Devaney, 1989]. 

Devaney [Devaney, 1984, 1988] Used reversibil- 
ity to prove the existence of transversal homoclinics 
(horse-shoes) in the area-preserving reversible H6non 
map (cf. also [Brown, 1995]). Others have used 
normal forms to prove the existence of homoclinic 
and/or heteroclinic solutions, cf., e.g. Churchill and 
Rod [Churchill and Rod, 1986] in the context of the 
H6non-Heiles system and Iooss and P6roubme [Iooss 
and P6rou~me, 1993] in the context of the reversible 
1 : 1 resonance. 

The dynamics around reversible homoclinics enjoys 
special properties. For instance, Devaney [Devaney, 
1977] showed that an R-symmetric homoclinic orbit 
in a reversible vector field invokes a "blue sky catas- 
trophe", i.e. a family of periodic orbits with periods 
tending to infinity. More precisely, he found that in 
the neighbourhood of a nondegenerate R-symmetric 
homoclinic orbit of an R-reversible vector field there 
exists a one-parameter family of R-symmetric pe- 
riodic orbits whose periods tend to infinity as the 
periodic orbits approach the homoclinic orbit. De- 
vaney's approach is mainly geometrical and uses 
the classical properties of symmetric periodic or- 
bits. Vanderbauwhede and Fiedler [Vanderbauwhede 
and Fiedler, 1992] proved this theorem with a dif- 
ferent (analytical) method which works for both re- 
versible and Hamiltonian systems. Interestingly, the 
latter paper extends a result from the reversible cat- 
egory into the Hamiltonian setting, rather than vice 
versa. 

In case the equilibrium of the homoclinic orbit 
is of saddle-focus type, the dynamics around the 
homoclinic orbit tends to become very intricate, 
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cf. [Devaney, 1977] and [H~rterich, 1998] (in this 
volume). 

The interest in reversible homoclinics arises not 
only from their relation to complicated dynamics, 
but also for their practical relevance. Namely, in the 
context of travelling waves of certain partial dif- 
ferential equations, homoclinic solutions represent 
solitary waves. Such waves are of interest in various 
applications, e.g. in optical communication systems 
[Sandstede et al., 1997]. For a survey on the the- 
ory and applications of reversible homoclinics (in 
particular in the context of partial differential equa- 
tions), see Champneys [Champneys, 1998] in this 
volume. 

Reversible heteroclinics have attracted consid- 
erably less attention than reversible homoclin- 
ics. A few exceptions are[Churchi l l  and Rod, 
1986; Vanderbauwhede, 1992b; Rabinowitz, 1994a, 
1994b; Maxwell, 1997]. Following up the recent 
interest in heteroclinic cycles in equivariant sys- 
tems, reversible heteroclinic cycles are also be- 
ginning to be studied in more detail, cf. [Reil3ner, 
1998]. 

4.6. Miscellaneous topics 

4.6.1. Admissible symmetry properties of periodic 
orbits and attractors 

One may address the following question: what 
symmetry properties of periodic orbits, attractors, 
or other types of co-limit sets are admissible in dy- 
namical systems with a given reversing symmetry 
group? In the equlvariant setting (without reversibil- 
ity) there is a fairly complete understanding [10]. 
However, in reversible equivariant systems many el- 
ementary questions are still open. For a discussion, 
see Lamb and Nicol [Lamb and Nicol, 1998] in this 
volume. 

4.6.2. Ergodic theory 

It is somewhat surprising that in the field of er- 
godic theory, reversibility has, until recently, received 
very little attention. This is despite the success of er- 
godic theory in many areas of dynamical systems the- 
ory and its obvious relevance to thermodynamics. In 
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a recent series of publications, Goodson et al. have 
begun a study of reversible dynamical systems from 
an ergodic theory point of view. We refer the reader 
to [Goodson et al., 1996; Goodson and Lemaficzyk, 
1996; Goodson, 1996c; Goodson, 1996b] for further 
details. 

4.6.3. Reversible integrators 

The numerical study of a dynamical system 
with continuous time (i.e. a flow) often involves 
a discretization method to integrate the equations 
of motion. In recent years there has been much 
interest in s tudying the properties of such inte- 

grators. In particular, when a dynamical system 
possesses certain structures (symmetry, reversibil- 
ity, Hamiltonian, gradient) one would fike to find a 
discretized approximant that preserves such a struc- 
ture. This is done to prevent the numerical calcula- 
tion of evidently erroneous global phenomena, such 
as asymptotically stable attractors in Hamiltonian 
systems. 

Especially in the context of reversible Hamiltonian 
systems, it turns out that preserving reversibility in 
integrators has lots of advantages (in the context of 
such systems it is sometimes argued that preserving re- 
versibility in an integration method is more important 
than preserving the symplectic structure), cf. [Scovel, 
1991; Stoffer, 1995; McLachlan et al., 1995; Hairer 
and Stoffer, 1997; Leimkuhler, 1997], and McLachlan 
and Quispel [McLachlan and Qulspel, 1998] in this 
volume. 

5. Reversible dynamical systems in physics and 
mathematics 

In this section we will briefly describe some ar- 
eas of physics and mathematics in the context of 
which reversible dynamical systems have occurred 
in the literature. In particular, we follow up our ob- 
servation in Section 3 that reversible systems have 
appeared in the literature not only in relation to con- 

ventional reversibility with respect to time, but also 
due to spatial symmetries in the context of partial 
difference and differential equations, or due to the 



22 J.S.W. Lamb, J.A.G. Roberts/Physica D 112 (1998) 1-39 

(group) structure in certain abstract mathematical 
problems. 

5.1. Reversibility in time: Mechanics and 
nonequilibrium thermodynamics 

5.1.1. Conventional time-reversibility in mechanical 
systems 

Needless to say, mechanical (Hamiltonian) systems 
contain a large class of examples of reversible dynam- 
ical systems with the conventional anti-symplectic 
reversing symmetry (3.7). The bibliography in 
Appendix A contains only a limited number of ref- 
erences in this direction, trying to include those that 
use reversibility in a systematic, rather than ad hoc, 

way. 
Reversibility is certainly an important symme- 

try property, even (or especially) in the context of 
Hamiltonian systems. A nice illustration of this point 
was made by Montaldi [Montaldi, 1991]. He showed 
that in configuration (q-) space, projections of toil of 
reversible-Hamiltonian systems have different caus- 
tics than projections of tori in nonreversible systems. 
The configuration-space point of view was also taken 
by Golubitsky et al. [Golubitsky et al., 1996] in a 
recent study of the admissible types of symmetric 
periodic orbits in configuration space for reversible 
equivariant potential systems. 

As hardly any mechanical system in engineering 
is perfectly reversible, it is interesting to study how 
a reversible symmetric system behaves when small 
additional nonreversible perturbations are taken into 
account. O'Reilly et al. [O'Reilly et al., 1995, 1996] 
have considered the consequences of nonreversible 
dissipative perturbations to reversible mechanical 
systems. We emphasize that this approach is differ- 
ent to the approach in which generic phenomena of 
symmetric systems are studied. In the latter stud- 
ies, from a practical point of view the underlying 
idea is that in many physically relevant situations 
idealized symmetric models represent less ideally 
symmetric experiments quite well (thus quietly 
assuming that small symmetry-breaking perturba- 
tions do not cause drastic changes in the dynamical 
behaviour). 

5.1.2. Reversible models for nonequilibrium 
thermodynamics 

The study of the behaviour of the dynamics of 
many particles is naturally the domain of statistical 
physics. Recently, in the study of nonequilibrium 
systems, a reversible dynamical systems point of 
view towards such problems has received a lot of 
interest. 

In 1984, Nos6 showed that a molecular system con- 
nected to a heat reservoir can be described as an iso- 
lated system after the introduction of additional bath 
variables. These bath variables can be chosen in such 
a way that the thermodynamic properties of the sys- 
tem can be derived using microcanonical rather than 
canonical ensembles. Importantly, after adopting the 
ergodic hypothesis, in the latter formulation the rel- 
evant thermodynamic variables of a system can be 
found by averaging over an ergodic trajectory of the 
system (computationally this is very advantageous). 
Interestingly, Nos6's additional bath variables keep 
the dynamical system reversible. The reversibility in 
the extended nonequilibrium system is such that the 
reversing symmetry maps sources to sinks and vice 
versa. After Nos6's discovery, various modifications 
to his initial ideas have been made. We refer to the 
review paper of Hoover [Hoover, 1998] in this vol- 
ume for a discussion and more references. Despite 
the large number of experimental (numerical) studies 
of the Nos6-Hoover type dynamical systems (cf., e.g. 
Dellago and Posch [Dellago and Posch, 1998] in this 
volume), as yet not many theoretical studies have been 
devoted to revealing their properties. 

Gallavotti and Cohen [Gallavotti and Cohen, 
1995] propose a point of view in which the ergodic 
hypothesis common in equilibrium statistical me- 
chanics is replaced by a similar chaotic hypothesis 
for reversible nonequilibrium systems (e.g. of the 
Nos6-Hoover type). The latter approach assumes the 
existence of a transitive reversible Anosov system. 
For some studies of the properties of such systems, 
see, e.g., [Gallavotti, 1995; Tasaki and Gaspard, 1995] 
and [Gallavotti, 1998] in this volume. The property 
of reversibility in the theory is important as it ensures 
the pairing of negative and positive Liapunov expo- 
nents. See also [Biferale et al., 1997] for a recent 
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discussion on applying these ideas in models for 
turbulence. 

5.2. Reversibility in space: Reductions of partial 
differential and difference equations 

Many physically significant examples of reversible 
flows arise by considering partial differential equations 
(PDEs) involving space and time, and looking for 
their steady-state or travelling wave solutions. The 
resulting ordinary differential equations can then be 
reversible with the independent "time" variable now 
being played by a spatial coordinate (the reversibility 
here is thus equivalent to a spatial symmetry). An ex- 
ample was presented earlier in Example 3.3 (in fact, 
this example was an important motivation for the stud- 
ies by Arnol'd and Sevryuk [Arnol'd and Sevryuk, 
1986]). 

Once the spatial reversibility is noted, the full 
force of the reversible theory can be applied to yield 
information about the steady-states and/or travel- 
ling waves, e.g. their appearance in one-parameter 
families, their stability and their bifurcations. Also, 
reversible homoclinics describe physically relevant 
solutions such as defects or solitary waves, cf. 
Section 4.5. 

There is a wide range of applications in which re- 
versibility arises in the study of steady-states and trav- 
elling waves in partial differential equations. Examples 
range from steady-states of reaction diffusion equa- 
tions [Kazarinoff and Yan, 1991; Yan, 1992, 1993b, 
1995; Yan and Hwang, 1996b; Yan et al., 1995], to 
water waves (see [Iooss, 1995a] for a recent survey). 
Sleeman [Sleeman, 1996a, 1996b] recently stressed 
the importance of reversibility in these kind of mod- 
els arising in the context of mathematical biology. 
We note, though, that in many of these applications 
the reversible differential equations obtained by re- 
duction from a PDE are not only reversible, but also 
Hamiltonian. 

5.3. Reversibility in abstract mathematical settings 

Arnol'd [Arnol'd, 1984] already noted that there 
are several interesting mathematical contexts in which 

reversibility surprisingly appears. Examples are found 
in the work of Moser and Webster [Moser and 
Webster, 1983] who study reversible maps in the con- 
text of normal forms for real surfaces in C e, or in the 
work of Teixeira [Teixeira, 1981] on discontinuous 
ordinary differential equations. In both these cases, in 
a natural way the problem comes down to the study 
of compositions of two involutions (i.e. a reversible 
map). These are not isolated examples. A more re- 
cent example is provided in the works of [Boukraa 
et al., 1994; Maillard and Rollet, 1994; Meyer et 
al,, 1994] which studies birational representations of 
discrete groups generated by involutions: This work 
has connections with hyperbolic Coxeter groups (but, 
interestingly enough, also has physical connections 
to statistical mechanical models). Another example 
is the study of holomorphic correspondences, which 
we mention next. We follow this with some alge- 
braic aspects of the study of reversible dynamical 
systems. 

5.3.1. Holomorphic correspondences 
Bullett and co-workers have studied the dynamics 

of complex polynomial correspondences z w-~ z ~ de- 
fined implicitly by g(z, z r) = 0 with g polynomial 
in both arguments and having complex coefficients 
[Bullett, 1988; Bullett, 1991; Bullett et al., 1986; 
Bullett and Penrose, 1994b, 1994a] (cf. also [Webster, 
1996] for related work). In particular, they have 
studied the case with g quadratic in both variables, 
whereby we have a 2-valued map of the Riemann 
sphere with 2-valued inverse. Under suitable con- 
ditions on g, involutory reversing symmetries arise 
naturally in the correspondence dynamics. For exam- 
ple, if g(z, z') = 0 if and only if g(~', ~) = 0, then 
complex conjugation reverses time so that z ~+ z ~ if 
and only if ~ ~ ~. In the ensuing dynamics induced 
by the correspondence, one observes Hamiltonian- 
like behaviour in the form of Siegel discs around 
symmetric periodic orbits, together with attracting 
and repelling asymmetric periodic orbits (we remark 
that reversible polynomial mappings of C n to itself 
are necessarily volume-preserving and cannot have 
attractors/repellers [Roberts, 1997]). 
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5.3.2. Reversing symmetry groups and algebraic 
structures 

The reversing symmetry group G obtained from 
combining the symmetries and reversing symme- 
tries of a map f has been previously mentioned in 
Section 3. From the algebraic structure of revers- 
ing symmetry groups, interesting consequences can 
be drawn. For instance, Goodson [Goodson, 1996a] 
shows that if f2  7~ id, f has a reversing symmetry R 
and the group of symmetries H of f is precisely the 
trivial centralizer { fn :n  E 2~}, then it follows from 
algebraic considerations that R 4 = id. This is an ex- 
ample where the nature of f and its symmetry group 
impose the nature of any reversing symmetry R, cf. 
also [Goodson, 1996a, 1997]. 

It might also be the case that the dynamical systems 
under consideration form a group with a known struc- 
ture. Then it may be possible to deduce the structure of 
possible reversing symmetry groups within this group 
(and so decide, for instance, if a particular system has 
any reversing symmetry). An example in which this 
can be done is the group of hyperbolic toral automor- 
phisms [Baake and Roberts, 1997], which belong to 
the integer matrix group Gl(2, Z) (in a related prob- 
lem, the reversing symmetry group can be calculated 
for a group of 3D polynomial maps arising in solid 
state physics [Baake and Roberts, 1997; Roberts and 
Baake, 1994]). More generally, since, e.g. the set of 
invertible polynomial maps of C n also form a group, 
there may be possibilities to also understand the preva- 
lence of reversibility in this situation. 

Another example in which algebraic considerations 
arise is in the work of McLachlan et al. [McLachlan 
et al., 1995]. They recently pointed out, in the context 
of reversible integration methods, that large classes of 
reversible maps can be viewed as fixed points of anti- 
automorphisms. 

In k-symmetric systems analogous algebraic con- 
siderations arise very naturally and nontrivially in the 
description of the interaction between a map and its 
(reversing) k-symmetry group, cf., e.g. [Lamb and 
Quispel, 1995]. The algebraic structures arising in the 
context of reversing symmetry groups generalize in a 
nontrivial way to the context of reversing k-symmetry 
groups. 
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6. Discussion 

In this paper we have presented a compact survey 
of the literature on reversible dynamical systems. Dy- 
namical systems with time-reversal symmetry have 
certainly received a lot of interest in recent years, cf. 
the bibliography in Appendix A, and a lot of inter- 
esting results have been obtained. However, given the 
importance and relevance of reversible dynamical sys- 
tems, there is still a range of problems to be tackled. 

A theme throughout this survey has been the re- 
lation of reversible dynamical systems to equivariant 
dynamical systems, on the one hand, and Hamiltonian 
dynamical systems on the other hand. The main task 
for the future seems to be bringing the theory of re- 
versible systems to a similar maturity as that of equiv- 
ariant and Hamiltonian systems (e.g. many results on 
reversible systems are obtained in specific problem- 
related contexts). In so doing, the interconnections be- 
tween the three classes of systems will also be better 
understood. We conclude by making some further re- 
marks along these lines. 

Because reversibility is a symmetry property, and 
the present theory for equivariant dynamical systems 
is powerful and successful, it seems most desirable to 
adopt an approach that smoothly connects to the the- 
ory for equivariant dynamical systems. In particular a 
theory for reversible systems could be developed as 
an extension of the equivariant one, in a similar way 
as reversing symmetry groups are extensions of sym- 
metry groups. In this way equivariance and reversibil- 
ity can be studied on an equal footing, as particular 
cases of space-time symmetry properties. In order to 
achieve this, the introduction of a more systematic use 
of group (representation) theory for reversing symme- 
try groups would be useful. (A first step in this direc- 
tion has recently been made in [Lamb and Roberts, 
1997]). As we mentioned in Section 3, a historical 
distinction in reversible dynamical systems has been 
among systems with involutory reversing symmetries 
and ones with noninvolutory reversing symmetries. It 
seems, from a unified symmetry approach, more nat- 
ural to distinguish between purely reversible systems 
(with only one involutory reversing symmetry) and re- 
versible equivariant systems. 
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The relationship between reversible and Hamilto- 
nian dynamical systems is a very intriguing one and 
deserves further attention. Till now, most Hamiltonian 
systems of interest in the literature are reversible and 
most reversible systems of interest are Hamiltonian. 
Reversibility is often used as a tool in reversible- 
Hamiltonian systems to study a particular dynam- 
ical phenomenon. Although it is often noted that 
reversible systems have many features in common 
with Hamiltonian systems, this is b y  no means a 
guarantee of no differences, cf. e.g. [Rimmer, 1978; 
Champneys, 1994; Matveyev, 1995a, 1996]. Hence, 
in order to understand the dynamics of reversible 
Hamiltonian systems, it will be essential to take the 
full structure (reversibility as well as the Hamiltonian 
properties) of such systems into account. For a 
deeper understanding of the similarities of reversible, 
Hamiltonian and reversible-Hamiltonian dynamical 
systems, more comparative studies of these three 
categories will be needed. 

From the literature it appears that KAM-theory, 
local bifurcations and homoclinics have been focus 
points for the research in reversible dynamical sys- 
tems. However, many basic problems in these fields 
of research are still open and deserve prompt at- 
tention. In particular, we think of the embedding of 
results for purely reversible systems (e.g. on local 
bifurcations) into the context of reversible equivari- 
ant (Hamiltonian) systems. Also, investigations into 
reversible homoclinic bifurcations and reversible het- 
eroclinic networks have began only recently [Fiedler 
and Turaev, 1996; Knobloch, 1997; Reigner, 1998]. 

Other future directions of research might include 
the study of more general space-time symmetries of 
ordinary differential equations, and symmetry proper- 
ties of partial differential and difference equations that 
involve transformations of both the dependent and in- 
dependent variables. We note in this respect that the 
possibility for PDEs to be reversible in both space and 
time seems an interesting starting point for such in- 
vestigations [4]. 

We feel that our survey illustrates that the field of 
reversible dynamical systems is still in its adolescense, 
but enjoying growing interest. We hope that this paper 
- and indeed this entire special volume of Physica D 

- will provide encouragement for further studies into 
reversible dynamical systems. 
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Abstract
Stochastic thermodynamics as reviewed here systematically provides a framework for
extending the notions of classical thermodynamics such as work, heat and entropy production
to the level of individual trajectories of well-defined non-equilibrium ensembles. It applies
whenever a non-equilibrium process is still coupled to one (or several) heat bath(s) of constant
temperature. Paradigmatic systems are single colloidal particles in time-dependent laser traps,
polymers in external flow, enzymes and molecular motors in single molecule assays, small
biochemical networks and thermoelectric devices involving single electron transport. For such
systems, a first-law like energy balance can be identified along fluctuating trajectories. For a
basic Markovian dynamics implemented either on the continuum level with Langevin
equations or on a discrete set of states as a master equation, thermodynamic consistency
imposes a local-detailed balance constraint on noise and rates, respectively. Various integral
and detailed fluctuation theorems, which are derived here in a unifying approach from one
master theorem, constrain the probability distributions for work, heat and entropy production
depending on the nature of the system and the choice of non-equilibrium conditions. For
non-equilibrium steady states, particularly strong results hold like a generalized
fluctuation–dissipation theorem involving entropy production. Ramifications and applications
of these concepts include optimal driving between specified states in finite time, the role of
measurement-based feedback processes and the relation between dissipation and
irreversibility. Efficiency and, in particular, efficiency at maximum power can be discussed
systematically beyond the linear response regime for two classes of molecular machines,
isothermal ones such as molecular motors, and heat engines such as thermoelectric devices,
using a common framework based on a cycle decomposition of entropy production.

(Some figures may appear in colour only in the online journal)
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1. Introduction

1.1. From classical to stochastic thermodynamics

Classical thermodynamics, at its heart, deals with general
laws governing the transformations of a system, in particular,
those involving the exchange of heat, work and matter with
an environment. As a central result, total entropy production
is identified that in any such process never decreases,
leading, inter alia, to fundamental limits on the efficiency
of heat engines and refrigerators. The thermodynamic
characterization of systems in equilibrium gets its microscopic
justification from equilibrium statistical mechanics which
states that for a system in contact with a heat bath the
probability to find it in any specific microstate is given by
the Boltzmann factor. For small deviations from equilibrium,
linear response theory allows one to express transport
properties caused by small external fields through equilibrium
correlation functions. On a more phenomenological level,
linear irreversible thermodynamics provides a relation between
such transport coefficients and entropy production in terms of
forces and fluxes. Beyond this linear response regime, for a
long time, no universal exact results were available.

Over the last 20 years fresh approaches have revealed
general laws applicable to non-equilibrium system thus
pushing the range of validity of exact thermodynamic
statements beyond the realm of linear response deep into
the genuine non-equilibrium region. These exact results,

which become particularly relevant for small systems with
appreciable (typically non-Gaussian) fluctuations, generically
refer to distribution functions of thermodynamic quantities
such as exchanged heat, applied work or entropy production.

First, for a thermostatted shear-driven fluid in contact
with a heat bath, a remarkable symmetry of the probability
distribution of entropy production in the steady state was
discovered numerically and justified heuristically by Evans
et al [1]. Now known as the (steady-state) fluctuation theorem
(FT), it was first proven for a large class of systems using
concepts from chaotic dynamics by Gallavotti and Cohen [2],
later for driven Langevin dynamics by Kurchan [3] and for
driven diffusive dynamics by Lebowitz and Spohn [4]. As
a variant, a transient fluctuation theorem valid for relaxation
toward the steady state was found by Evans and Searles [5].

Second, Jarzynski proved a remarkable relation which
allows one to express the free energy difference between
two equilibrium states by a non-linear average over the work
required to drive the system in a non-equilibrium process
from one state to the other [6, 7]. By comparing probability
distributions for the work spent in the original process with
the time-reversed one, Crooks found a ‘refinement’ of the
Jarzynski relation (JR), now called the Crooks fluctuation
theorem [8, 9]. Both this relation and another refinement
of the JR, the Hummer–Szabo relation (HSR) [10], became
particularly useful for determining free energy differences and
landscapes of biomolecules. These relations are the most
prominent ones within a class of exact results (some of which
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were found even earlier [11, 12] and then rediscovered) valid
for non-equilibrium systems driven by time-dependent forces.
A close analogy to the JR, which relates different equilibrium
states, is the Hatano–Sasa relation that applies to transitions
between two different non-equilibrium steady states [13].

Third, for driven Brownian motion, Sekimoto realized that
two central concepts of classical thermodynamics, namely the
exchanged heat and the applied work, can be meaningfully
defined on the level of individual trajectories [14, 15]. These
quantities entering the first law become fluctuating ones giving
birth to what he called stochastic energetics as described in
his monograph [16]. Fourth, Maes emphasized that entropy
production in the medium is related to that part of the stochastic
action which determines the weight of trajectories that is odd
under time reversal [17, 18].

Finally, building systematically on a concept briefly
noticed previously [8, 19], a unifying perspective on these
developments emerged by realizing that in addition to the
fluctuations of the entropy production in the heat bath one
should similarly assign a fluctuating, or ‘stochastic’, entropy
to the system proper [20]. Once this is carried out, the key
quantities known from classical thermodynamics are defined
along individual trajectories where they become accessible to
experimental or numerical measurements. This approach of
taking both energy conservation, i.e. the first law, and entropy
production seriously on this mesoscopic level has been called
stochastic thermodynamics [21], thus revitalizing a notion
originally introduced by the Brussels school in the mid-1980s
where it was used on the ensemble level for chemical non-
equilibrium systems [22, 23].

1.2. Main features of stochastic thermodynamics

Stochastic thermodynamics as understood here applies to
(small) systems such as colloidal particles, (bio)polymers
(such as DNA, RNA and proteins), enzymes and molecular
motors. All these systems are embedded in an aqueous
solution. Three types of non-equilibrium situations can be
distinguished for these systems. First, one could prepare
the system in a non-equilibrium initial state and study the
relaxation toward equilibrium. Second, genuine driving can
be caused by the action of time-dependent external forces,
fields, flows or unbalanced chemical reactions. Third, if the
external driving is time-independent the system will reach
a non-equilibrium steady state (NESS). For this latter class,
particularly strong exact results exist. In all cases, even
under such non-equilibrium conditions, the temperature of
the system, which is the same as that of the embedding
solution, remains well-defined. This property together
with the related necessary time-scale separation between the
observable, typically slow, degrees of freedom of the system
and the unobservable fast ones made up by the thermal bath
(and, in the case of biopolymers, by fast internal ones of the
system) allows for a consistent thermodynamic description.

The collection of the relevant slow degrees of freedom
makes up the state of the system. Since this state changes
either due to the driving or due to the ever present fluctuations,
it leads to a trajectory of the system. Such trajectories belong

to an ensemble which is fully characterized by the distribution
of the initial state, by the properties of the thermal noise acting
on the system and by specifying the (possibly time-dependent)
external driving. The thermodynamic quantities defined along
the trajectory like applied work and exchanged heat thus follow
a distribution which can be measured experimentally or be
determined in numerical simulations.

Theoretically, the time-scale separation implies that the
dynamics becomes Markovian, i.e. the future state of the
system depends only on the present one with no memory of the
past. If the states are made up by continuous variables (such
as position), the dynamics follows a Langevin equation for an
individual system and a Fokker–Planck equation for the whole
ensemble. Sometimes it is more convenient to identify discrete
states with transition rates governing the dynamics which, on
the ensemble level, leads to a master equation.

Within such a stochastic dynamics, the exact results
quoted above for the distribution functions of certain
thermodynamic quantities follow universally for any system
from rather unsophisticated mathematics. It is sufficient to
invoke a ‘conjugate’ dynamics, typically, but not exclusively,
time reversal, to derive these theorems in a few lines.
Essentially, they lead to universal constraints on these
distributions. One inevitable consequence of these theorems
is the occurrence of trajectories with negative total entropy
production. Such events have occasionally been called
(transient) violations of the second law. In fairness to classical
thermodynamics, however, one should emphasize that this
classical theory ignores fluctuations. If the second law is
understood as referring to the mean entropy production, it
is indeed confirmed by these more recent exact relations.
Moreover, they show that the probability for such events
becomes typically exponentially small in the relevant system
size which means that one has to sample exponentially many
trajectories in order to observe these ‘violations’.

Since these constraints on the distributions are so
universal, one might suspect that they are useless for
uncovering system-specific properties. Quite to the contrary,
some of them offer a surprising relation between equilibrium
and non-equilibrium properties with the JR as the most
prominent and useful example. Moreover, such constraints can
be used as an obvious check whether the assumptions of the
model apply to any particular system. Finally, studying non-
universal features of these distribution functions and trying to
find further common aspects in these has become an important
part of the activities in this field.

Going beyond the thermodynamic framework, it turns
out that many of the FTs hold formally true for any kind
of Markovian stochastic dynamics. The thermodynamic
interpretation of the involved quantities as heat and work is
not mandatory to derive such a priori surprising relationships
between functionals defined along dynamic trajectories.

1.3. Hamiltonian, thermostatted and open quantum dynamics

Even though I will focus in the main part of this review on
systems described by a stochastic dynamics, it is appropriate
to mention briefly alternative approaches as some of the FTs
have originally been derived using a deterministic framework.
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Hamiltonian dynamics works, in principle, if the external
driving is modeled by a time-dependent potential arising, e.g.,
from a movable piston, tip of an atomic force microscope,
or optical tweezer. Conceptually, one typically requires
thermalized initial conditions, then cuts off the system from
the heat bath leading to the deterministic motion and finally
one has to reconnect the heat bath again. In a second variant,
the heat bath is considered to be part of the system but one
then has to follow all degrees of freedom. One disadvantage
of Hamiltonian dynamics is that it cannot deal with a genuine
NESS, which is driven by a time-independent external field or
flow, since such a setting inevitably heats up the system.

Thermostatted dynamics can deal with NESSs. Here,
one keeps deterministic equations of motion and introduces
a friction term making sure that on average the relevant
energy (kinetic or total, depending on the scheme) does not
change [24].

Even though a deterministic dynamics is sometimes
considered to be more fundamental than a stochastic one,
the latter has at least three advantages from the perspective
held in this review. First, from a practical point of view,
in soft matter and biophysics a description focusing on the
relevant (and measurable) degrees of freedom and ignoring
water molecules from the outset has a certain economical
appeal. Second, stochastic dynamics can describe transitions
between discrete states as in (bio)chemical reactions with
essentially the same conceptual framework used for systems
with continuous degrees of freedom. Third, the mathematics
required for deriving the exact relations and for stating their
range of validity is surprisingly simple compared with what is
required for dealing with NESSs in the deterministic setting.

Open quantum systems will not be discussed explicitly in
this review. Some of the FTs can indeed be formulated for
these systems, sometimes at the cost of requiring somewhat
unrealistic measurements at the beginning and end of a process,
as reviewed in [25, 26]. The results derived and discussed in the
following, however, are directly applicable to open quantum
systems whenever coherences, i.e. the role of non-diagonal
elements in the density matrix, can be ignored. The dynamics
of the driven or open quantum system is then equivalent to a
classical stochastic one. For the validity of the exact relations
in these cases, the quantum-mechanical origin of the transition
rates is inconsequential.

1.4. Scope and organization of this review

In writing this review, apart from focusing entirely on systems
governed by Markovian stochastic dynamics, I have been
guided by the following principles concerning format and
content.

First, I have tried to present the field in a systematic order
(and notation) rather than to follow the historical development
which has been briefly alluded to in the introductory section
above. Such an approach leads to a more concise and coherent
presentation. Moreover, I have tried to keep most of the more
technical parts (some of which are original) still self-contained.
Both features should help those using this material as a basis
for courses such as those which I have given several times at

the University of Stuttgart and at summer schools in Beijing,
Boulder and Jülich.

Second, as a consequence of the more systematic
presentation, experimental, analytical and numerical case
studies of specific systems are mostly grouped together and
typically placed after the general theory where they fit best.

Third, for the exact results the notions ‘theorem’,
‘equality’ and ‘relation’ are used here in no particular
hierarchy. I rather try to follow the practice established in
the field so far. In particular, it is not implied that a result
called here ‘theorem’ is in any sense deeper than another one
called ‘relation’.

This review starts in section 2 by introducing a paradigm
for this field which is a colloidal particle driven by a
time-dependent force as it has been realized in several
experiments. Using this system, the main concepts of
stochastic thermodynamics, such as work, heat and entropy
changes along individual trajectories, will be introduced. At
the end of this section, simple generalizations of driven
one-dimensional motion such as three-dimensional motion,
coupled degrees of freedom and motion in external flow are
discussed.

A general classification and a physical discussion of the
major FTs dealing with work and the various contributions to
entropy production follows in section 3. In section 4, I present
a unifying perspective on basically all known FTs for stochastic
dynamics using the concept of a conjugate dynamics. It
is shown explicitly how these FTs follow from one master
theorem. Section 5 contains an overview of experimental,
analytical or numerical studies of Langevin-type dynamics in
specific systems. Section 6 deals with Markovian dynamics
on a discrete set of states for which FTs hold even without
assuming a thermodynamic structure.

The second part of the review deals with ramifications,
consequences and applications of these concepts. In section 7,
the optimal driving of such processes is discussed and the
relation between irreversibility and the amount of dissipation
derived. Both concepts can then be used to discuss the role
of measurements and (optimal) feedback in these systems.
Section 8 deals with generalizations of the well-known
fluctuation–dissipation theorem (FDT) to NESSs where it is
shown that stochastic entropy plays a crucial role.

As one paradigm for more complex systems, biomolecular
systems are discussed in section 9 where special emphasis
is given to the role of time-scale separation between the fast
(unobservable) degrees of freedom making up a well-defined
heat bath for the non-equilibrium processes and the slow
variables caused by mechanical or chemical imbalances. From
a conceptual point of view the second essential new aspect
of these systems is that each of the states is composed of
many microstates which leads to the crucial notion of intrinsic
entropy that enters some of the exact relations in a non-
trivial way.

Coming back to the issues that stood at the origin of
thermodynamics, the final two sections discuss the efficiency
and optimization of nano- and micro-engines and devices
where it is useful to distinguish isothermal engines such as
molecular motors discussed in section 10 from heat engines
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such as thermoelectric devices treated in section 11. A brief
summary and a few perspectives are sketched in section 12.

1.5. Complementary reviews

A selection of further reviews dealing with the topics discussed
in the first part of this paper can roughly be grouped as follows.1

The influential essay [27] had an introductory character.
More recent non-technical accounts have been given by
Jarzynski [28] and van den Broeck [29] who both emphasize
the relation of the FTs with irreversibility and time’s arrow.
Other brief reviews by some of the main proponents include
[17, 30–32] and the contributions in the collection [33]. Ritort
has written a review on the role of non-equilibrium fluctuations
in small systems with special emphasis on the applications to
biomolecular systems [34]. A review focusing on experimental
work by one of the main groups working on FTs is [35].

For stochastic dynamics based on the master equation,
a comprehensive derivation of FTs has been given by Harris
and Schütz [36]. The FT in the context of thermostatted
dynamics has been systematically reviewed by Evans and
Searles [37]. From the perspective of chaotic dynamics it
is treated in Gallavotti’s monograph [38]. The links between
different approaches and rigorous mathematical statements are
surveyed in [39–42].

Stochastic thermodynamics focuses on a description of
individual trajectories as does an alternative approach by
Attard introducing a ‘second entropy’ [43]. On a more coarse-
grained level, phenomenological thermodynamic theories of
non-equilibrium systems have been developed inter alia under
the label of ‘extended irreversible thermodynamics’ [44],
‘GENERIC’ [45], ‘mesoscopic dynamics of thermodynamic
systems’ [46] and ‘steady-state thermodynamics’ [47, 48].

Nice reviews covering related recent topics in non-
equilibrium physics are [49, 50].

2. Colloidal particle as paradigm

The main concepts of stochastic thermodynamics can be
introduced using as a simple model system a colloidal particle
confined to one spatial dimension, which can arguably serve
as the paradigm for the field.

2.1. Stochastic dynamics

The overdamped motion x(τ) of a colloidal particle (or any
other system with a single continuous degree of freedom)
can be described using three equivalent but complementary
descriptions of stochastic dynamics, the Langevin equation,
the path integral and the Fokker–Planck equation.

The Langevin equation reads

ẋ = µF(x, λ) + ζ = µ(−∂xV (x, λ) + f (x, λ)) + ζ. (1)

The systematic force F(x, λ) can arise from a conservative
potential V (x, λ) and/or be applied to the particle directly as

1 Relevant reviews for the more specific topics treated in the second part of
this review will be mentioned in the respective sections.

f (x, λ). In one dimension, a force f (x, λ) can always be
written as the gradient of a global potential except for the
important case of motion on a ring which imposes periodic
boundary conditions. Still, from a physical point of view
the two contributions to the total mechanical force should be
distinguished as will become clear when discussing the first
law below. Moreover, in two or more dimensions, there are
forces which cannot even locally be written as a gradient. Both
contributions to the force may be time-dependent through an
external control parameter λ(τ) varied from λ(0) ≡ λ0 to
λ(t) ≡ λt according to some prescribed protocol.

The thermal noise is Gaussian with correlations

〈ζ(τ )ζ(τ ′)〉 = 2Dδ(τ − τ ′). (2)

In equilibrium, D becomes the diffusion constant, which is
related to the mobility µ by the Einstein relation

D = T µ (3)

where T is the temperature of the surrounding medium with
Boltzmann’s constant kB set to unity throughout this review to
make entropy dimensionless. In stochastic thermodynamics,
one assumes that the strength of the noise as given by D still
obeys the Einstein relation (3) and is thus not affected by the
presence of a time-dependent force. The range of validity
of this crucial assumption can be tested experimentally or in
simulations by comparing with theoretical results derived on
the basis of this assumption.

The Langevin dynamics generates trajectories x(τ)

starting at x(0) ≡ x0 with a weight

p[x(τ)|x0] = N exp[−A([x(τ), λ(τ )])] (4)

where

A([x(τ), λ(τ )]) ≡
∫ t

0
dτ [(ẋ − µF)2/4D + µ∂xF/2] (5)

is the ‘action’ associated with the trajectory. The last term
arises from the Stratonovich convention for the discretization
in the Jacobian when the weight for a noise history [ζ(τ )]
is expressed by [x(τ)]. This symmetric discretization is used
implicitly throughout this review. Path-dependent observables
�[x(τ)] can then be averaged using this weight in a path
integral which requires a path-independent normalization N
such that summing the weight equations (4), (5) over all paths
is 1. Throughout the review averages using this weight and a
given initial distribution p0(x) will be denoted by 〈. . .〉 as in

〈�[x(τ)]〉 ≡
∫

dx0

∫
d[x(τ)]�[x(τ)]p[x(τ)|x0]p0(x0) (6)

for any functional �[x(τ)].
Equivalently, the Fokker–Planck equation for the

probability p(x, τ ) to find the particle at x at time τ is

∂τp(x, τ ) = − ∂xj (x, τ )

= − ∂x (µF(x, λ)p(x, τ ) − D∂xp(x, τ )) , (7)

where j (x, τ ) is the probability current. This partial differen-
tial equation must be augmented by a normalized initial distri-
bution p(x, 0) ≡ p0(x). For further calculations, it is useful
to define a (time-dependent) mean local velocity

ν(x, τ ) ≡ j (x, τ )/p(x, τ ). (8)
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Figure 1. Colloidal particle driven along a periodic potential
V (x, λ) by a non-conservative force f (λ). In a NESS, the external
parameter λ is independent of time.

More technical background concerning these three
equivalent descriptions of Markovian stochastics dynamics of
a continuous degree of freedom is provided in the monographs
[51–54].

2.2. Non-equilibrium steady states

For a time-independent control parameter λ, any initial
distribution will finally reach a stationary state ps(x, λ). For
f = 0, this stationary state is the thermal equilibrium2,

peq(x, λ) = exp[−(V (x, λ) − F(λ))/T ], (9)

with the free energy

F(λ) ≡ −T ln
∫

dx exp[−V (x, λ)/T ]. (10)

A non-conservative force acting on a ring as shown in
figure 1 generates a paradigm for a genuine NESS with a
stationary distribution

ps(x, λ) ≡ exp[−φ(x, λ)], (11)

where φ(x, λ) is the ‘non-equilibrium’ potential. In one
dimension, ps(x, λ) can be obtained explicitly by quadratures
[52] or by an intriguing mapping to an equilibrium problem
[55]. Characteristic for such a NESS is a steady current

j s(x) = µF(x)ps(x) − D∂xp
s(x) ≡ νs(x)ps(x) (12)

with the stationary mean local velocity νs(x). Even for time-
dependent driving, one can express the total mechanical force

F(x, λ) = [νs(x, λ) − D∂xφ(x, λ)]/µ (13)

through quantities refering to the corresponding stationary
state which is sometimes helpful.

Occasionally, we will use 〈. . .〉eq and 〈. . .〉s to emphasize
when averages or correlation functions are taken in genuine
equilibrium and in a NESS, respectively.

2 Strictly speaking, one has to exclude the case where boundary conditions
on a finite interval for x impose a stationary current.

2.3. Stochastic energetics

2.3.1. The first law. Sekimoto suggested to endow the
Langevin dynamics with a thermodynamic interpretation by
applying the notions appearing in the first law

d̄w = dE +d̄q (14)

to an individual fluctuating trajectory [14, 15]. Throughout the
paper, we use the convention that work applied to the particle
(or more generally system) is positive as is heat transferred or
dissipated into the environment.

It is instructive first to identify the first law for a particle
in equilibrium, i.e. for f = 0 and constant λ. In this
case, no work is applied to the system and hence an increase
in internal energy, defined by the position in the potential,
dE = dV = (∂xV ) dx = − d̄q, must be associated with
heat taken up from the reservoir.

Applying work to the particle either requires a time-
dependent potential V (x, λ(τ)) and (or) an external force
f (x, λ(τ)). The increment in work applied to the particle then
reads

d̄w = (∂V/∂λ) dλ + f dx, (15)

where the first term arises from changing the potential at fixed
particle position. Consequently, the heat dissipated into the
medium must be identified with

d̄q = d̄w − dV = F dx. (16)

This relation makes physical sense since in an overdamped
system the total mechanical force times the displacement
corresponds to dissipation. Integrated over a time interval t ,
one obtains the expressions

w[x(τ)] =
∫ t

0
[(∂V/∂λ)λ̇ + f ẋ] dτ (17)

and

q[x(τ)] =
∫ t

0
dτ q̇ =

∫ t

0
F ẋ dτ (18)

and the integrated first law

w[x(τ)] = q[x(τ)] + 	V = q[x(τ)] + V (xt , λt ) − V (x0, λ0)

(19)
on the level of an individual trajectory.

The expression for the heat requires a prescription of how
to evaluate F ẋ. As above in the path integral, one has to use the
mid-point, i.e. Stratonovich rule for which the ordinary rules
of calculus for differentials and integrals apply.

The expression for the heat dissipated along the trajectory
x(τ) can also be written in the form

q[x(τ)] = −T (A([x(τ), λ(τ )]) − A([x(t − τ), λ(t − τ)])

= T ln
p[x(τ), λ(τ )]

p[x̃(τ ), λ̃(τ )]
(20)

as a ratio involving the weight (5) for this trajectory given
its initial point x0 compared with the weight of the time-
reversed trajectory x̃(τ ) ≡ x(t−τ) under the reversed protocol
λ̃(τ ) ≡ λ(t−τ) for x̃0 = x(t) ≡ xt . This formulation points to
the deep relation between dissipation and time reversal which
repeatedly shows up in this field.
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2.3.2. Housekeeping and ‘excess’ heat. Motivated by
steady-state thermodynamics, it will be convenient to split the
dissipated heat into two contributions [13, 47]

q ≡ qhk + qex. (21)

The housekeeping heat is the heat inevitably dissipated
in maintaining the corresponding NESS. For a Langevin
dynamics, it reads

qhk ≡
∫ t

0
dτ ẋ(τ )µ−1νs(x(τ ), λ(τ )). (22)

The ‘excess’ heat

qex = − (D/µ)

∫ t

0
dτ ẋ(τ )∂xφ(x, λ)

= T [−	φ +
∫ t

0
dτ λ̇∂λφ] (23)

is the heat associated with changing the external control
parameter where we have used (13) and (18).

2.3.3. Heat and strong coupling. This interpretation of
the first law and, in particular, of heat relies on the implicit
assumption that the unavoidable coupling between particle
(or, more generally, system) described by the slow variable
x and the degrees of freedom making up the heat bath neither
depends crucially on x nor on the control parameter λ. Such
an idealization may well apply to a colloidal particle in a
laser trap but will certainly fail for more complex systems like
biomolecules. In the following, we first continue with this
simple assumption. In section 9.2, we discuss the general case
and point out which of the results derived in the following will
require a ramification. Roughly speaking, most of the FTs hold
true with minor modifications whereas inferring heat correctly
indeed requires one more term compared with (16).

2.3.4. Alternative identification of work. The definition of
work (15) has been criticized for supposedly being in conflict
with a more conventional view that work should be given by
force times displacement, see [56] and, for rebuttals, [57–59].
In principle, such a view could be integrated into the present
scheme by splitting the potential into two contributions,

V (x, λ) = V 0(x, λ0) + V ext(x, λ), (24)

the first being an intrinsic time-independent potential, and
the second one a time-dependent external potential used to
transmit the external force. If one defines work as

d̄wext ≡ (−∂xV
ext(x, λ) + f ) dx, (25)

it is trivial to check that the first law then holds in the form

d̄wext = dEext +d̄q (26)

with the corresponding change in internal energy dEext ≡
dV 0 = ∂xV

0 dx and the identification of heat (16) unchanged.
Clearly, within such a framework, it would be appropriate

to identify the internal energy with changes in the intrinsic
potential only. Integrated over a trajectory, this definition
of work differs from the previous one by a boundary term,
	w = 	wext + 	V ext.

It is crucial to appreciate that exchanged heat as a physical
concept is, and should be, independent of the convention
regarding how it is split into work and changes in internal
energy. The latter freedom is inconsequential as long as
one stays within one scheme. A clear disadvantage of this
alternative scheme, however, is that changes in the free energy
of a system are no longer given by the quasi-static work
relating two states. In this review, we will keep the definitions
as introduced in section 2.3.1 and only occasionally quote
results for the alternative expression for work introduced in
this section.

2.4. Stochastic entropy

Having expressed the first law along an individual trajectory, it
seems natural to ask whether entropy can be identified on this
level as well. For a simple colloidal particle, the corresponding
quantity turns out to have two contributions. First, the heat
dissipated into the environment should obviously be identified
with an increase in entropy of the medium

	sm[x(τ)] ≡ q[x(τ)]/T . (27)

Second, one identifies as a stochastic or trajectory dependent
entropy of the system the quantity [20]

s(τ ) ≡ − ln p(x(τ), τ ) (28)

where the probability p(x, τ ) obtained by first solving the
Fokker–Planck equation is evaluated along the stochastic
trajectory x(τ). Thus, the stochastic entropy depends not only
on the individual trajectory but also on the ensemble. If the
same trajectory x(τ) is taken from an ensemble generated by
another initial condition p(x, 0), it will lead to a different value
for s(τ ).

In equilibrium, i.e. for f ≡ 0 and constant λ, the
stochastic entropy s(τ ) just defined obeys the well-known
thermodynamic relation, T S = E − F , between entropy,
internal energy and free energy in the form

T s(τ ) = V (x(τ), λ) − F(λ), (29)

now along the fluctuating trajectory at any time with the free
energy defined in (10) above.

Using the Fokker–Planck equation the rate of change of
the entropy of the system (28) follows as [20]

ṡ(τ ) = −∂τp(x, τ )

p(x, τ )

∣∣∣∣
x(τ)

+

(
j (x, τ )

Dp(x, τ )
− µF(x, λ)

D

)
x(τ)

ẋ.

(30)

Since the very last term can be related to the rate of heat
dissipation in the medium (18), using D = T µ, one obtains
a balance equation for the trajectory-dependent total entropy
production as

ṡ tot(t) ≡ ṡm(t) + ṡ(τ ) = − ∂τp(x, τ )

p(x, τ )

∣∣∣∣
x(τ)

+
j (x, τ )

Dp(x, τ )

∣∣∣∣
x(τ)

ẋ.

(31)
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The first term on the right-hand side (rhs) signifies a change in
p(x, τ ) which can be due to a time-dependent λ(τ) or, even for
a constant λ0, due to relaxation from a non-stationary initial
state p0(x) �= ps(x, λ0).

As a variant on the trajectory level, occasionally φ(x, λ) =
− ln ps(x, λ) has been suggested as a definition of system
entropy. Such a choice is physically questionable as the
following example shows. Consider diffusive relaxation of
a localized initial distribution p0(x) in a finite region 0 � x �
L. Since ps(x) = 1/L, φ(x) will not change during this
process. On the other hand, such a diffusive relaxation should
clearly lead to an entropy increase. Only in cases where one
starts in a NESS and waits for final relaxation, the change in
system entropy can also be expressed by a change in the non-
equilibrium potential according to 	s = 	φ.

2.5. Ensemble averages

Upon averaging, the expressions for the thermodynamic
quantities along the individual trajectory should become
the ensemble quantities of non-equilibrium thermodynamics
derived previously for such Fokker–Planck systems, see,
e.g., [19].

Averages for quantities involving the position x(τ) of
the particle are most easily performed using the probability
p(x, τ ). Somewhat more delicate are averages over quantities
such as heat that involve products of the velocity ẋ and a
function g(x). These can be performed in two steps. First, one
can evaluate the average 〈ẋ|x, τ 〉 conditioned on the position
x in the spirit of the Stratonovich discretization as

〈ẋ|x, τ 〉 ≡ lim
	τ→0

(〈x(τ + 	τ) − x(τ)|x(τ) = x〉
+ 〈x(τ) − x(τ − 	τ)|x(τ) = x〉) /(2	τ). (32)

The averages in the brackets on the rhs can be evaluated by
discretizing the path integral (equations (4) and (5)) for one
step. The first term straightforwardly yields µF(x, τ )	τ . In
the second one, the end-point conditioning is crucial which
leads to an additional contribution if the distribution is not
uniform3. The final result is [20]

〈ẋ|x(τ) = x〉 = µF(x, τ ) − D∂x ln p(x, τ ) ≡ ν(x, τ ). (33)

Any subsequent average over position is now trivial leading to

〈g(x)ẋ〉 = 〈g(x)ν(x, τ )〉 =
∫

dxg(x)j (x, τ ). (34)

With these relations, one obtains, e.g., for the averaged
total entropy production rate from (31) the expression

Ṡ tot(τ ) ≡ 〈ṡ tot(τ )〉 =
∫

dx
j (x, τ )2

Dp(x, τ)
= 〈ν(x, τ )2〉/D � 0,

(35)

3 Specifically, using Bayes’ theorem, with

p[x(τ − 	τ) = x − y | x(τ) = x)] = p[x(τ) = x | x(τ − 	τ) = x − y]

×p(x − y, τ − 	τ)/p(x, τ )

≈ p[x(τ) = x | x(τ − 	τ) = x − y]

×(1 − y∂x ln p(x, τ ) − 	τ∂τ ln p(x, τ )),

the conditioned probability becomes an ordinary forward term. The
conditioned mean value of the increment y = x(τ) − x(τ − 	τ) now follows
easily as 〈y|x(τ) = x〉 = [µF(x, τ ) − 2D∂x ln p(x, τ )]	τ + O(	τ 2).

where equality holds in equilibrium only. In a NESS,
ν(x, τ ) = νs(x) which thus determines the mean dissipation
rate. Averaging the increase in entropy of the medium along
similar lines leads to

Ṡm(τ ) ≡ 〈ṡm(t)〉 =
∫

dxF(x, τ )j (x, τ )/T . (36)

Hence upon averaging, the increase in entropy of the system
proper becomes Ṡ(τ ) ≡ 〈ṡ(τ )〉 = Ṡ tot(τ ) − Ṡm(τ ). On
the ensemble level, this balance equation for the averaged
quantities can also be derived directly from the ensemble
definition of the system entropy

S(τ) ≡ −
∫

dx p(x, τ ) ln p(x, τ ) = 〈s(τ )〉 (37)

using the Fokker–Planck equation (7).

2.6. Generalizations

2.6.1. Underdamped motion. For some systems, it is
necessary to keep the inertial term which leads with mass m

and damping constant γ to the Langevin equation

mẍ + γ ẋ = −∂xV (x, λ) + f (λ) + ξ (38)

with the noise correlations 〈ξ(τ )ξ(τ ′)〉 = 2γ T δ(τ − τ ′).
The internal energy now must include the kinetic energy,

dE = dV + mv dv, with v ≡ ẋ. Since the identification of
work (15) remains valid, the first law becomes

d̄q = d̄w − dE = F dx − mv dv. (39)

Evaluating the stochastic entropy

s(τ ) ≡ − ln p(x(τ), v(τ ), τ ) (40)

now requires a solution of the corresponding Fokker–Planck
equation

∂τp = −∂x(vp) − ∂v[[(−γ v + F)/m] − T (γ /m2)∂v]p (41)

for p = p(x, v, τ ) with an appropriate initial condition
p0(x, v).

2.6.2. Interacting degrees of freedom. The framework
introduced for a single degree of freedom can easily be
generalized to several degrees of freedom x obeying the
coupled Langevin equations

ẋ = µ[−∇V (x, λ) + f(x, λ)] + ζ, (42)

where V (x, λ) is a potential and f(x, λ) a non-conservative
force. The noise correlations

〈ζ(τ ) : ζ(τ ′)〉 = 2T µδ(τ − τ ′), (43)

where : denotes a dyadic product, involve the mobility tensor µ.

Simple examples of such system comprise a colloidal particle
in three dimensions, several interacting colloidal particles, or
a polymer where x labels the positions of monomers. If
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hydrodynamic interactions are relevant, the mobility tensor
will depend on the coordinates x.

The corresponding Fokker–Planck equation becomes

∂τp(x, τ ) = −∇j = −∇(µ(−∇V + f)p − T µ∇p) (44)

with the local (probability) current j.
In particular for a NESS, there are two major formal

differences compared with the one-dimensional case. First, the
stationary current js(x) becomes x dependent and, second, the
stationary distribution ps(x) ≡ exp[−φ(x)] or, equivalently,
the non-equilibrium potential is not known analytically except
for the trivial case that the total forces are linear in x.

The path integral for such a multivariate process has
been pioneered by Onsager and Machlup for linear processes
[60, 61] and by Graham for non-linear processes including a
spatially dependent diffusion constant [62, 63]. On a formal
level, all expressions discussed above for the simple colloidal
particle can easily be generalized to this multidimensional case
by replacing scalar operations by the corresponding vector or
matrix ones.

2.6.3. Systems in external flow. So far, we have assumed that
there is no overall hydrodynamic flow imposed on the system.
For colloids, however, external flow is a common situation.
Likewise, as we will see, colloids in moving traps can also
be described in a co-moving frame as being subject to some
flow. We therefore recall the modifications required for the
basic notions of stochastic thermodynamics in the presence of
an external flow field u(r) [64].

The Langevin equations for k = 1, . . . , N coupled
particles at positions rk reads

ṙk = u(rk) +
∑

l

µ
kl
(−∇lV + fl) + ζk (45)

with the usual noise correlations

〈ζk(τ ) : ζ l(τ
′)〉 = 2T µ

kl
δ(τ − τ ′). (46)

In such a system, the increments in external work and
dissipated heat are given by

d̄w ≡ ([∂τ + u(rk)∇k]V + fk[ṙk − u(rk)]) dt (47)

and

d̄q =d̄w − dV = ([ṙk − u(rk)][−∇kV + fk]) dt, (48)

respectively. Compared with the case without flow, the two
modifications involve replacing the partial derivative by the
convective one and measuring the velocity relative to the
external flow velocity. These expressions guarantee frame
invariance of stochastic thermodynamics [64].

For the experimentally studied case of one-dimensional
colloid motion in a flow of constant velocity u discussed in
section 5.2.2, the Langevin equation simplifies to

ẋ = u + µ(−∂xV + f ) + ζ (49)

and the ingredients of the first law become

d̄w = (∂τV + u∂xV ) dt + f (ẋ − u) dt (50)

and
d̄q = (ẋ − u)[−∂xV + f ] dt. (51)

2.6.4. Inhomogeneous temperature. So far, it has been
assumed that the temperature of the surrounding heat bath is
uniform. The present formalism can be extended to a system
embedded in an externally imposed stationary temperature
gradient. In this case, the quantity T in (43) must be evaluated
at the instantaneous position of the corresponding particle.4

The same ramification has to be applied to all relations linking
exchanged heat with entropy changes of the medium. For
studying heat transport, similar models for particles on a lattice
coupled at the boundaries to heat baths of different temperature
using Langevin equations have been investigated as reviewed
in [65].

Thermophoresis of particles and thermodiffusion of
molecules (Soret effect) as reviewed in [66, 67] are further
effects of an inhomogeneous temperature. These phenomena
require a direct microscopic interaction between the molecule
or colloidal particle and the solvent which give rise to an
effective force that needs to be included in the Langevin or
Fokker–Planck description since in the absence of external
forces and interactions, a temperature gradient is not sufficient
to generate biased diffusion, i.e. a non-uniform distribution.

Finally, an even more subtle case is the phenomenon of
‘hot Brownian motion’ where a diffusing particle heated by
a laser acts as a local heat source [68–71]. The resulting
temperature field is now coupled to the motion of the particle.
It will be interesting to see whether and how the concepts of
stochastic thermodynamics and the FTs to be discussed next
can be adapted to this type of system.

3. Fluctuation theorems

Fluctuation theorems express universal properties of the
probability distribution p(�) for functionals �[x(τ)],
like work, heat or entropy change, evaluated along the
fluctuating trajectories taken from ensembles with well-
specified initial distributions p0(x0). In this section, we give
a phenomenological classification into three classes according
to their mathematical appearance and point out some general
mathematical consequences. The most prominent ones will
then be discussed in physical terms with references to their
original derivation. For proofs of these relations within
stochastic dynamics from the present perspective, we provide
in section 4 the unifying one for all FTs that also shows that
there is essentially an infinity of such relations.

3.1. Phenomenological classification

3.1.1. Integral fluctuation theorems. A non-dimensionalized
functional �[x(τ)] with probability distribution function p(�)

obeys an integral fluctuation theorem (IFT) if

〈exp(−�)〉 ≡
∫

d� p(�) exp(−�) = 1. (52)

The convexity of the exponential functions then implies the
inequality

〈�〉 � 0 (53)
4 Obviously, a complication occurs if hydrodynamically induced non-local
interactions between the particles are included since then it is not clear at
which of the two positions the temperature should be evaluated.
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which often represents a well-known thermodynamic
inequality related to the second law. With the exception of
the degenerate case, p(�) = δ(�), the IFT implies that
there are trajectories for which � is negative. Such events
have sometimes then been characterized as ‘violating’ the
second law. Such a formulation is controversial since classical
thermodynamics, which ignores fluctuations from the very
beginning, is silent on issues beyond its range of applicability.
The probability of such events quickly diminishes for negative
�. Using (52), it is easy to derive for ω > 0 [72]

prob[� < −ω] �
∫ −ω

−∞
d� p(�) e−ω−� � e−ω. (54)

This estimate shows that relevant ‘violations’ occur for � of
order 1. Restoring the dimensions in a system with N relevant
degrees of freedom, � will typically be of order NkBT which
implies that in a large system such events are exponentially
small, i.e. occur exponentially rarely. This observation
essentially reconciles the effective validity of thermodynamics
at the macro-scale with the still correct mathematical statement
that even for large systems, in principle, such events must
occur.

An IFT represents one constraint on the probability
distribution p(�). If it is somehow known that p(�) is a
Gaussian, the IFT implies the relation

〈(� − 〈�〉)2〉 = 2〈�〉 (55)

between variance and mean of �.

3.1.2. Detailed fluctuation theorems. A detailed fluctuation
theorem (DFT) corresponds to the stronger relation

p(−�)/p(�) = exp(−�) (56)

for the pdf p(�). Such a symmetry constrains ‘one half’ of
the pdf which means, e.g., that the even moments of � can be
expressed by the odd ones and vice versa. A DFT implies the
corresponding IFT trivially. Further statistical properties of
p(�) following from the validity of the DFT (and some from
the IFT) are derived in [73].

Depending on the physical situation, a variable obeying
the DFT has often been called to obey either a TFT or a steady-
state FT (SSFT). These notions will be explained below for the
specific cases.

3.1.3. (Generalized) Crooks fluctuation theorems. These
relations compare the pdf p(�) of the original process one is
interested in with the pdf p†(�) of the same physical quantity
for a ‘conjugate’ (mostly the time-reversed) process. The
general statement then is that

p†(−�) = p(�)e−� (57)

which implies the IFT (but not the DFT) for � since p† is
normalized.

3.2. Non-equilibrium work theorems

These relations deal with the probability distribution p(w) for
work spent in driving the system from a (mostly equilibrium)
initial state to another (not necessarily equilibrium) state. They
require only a notion of work defined along the trajectory but
not yet the concept of stochastic entropy.

3.2.1. Jarzynski relation. In 1997, Jarzynski showed that the
work spent in driving the system from an initial equilibrium
state at λ0 via a time-dependent potential V (x, λ(τ)) for a time
t obeys [6]

〈exp(−w/T )〉 = exp(−	F/T ), (58)

where 	F ≡ F(λt ) − F(λ0) is the free energy difference
between the equilibrium state corresponding to the final value
λt of the control parameter and the initial state. In the
classification scheme proposed here, it can technically be seen
as the IFT for the (scaled) dissipated work

wd ≡ (w − 	F)/T . (59)

The paramount relevance of this relation—and its
originally so surprising feature—is that it allows one to
determine the free energy difference, which is a genuine
equilibrium property, from non-equilibrium measurements (or
simulations). It represents a strengthening of the familiar
second law 〈w〉 � 	F which follows as the corresponding
inequality. It was originally derived using a Hamiltonian
dynamics but was soon shown to hold for stochastic dynamics
as well [7–9]. Its validity requires that one starts in the
equilibrium distribution but not that the system has relaxed at
time t into the new equilibrium. In fact, the actual distribution
at the end will be p(x, t) but any further relaxation at constant
λ would not contribute to the work anyway.

Within stochastic dynamics, the validity of the JR (as of
any other FT with a thermodynamic interpretation) essentially
rests on assuming that the noise in the Langevin equation (1)
is not affected by the driving. A related issue arises in the
Hamiltonian derivation of the JR which requires some care in
identifying the proper role of the heat bath during the process,
and, for the strongly coupled case, an appropriately defined
free energy [74, 75].

The JR has been studied for many systems analytically,
numerically and experimentally. Specific case studies for
stochastic dynamics will be classified and quoted in section 5.
As an important application, based on a generalization
introduced by Hummer and Szabo [10], the JR can be used
to reconstruct the free energy landscape of a biomolecule as
discussed in section 9.3.

3.2.2. Bochkov–Kuzovlev relation. The JR should be
distinguished from an earlier relation derived by Bochkov
and Kuzovlev [11, 12]. For a system initially in equilibrium
in a time-independent potential V0(x), which is for 0 �
τ � t subject to an additional space and time-dependent
force (possibly arising from an additional potential), the work

10



Rep. Prog. Phys. 75 (2012) 126001 U Seifert

(25) integrated over a trajectory obeys the Bochkov–Kuzovlev
relation (BKR)

〈exp[−wext/T ]〉 = 1. (60)

In contrast to some claims, the BKR is different from the
JR since they apply a priori to somewhat different situations
[21, 76, 77]. The JR as discussed above applies to processes
in a time-dependent potential, whereas the BKR applies to a
process in a constant potential with some additional force. If,
however, in the latter case, this explicit force arises from a
potential as well, both the BKR and the JR (58) hold for the
respective forms of work.

3.2.3. Crooks fluctuation theorem. In the Crooks relation, the
pdf for work p(w) spent in the original (the ‘forward’) process
is related to the pdf for work p̃(w) applied in the reversed
process where the control parameter is driven according to
λ̃(τ ) = λ(t − τ) and one starts in the equilibrium distribution
corresponding to λ̃0 = λt . These two pdfs obey [8, 9]

p̃(−w)/p(w) = exp[−(w − 	F)/T ]. (61)

Hence, 	F can be obtained by locating the crossing of the
two pdfs which for biomolecular applications turned out to be
a more reliable method than using the JR. Clearly, the Crooks
relation implies the JR since p̃(w) is normalized. Technically,
the Crooks relation is of the type (57) for � = wd with the
conjugate process being the reversed one.

3.2.4. Further general results on p(w). Beyond the JR
and the CFT, further exact results on p(w) are scarce. For
systems with linear equations of motion, the pdf for work
(but not for heat) is a Gaussian for arbitrary time-dependent
driving [78, 79]. For slow driving, i.e. for trel/t 	 1 where
trel is the typical relaxation time of the system at fixed λ and t

the duration of the process, an expansion based on this time-
scale separation yields a Gaussian for any potential [80]. Such
a result has previously been expected [81, 82] or justified by
invoking arguments based on the central limit theorem [83].
Two observations show, however, that such an expansion is
somewhat delicate. First, even in simple examples there occur
terms that are non-analytic in trel/t [80]. Second, for the
special case of a ‘breathing parabola’, V (x, λ) = λ(τ)x2/2,
any protocol with λ̇ > 0 leads to p(w) ≡ 0 for w < 0 which
is obviously violated by a Gaussian. How the latter effectively
emerges in the limit of slow driving is investigated in [84].

From another perspective, Engel [85, 86] investigated the
asymptotic behavior of p(w) for small T using a saddle point
analysis. The value of this approach is that it can provide
exact results for the tail of the distribution. Specific examples
show an exponential decay. Saha et al [87] suggest that the
work distribution for quite different systems can be mapped to
a class of universal distributions.

3.3. FTs for entropy production

3.3.1. Integral fluctuation theorem. The total entropy
production along a trajectory as given by

	s tot ≡ 	sm + 	s, (62)

with
	s ≡ − ln p(xt , λt ) + ln p(x0, λ0) (63)

and 	sm defined in (27), obeys the IFT [20]

〈exp(−	s tot)〉 = 1 (64)

for arbitrary initial distribution p(x, 0), arbitrary time-
dependent driving λ(τ) and an arbitrary length t of the process.

Formally, this IFT can be considered as a refinement of
the second law, 〈	s tot〉 � 0, which is the corresponding
inequality. Physically, however, it must be stressed that by
using the Langevin equation a fundamental irreversibility has
been implemented from the very beginning. Thus, this IFT
should definitely not be considered to constitute a fundamental
proof of the second law.

3.3.2. Steady-state fluctuation theorem. In a NESS with fixed
λ, the total entropy production obeys the stronger SSFT

p(−	s tot)/p(	s tot) = exp(−	s tot) (65)

again for arbitrary length t . This relation corresponds to the
genuine ‘fluctuation theorem’. It was first found in simulations
of two-dimensional sheared fluids [1] and then proven by
Gallavotti and Cohen [2] using assumptions about chaotic
dynamics. For stochastic diffusive dynamics as considered
specifically in this review, it has been proven by Kurchan [3]
and Lebowitz and Spohn [4]. Strictly speaking, in these early
works the relation holds only asymptotically in the long-time
limit since entropy production had been associated with what is
here called entropy production in the medium. If one includes
the entropy change of the system (63), the SSFT holds even
for finite times in the steady state [20].

3.3.3. Transient fluctuation theorem. The TFT pioneered by
Evans and Searles applies to relaxation toward a steady state
[5, 37, 88]. The ‘dissipation function’ �t , which as defined
more precisely in section 4.4.5 is related to, but, in general,
different from total entropy production 	s tot, obeys

p(−�t)/p(�t) = exp(−�t) (66)

for any length of trajectories t .

3.3.4. Hatano–Sasa relation. The Hatano–Sasa relation ap-
plies to systems with steady states ps(x, λ) = exp[−φ(x, λ)].
With the splitting of the dissipated heat into a housekeeping
and excess one (21), the IFT [13]

〈exp[−(	φ + qex/T )]〉 = 1 (67)

holds for any length of trajectory with 	φ ≡ φ(xt , λt ) −
φ(x0, λ0). The corresponding inequality

〈	φ〉 � −〈qex〉/T (68)

allows an interesting thermodynamic interpretation. The
left-hand side (lhs) can be seen as the ensemble entropy
change of the system in a transition from one steady state
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to another. Within the framework discussed in this review,
this interpretation is literally true provided one waits for final
relaxation at constant λt since then 	s = 	φ. A recent
generalization of the HS relation leads to a variational scheme
for approximating the stationary state [89].

With the interpretation of the lhs as entropy change
in the system, the inequality (68) provides for transitions
between NESSs what the famous Clausius inequality does for
transitions between equilibrium states. The entropy change in
the system is at least as big as the excess heat flowing into the
system. For transitions between NESSs, the inequality (68)
is sharper than the Clausius one (which still applies in this
case and becomes just 〈	s〉 � −q/T ) since q scales with
the transition time whereas qex can remain bounded and can
actually approach equality in (68) for quasi-static transitions.

Experimentally, the Hatano–Sasa relation has been
verified for a colloidal particle pulled through a viscous liquid
at different velocities which corresponds to different steady
states [90].

3.3.5. IFT for housekeeping heat. Finally, it should be noted
that the second contribution to heat, the housekeeping heat,
also obeys an IFT [91]

〈exp[−qhk/T ]〉 = 1 (69)

for arbitrary initial state, driving and length of trajectories.

4. Unification of FTs

Originally, the FTs have been found and derived on a case by
case approach. However, it has soon become clear that within
stochastic dynamics a unifying strategy is to investigate the
behavior of the system under time reversal. Subsequently, it
turned out that comparing the dynamics with its ‘dual’ one
[13, 92, 93], eventually also in connection with time reversal,
allows a further unification. In this section, we outline this
general approach and show how the prominent FTs discussed
above (and a few further ones mentioned below) fit into, or
derive from, this framework. Even though this section is
inevitably somewhat technical and dense, it is self-contained.
It could be skipped by readers not interested in the proofs or
systematics of the FTs. For related mathematically rigorous
approaches to derive FTs for diffusive dynamics, see [94–97].

4.1. Conjugate dynamics

FTs for the original process with trajectories x(τ), 0 �
τ � t , an initial distribution p0(x0) and a conditional weight
p[x(τ)|x0] are most generally derived by formally invoking
a ‘conjugate’ dynamics for trajectories x†(τ ). These are
supposed to obey a Langevin equation

ẋ† = µ†F †(x†, λ†) + ζ † (70)

with 〈ζ †(τ )ζ †(τ ′)〉 = 2µ†T †δ(τ − τ ′). The trajectories with
weight p†[x†(τ )|x†

0 ] run over a time t and start with an initial
distribution p†(x

†
0). Averages of the conjugate dynamics will

be denoted by 〈. . .〉†.

This conjugate dynamics is related to the original process
by a one-to-one mapping

{x(τ), λ(τ ), F, µ, T } → {x†(τ ), λ†(τ ), F †, µ†, T †} (71)

which allows one to express all quantities occurring in the
conjugate dynamics in terms of the original ones.

The crucial quantity leading to the FTs is a master
functional given by the log-ratio of the unconditioned path
weights

R[x(τ)] ≡ ln
p[x(τ)]

p†[x†(τ )]

= ln
p0(x0)

p
†
0(x

†
0)

+ ln
p[x(τ)|x0]

p†[x†(τ )|x†
0 ]

≡ R0 + R1 (72)

that consists of a ‘boundary’ term R0 coming from the two
initial distributions and a ‘bulk’ term R1.

Three choices for the conjugate dynamics and the
associated mapping have been considered so far. In all
cases, neither the temperature nor the functional form of the
mobilities have been changed for the conjugate dynamics, i.e.
T † = T and µ† = µ.

(i) Reversed dynamics: this choice corresponds to ‘time
reversal’. The mapping reads

x†(τ ) ≡ x(t −τ) and λ†(τ ) ≡ λ(t −τ) (73)

with no changes at the functional dependence of the force
from its arguments, i.e. F †(x†, λ†) = F(x†, λ†).
The weight of the conjugate trajectories is easily
calculated using the mapping (73) in the weight
(equations (4), (5)) leading to

R1 = A([x†(τ ), λ†(τ )]) − A([x(τ), λ(τ )])]

= 	sm = q/T , (74)

which is the part of the action A([x(τ), λ(τ )]) that is odd
under time reversal.
This relation allows a deep physical interpretation. For
given initial point x0 and final point xt , the log-ratio
between the probability to observe a certain forward
trajectory and the probability to observe the time-reversed
trajectory is given by the heat dissipated along the forward
trajectory.

(ii) Dual dynamics: this choice alters the equations of motion
for the x†(τ ) trajectories such that (i) the stationary
distribution remains the same for both processes and that
(ii) the stationary current for the dual dynamics is minus
the original one. Specifically, this mapping reads [92]

F †(x†, λ†) = F(x†, λ†) − 2νs(x†, λ†)/µ (75)

which enters the conjugate Langevin equation (70) and
no modification for x and λ, i.e. x†(τ ) ≡ x(τ) and
λ†(τ ) ≡ λ(τ).
Calculating the action for the dual dynamics (70), the
functional R1 becomes

R1 = qhk/T ≡ 	shk. (76)
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(iii) Dual-reversed dynamics: for this choice, the dual
dynamics is driven with the time-reversed protocol, i.e.
the mapping of the force (75) is combined with the time
reversal (73). In this case, the functional R1 becomes [92]

R1 = qex/T ≡ 	sex. (77)

In summary, depending on the form of the conjugate
dynamics, different parts of the dissipated heat form the
functional R1. For later reference, we have introduced in the
last two equations for the scaled contributions to the dissipated
heat the corresponding entropies.

4.2. The master FT

4.2.1. Functionals with definite parity. The FTs apply to
functionals Sα[x(τ)] of the original dynamics that map with a
definite parity εα = ±1 to the conjugate dynamics according to

S†
α

(
[x†(τ )], λ†, F †

) = εαSα ([x(τ)], λ, F ) (78)

such that S†
α[x†(τ )] represents the same physical quantity for

the conjugate dynamics as Sα[x(τ)] does for the original one.
Examples for such functionals are work and heat that both

are odd (εα = −1) for the reversed dynamics. For dual
or dual-reversed dynamics, however, these two functionals
have no definite parity since both cases involve a different
dynamics. Explicitly, the heat behaves under time reversal as
q† ≡ ∫ t

0 dτ ẋ†F † = − ∫ t

0 dτ ẋF = −q. For dual dynamics, the
heat transforms as q† ≡ ∫ t

0 dτ ẋ†F † = ∫ t

0 dτ ẋ(F − 2νs/µ) =
q −2qhk which has, in general, no definite parity. On the other
hand, the housekeeping heat is odd for the dual dynamics and
even for both the reversed and the dual-reversed dynamics.

The stochastic entropy 	s, in general, has no definite
parity under time reversal since s(τ ) is defined through the
solution p(x, τ ) of the Fokker–Planck equation which is not
odd under time reversal. In particular, p(x, t − τ) does
not solve the Fokker–Planck equation for the time-reversed
process even if one starts the reversed process with the final
distribution p(x, t) of the original process. The change in
the non-equilibrium potential 	φ, however, is odd under time
reversal. This difference between 	s and 	φ implies that 	φ

occurs more frequently in FTs.

4.2.2. Proof. With these preparations, one can easily derive
the master FT

〈g({εα S†
α[x†(τ )]})〉†

=
∫

dx
†
0

∫
d[x†(τ )]p†

0(x
†
0)p[x†(τ )|x†

0 ]g({εαS†
α})

=
∫

dx
†
0

∫
d[x†(τ )]p0(x0)p[x(τ)|x0] exp[−R]g({Sα})

=
∫

dx0

∫
d[x(τ)]p0(x0)p[x(τ)|x0] exp[−R]g({Sα})

= 〈g({Sα[x(τ)]}) exp(−R[x(τ)])〉 (79)

for any function g depending on an arbitrary number of such
functionals Sα . For the second equality, we use the definitions
(72) and the parity relation (78); for the third we recognize

that summing over all daggered trajectories is equivalent to
summing over all original ones both for x†(τ ) = x(τ) and
x†(τ ) = x(t − τ). With the choice g ≡ 1, this FT leads to the
most general IFT 〈e−R〉 = 1 from which all known IFT-like
relations follow, as shown in section 4.3.

By choosing for g the characteristic function, one obtains
a generalized FT for joint probabilities in the form

p†({S†
α = εαsα})

p({Sα = sα}) = 〈 exp(−R)|{Sα} = {sα}〉 (80)

that relates the pdf for the conjugate process to the pdf of the
original one and a conditional average. Basically all known
DFTs for stochastic dynamics follow as special cases of this
general theorem as shown in section 4.4. The key point is to (i)
select the appropriate conjugate process for which the quantity
of interest � has a unique parity, which is most often just the
reversed dynamics, (ii) identify for the generally free initial
distribution p

†
0(x) an appropriate function and (iii) express

the functional R using physical quantities, preferentially the
quantity of interest �.

4.3. General IFTs

The simplest choice for the function g in (79) is the identity,
g = 1, leading to the IFT 〈e−R〉 = 1. Explicitly, one obtains
for the three types of conjugate dynamics.

(i) By choosing the reversed dynamics (73) and with (74),
the class of IFTs〈

p1(xt )

p0(x0)
exp[−	sm]

〉
= 1 (81)

follows for any initial condition p0(x0), any length of
trajectories t , and any normalized function p1(xt ) =
p

†
0(xt ) [20]. By specializing the latter to the solution of

the Fokker–Planck equation for τ = t one obtains the IFT
for total entropy production (64).
For a system in a time-dependent potential V (x, λ)

and by starting in an initial distribution given
by the corresponding Boltzmann factor, p0(x) =
exp[−(V (x, λ0) − F(λ0))/T ], one obtains the JR (58)
for the choice p1(xt ) = exp[−(V (x, λt ) − F(λt ))/T ]
corresponding to the Boltzmann distribution for the final
value of the control parameter.
A variety of ‘end-point’ relations can be generated
from (81) as follows. By choosing p1(x) =
p(x, t)g(x)/〈g(xt )〉, one obtains

〈g(xt ) exp[−	s tot]〉 = 〈g(xt )〉 (82)

for any function g(x) [98]. Likewise, for f ≡ 0 and
V (x, λ(τ)), by choosing p1(x) = g(x) exp[−(V (x, λt )−
F(λt ))/T ]/〈g(x)〉eq

λt
, one obtains

〈g(xt ) exp[−(w − 	F)/T ]〉 = 〈g(x)〉eq
λt

(83)

which has been first derived by Crooks [9]. Here, the
average on the rhs is the equilibrium average at the final
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value of the control parameter. In the same fashion, one
can derive

〈g(xt ) exp[−wext/T ]〉 = 〈g(x)〉eq
λ0

(84)

by choosing p1(x) = g(x) exp[−(V (x, λ0) − F(λ0)))/

T ]/〈g(x)〉eq
λ0

for a time-independent potential and
arbitrary force f (x, τ ) which is the end-point relation
corresponding to the BKR (60). The latter follows trivially
by choosing g(x) = 1.
For processes with feedback control as discussed in
section 7.3, it will be convenient to exploit the end-point
conditioned average〈

1

p0(x0)
exp[−	sm]

∣∣xt = x

〉
p(x, t) = 1 (85)

valid for any x which follows from (81) by choosing
p1(xt ) = δ(xt − x). Equivalently, by choosing p1(xt ) =
p(x, t), ∫

dx0〈exp[−	sm]p(xt , t)|x0〉 = 1 (86)

holds for summing over the initial point conditioned
average.

(ii) Using the dual dynamics with p
†
0(x0) = p0(x0), the IFT

for the housekeeping heat [91]

〈exp[−qhk/T ]〉 = 1 (87)

valid for any initial distribution follows.
(iii) For the dual-reversed dynamics, one obtains the class of

IFTs from 〈
p1(xt )

p0(x0)
exp[−qex/T ]

〉
= 1 (88)

valid for any initial distribution p0(x0) and any normalized
function p1(xt ). By choosing p0(x0) = exp[−φ(x0, λ0)]
and p1(xt ) = exp[−φ(xt , λt )], one obtains the Hatano–
Sasa relation (67). Similarly, another class of end-point
relations could be generated starting from (88).

Finally, since the IFTs, 〈exp[−�]〉 = 1, do not explicitly
involve the conjugate process, one might wonder whether they
can be derived in an alternative way. Indeed, some of them
can be obtained by deriving an appropriate Fokker–Planck-
type equation for the joint pdf p(�, x, τ ) and then showing
∂τ 〈e−�〉 = ∂τ

∫
d�

∫
dx e−�p(�, x, τ ) = 0 directly, see for

the JR [7], for the housekeeping heat [91], and for another large
class of IFTs [92]. Both the JR and (82) can also be derived
by a Feynman–Kac approach [10].

4.4. FTs derived from time reversal

In this section, the FTs following from using time reversal
as conjugate dynamics are derived systematically from (80)
by specializing to the various scenarios concerning initial
conditions and type of driving. More or less reversing the
chronological development, we start with the more general
cases and end with the more specific ones, for which the
strongest constraints on these pdfs follow.

4.4.1. CFTs involving reversed dynamics. By starting
original and reversed dynamics in the respective stationary
state, the functional R becomes

R = 	φ + 	sm. (89)

Hence, one obtains from (80) the FT

p†({S†
α = εαsα})

p({Sα = sα}) = 〈 e−(	φ+	sm)|{Sα} = {sα}〉. (90)

For the special case that
∑

α Sα = 	φ + 	sm, this relation
has first been derived by Garcia-Garcia et al [99]. Note that in
general the change in stochastic entropy	s is not an admissible
choice for Sα since it lacks definite parity under time reversal.

By choosing for Sα the work w, one obtains

p†(−w) = p(w)〈e−(	φ+	sm)|w〉. (91)

From this relation, the Crooks FT (57) follows for a time-
dependent V (x, λ(τ)) and f = 0, if one samples both
processes from the respective initial equilibria, since then
	φ = 	(V − F)/T and hence R = (w − 	F)/T .

Likewise, by choosing Sα = wχA(x0)χb(xt ), where
χA,B ≡ 1(0) if x ∈ (/∈)A, B are the characteristic functions
of two regions A and B, one obtains the variants derived and
discussed in [100, 101] which allow one to extend the CFT to
‘partially equilibrated’ initial and final states. These variants
have become useful in recovering free energy branches in
single molecule experiments.

As another variant, by choosing for Sα the work wext and
by starting the reverse process in the initial equilibrium, one
obtains with 	φ = 	V 0 and R = (	V 0 + q)/T = wext the
Crooks relation for wext [77]

p†(−wext)/p(wext) = exp[−wext/T ]. (92)

4.4.2. DFTs for symmetric and periodic driving. For
symmetric driving, λ(τ) = λ(t −τ), and for p

†
0(x

†
0) = p0(x0),

the reversed dynamics becomes the original one. Hence, the
FTs (90,91) derived in the previous subsection remain valid in
this case if one replaces p† on the lhs with p. In this case,
as in those in the following subsections, the FTs no longer
involve the conjugate dynamics explicitly which thus has
become a mere mathematical tool to derive these relations most
efficiently. In particular, for starting in the initial equilibrium,
R = w/T and one obtains for the pdf of work [102, 103]

p(−w)/p(w) = exp[−w/T ]. (93)

Likewise, for a periodically driven system with an integer
number of symmetric periods of length tp, i.e. λ(tp − τ) =
λ(τ), the reversed dynamics is the original one. If the
distribution has settled into a periodic stationary state, one has
the DFT-like relation for total entropy production [104, 105].
Note that it is crucial to choose not only a periodic but also a
symmetric protocol since otherwise the reversed dynamics is
not the original one.
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4.4.3. SSFTs for NESSs. For a NESS, i.e. for time-
independent driving and starting in the stationary state, the
reversed dynamics becomes the original one and thus R =
	s tot. Then (80) implies the generalized SSFT for joint
probabilities in the form

p({Sα = εαsα})
p({Sα = sα}) = 〈e−	stot |{Sα} = {sα}〉. (94)

For this case, system entropy is indeed odd, and hence one also
has, in particular, by choosing Sα = 	s tot the genuine SSFT
(65) for total entropy production and arbitrary length t . As
variants, illustrating the potency of the general theorem, one
easily gets from (94)

p(−	s) = p(	s)e−	s〈e−	sm |	s〉 (95)

and
p(−	sm) = p(	sm)e−	sm 〈e−	s |	sm〉 (96)

involving conditional averages. Such relations seem not to
have been explored in specific systems yet.

4.4.4. Expression for the NESS distribution. Using an initial
and end-point conditioned variant of (80), Komatsu et al
manage to express the stationary distribution ps(x) in a NESS
by non-linear averages over the difference in ‘excess’ heat
required either to reach x from the steady state or to reach the
NESS starting in x [106–108] which leads to Clausius-type
relations for NESSs [109]. For a related expression for ps(x)

in terms of an expansion around a corresponding equilibrium
state, see [110] which contains a valuable introduction into the
history of such approaches. Following similar lines an exact
non-equilibrium extension of the Clausius heat theorem has
been derived in [111].

4.4.5. TFT. This relation applies to time-independent driving
and arbitrary initial condition p0(x0). If the reversed dynamics
is sampled using the same initial condition, p

†
0(x

†
0) = p0(x0),

then the functional R becomes

R = − ln[p0(xt )/p0(x0)] + q/T ≡ �t (97)

which has been called dissipation functional by Evans and
Searles [37]. Under these conditions, it is related via

�t = 	s tot − ln[p0(xt )/p(xt , t)] (98)

to total entropy production. Physically, �t corresponds to
the log-ratio between the probability to observe the original
trajectory and the one for observing the time-reversed one.
Since under these conditions �t is odd and the reversed
dynamics is equivalent to the original one, one has from (80)
the TFT (66) valid for any length t and initial condition.
Specifically, if the system is originally equilibrated in a
potential V0(x) and then suddenly subject to a force f (x) the
dissipation functional becomes �t = w/T which implies that
in this case the TFT holds for work.

4.5. FTs for variants

4.5.1. FTs for underdamped motion. For underdamped
motion as introduced in section 2.6.1, the functional R1 defined
in (72) under time reversal is still given by the dissipated
heat, i.e., by (39) integrated over the trajectory [112]. This
fact follows by directly evaluating the action for the path
integral corresponding to the underdamped Langevin equation
(38). Hence, FTs based on time reversal hold true also for
underdamped dynamics with the obvious modification that
initial (and daggered) distributions now depend on x and v.

4.5.2. FTs in the presence of external flow. In the presence
of flow, one has to specify how the flow changes in the
conjugate dynamics. For genuine time reversal, the physically
appropriate choice is u(r)† = −u(r) which leads with the
definitions of work and heat (equations (47), (48)) to an odd
parity for these two functionals. Consequently, the FTs then
hold as in the case without flow. Formally, however, one could
also keep the flow unchanged for the conjugate dynamics,
u(r)† = u(r), which would lead to another class of FTs. For
a specific example illustrating this freedom, see the discussion
in [64] for a dumbbell in shear flow first investigated in [113].

4.5.3. FT with magnetic field. In the presence of a (possibly
time-dependent) magnetic field, the FTs hold true essentially
unchanged as proven in great generality for the JR and the CFT
for interacting particles on a curved surface [114]. This work
generalized earlier case studies on the validity of the JR for
specific situations involving a magnetic field as mentioned in
section 5.2. A second motivation for this work was to refute
earlier claims based on simulations that the Bohr–van-Leeuven
theorem stating the absence of classical diamagnetism could
fail for a closed topology [115].

4.5.4. Further ‘detailed theorems’. Esposito and van den
Broeck have derived what they call DFTs for 	s tot, 	shk,
(called ‘adiabatic’ entropy change 	sad) and for the ‘non-
adiabatic’ entropy change 	sna ≡ 	sex +	s under even more
general conditions [116–118]. Their relations are beyond the
realm of the present systematics since they compare the pdf for
different physical quantities for the original and the conjugate
process whereas we always compare the pdfs of the same
physical quantities5. A unification of FTs within this broader
sense involving joint distributions of these decompositions of
entropy production is achieved in [93] and a generalization of
the Hatano–Sasa relation in [119]. The crucial role of odd
variables in such a scheme is emphasized in [120, 121].

4.6. FTs for athermal systems

4.6.1. General Langevin systems. The derivation of the
master FT in section 4.2 shows that for obtaining these
mathematical relations the main requirement is the existence
of a conjugate dynamics such as time reversal. Therefore,
imposing a relation between the strength of the noise and the

5 The IFT 〈exp[−	sna]〉 = 1, however, follows directly from (88) by
choosing p1(xt ) = p(x, t).
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mobility as carried out in section 2.1 for colloidal particles
is not really necessary. Neither is it necessary to interpret
the Langevin equation using concepts of work and heat. We
therefore sketch in this section the general FT for a system of
Langevin equations

ẋ = K(x, λ) + ζ (99)

with arbitrary ‘force’ K and noise correlations

〈ζ(τ ) : ζ(τ ′)〉 = 2Dδ(τ − τ ′). (100)

The corresponding Fokker–Planck equation becomes

∂τp(x, τ ) = −∇j = −∇(Kp − D∇p) (101)

and the local (probability) current j(x, λ). For constant λ, one
has the local mean velocity

νs(x, λ) ≡ js(x, λ)/ps(x, λ) = K(x, λ) − D∇ ln ps.

(102)
For time reversal as conjugate dynamics, by evaluating

the corresponding weight one obtains for the master
functional (74)

R1 =
∫ t

0
dτ ẋD−1K ≡ 	sm (103)

where the identification with 	sm is now purely formal. If one
adds the stochastic entropy change along a trajectory

	s ≡ − ln[p(xt , λt )/p(x0, λ0)] (104)

one obtains the total entropy production 	s tot. Likewise, in
analogy to the colloidal case, 	sm can be split into

	shk ≡
∫ t

0
dτ ẋD−1νs (105)

and

	sex ≡ 	sm−	shk =
∫ t

0
dτ ẋ∇ ln ps = −	φ+

∫ t

0
dτ λ̇∂λφ.

(106)
With these identifications all FTs involving the various forms
of entropy production derived and discussed in sections 3.3
and 4 hold true for such Langevin systems as well.

The identification of a generalized work makes immediate
sense only if K = −(D/T )∇V (x, λ) with some potential
V (x, λ) and effective temperature T in which case one is
back to the thermal model with interacting degrees of freedom
introduced in section 2.6.2. If K cannot be derived in this
way from a gradient field there seems to be no gain by trying
to impose a genuine thermodynamic interpretation without
further physical input.

4.6.2. Stochastic fields. The generalization of the results
in the previous section for coupled Langevin equations to
stochastic field equations is trivially possible [21]. Consider a
scalar field �(r, τ ) that obeys

∂τ�(r, τ ) = K[�(r, τ ), λ(τ )] + ζ(r, τ ) (107)

with some functional K[�(r, τ ), λ(τ )] and

〈ζ(r, τ )ζ(r′, τ ′)〉 = 2D(r − r′)δ(τ − τ ′) (108)

with arbitrary spatial correlation D(r − r′). The expressions
for the entropy terms can easily be inferred; e.g. the analogy
of the entropy change in the medium becomes

	sm ≡
∫ t

0
dτ

∫
dr

∫
dr′∂τ�(r, τ )D−1(r − r′)

× K[�(r′, τ ), λ(τ )]. (109)

By now, it should be obvious how to derive the corresponding
FTs and how to generalize all these also to the case when
�(r, τ ) is a multi-component field. Likewise, it would be a
trivial task to specialize all this to driven or relaxing ‘thermal’
field theories for which K includes the derivative of some
Landau–Ginzburg type free energy and where the noise obeys
an FDT [122].

An interesting application concerns enstrophy dissipation
in two-dimensional turbulence [123]. Field-theoretic
techniques are used in [124] to derive generalized JRs and
to explore the role of supersymmetry in this context. Quite
generally, it will be interesting to investigate stochastic
versions of the field equations of active matter [125] from this
perspective.

4.6.3. FTs in evolutionary dynamics. The framework of
FTs has recently been applied to the stochastic evolution of
molecular biological systems where it leads to an IFT for fitness
flux [126].

5. Experimental, analytical and numerical work for
specific systems with continuous degrees of freedom

5.1. Principal aspects

The various relations derived and discussed above have the
status of mathematically exact statements. As such they
require neither a ‘test’ nor a ‘verification’. The justification for,
and the value of, the large body of experimental and numerical
work that has appeared in this field over the last decade rather
arises from the following considerations.

First, experimental and numerical measurements of the
distributions p(�) entering the theorems provide non-trivial
information about the specific system under consideration.
Integral and detailed theorems give only one constraint on,
and constrain only one half of, the distribution, respectively.
Beyond the constraints imposed by the exact relations, the
distributions are non-universal in particular for short times.

Second, the theorems involve non-linear averages. The
necessarily limited number of data entering experimental or
numerical estimates can cause deviations from the predicted
exact behavior. It is important to get experience of how large
such statistical errors are. Systematic theoretical investigations
concerning the error due to finite sampling are mentioned in
section 9.3.

Third, the thermodynamic interpretation of the mathemat-
ical relations in terms of work, heat and entropy rests on the
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crucial assumption that the noise in the Langevin equation is
not affected by the driving. While this condition can trivially
be guaranteed in simulations, it could be violated in exper-
iments. A statistically significant deviation of experimental
results from a theoretical prediction could be rooted in the vi-
olation of this assumption.

These remarks apply to systems where one expects at least
in principle that a stochastic description of the relevant degrees
of freedom well-separated in time-scale from an equilibrated
heat bath is applicable. There are, however, systems that
a priori do not belong to this class like sheared molecular
fluids, shaken granular matter and alike. The proof of FTs
given above will not apply to such systems. Still, FTs have
been proved for other types of dynamics and experimentally
investigated in such systems.

In the following we first focus on a review of experimental
and numerical work of the first category and then briefly
mention systems for which it is less clear whether they comply
with the assumptions of a stochastic dynamics. When referring
to the experiments and the numerical work, we will use the
notions and notations established in this review, which may
occasionally differ from those given by the original authors.

5.2. Overdamped motion: colloidal particles and other
systems

5.2.1. Equilibrium pdf for heat. Even in equilibrium, explicit
calculations of the pdf for heat are typically non-trivial. In
the long time t → ∞, low temperature T → 0 limit, it
has been calculated for an arbitrary potential with multiple
minima [127]. For a harmonic potential and any t and T , it is
given by an expression involving a Bessel function [128]. It
has also been derived analytically in the presence of a magnetic
field [129].

5.2.2. Moving harmonic traps and electric circuits. Wang
et al [130] measured the distribution of what amounts to work
(called �t in their equation (2)) for a colloidal particle initially
in equilibrium in a harmonic trap which was then displaced
with constant velocity. The authors found that the pdf obeys
a relation corresponding to the TFT which is strictly speaking
the correct interpretation only within the co-moving frame.
Interpreted in the lab frame, the driving is time-dependent.
However, since for linear forces the work distribution is a
Gaussian which moreover has to obey the JR with 	F = 0, it
is clear that such a Gaussian also obeys the TFT formally.

In a sequel, Wang et al [131] considered the same set-
up for a quasi-steady-state situation at constant velocity. The
authors showed in particular that a quantity (�t(r) as defined
in their equation (19)) which is equal to 	s tot obeys the DFT
also for short times as it should since this set-up seen in the
co-moving frame corresponds to a genuine NESS.

For traps moving with constant velocity, explicit
expressions for the Gaussian work distribution, i.e. for its
mean and variance, have been calculated in [78, 132]. In all
cases, the DFT type relation is fulfilled. In contrast, the pdf
for the dissipated heat is non-Gaussian with exponential tails.
An explicit expression is not available, but its characteristic

function and in consequence its large deviation form can be
determined analytically [133, 134]. The pdf for work in a
moving trap (and the pdf for heat in a stationary trap) was also
measured and compared with theoretical results by Imparato
et al [135]. For a harmonically bound particle subject to
a time-dependent force, Saha et al calculated pdfs for total
entropy production, in particular, for non-equilibrated initial
conditions [136].

For a charged particle in a harmonic trap, work fluctuations
and the JR have been studied theoretically for a time-
independent magnetic field and a moving trap or time-
dependent electric field in [137–141], and for a time-dependent
magnetic field in [142], respectively.

Trepagnier et al [90] studied experimentally the transition
from one NESS to another by changing the speed of the moving
trap. If interpreted in the co-moving frame, their experiment
constituted the first experimental verification of the Hatano–
Sasa relation (67).

Simple electric circuits can formally be mapped to the
dragged colloidal particle. Corresponding FTs and pdfs have
been investigated by Ciliberto and co-workers [143–145], by
Falcon and Falcon [146] and by Bonaldi et al [147] for actively
cooled resonators used in a gravitational wave detector. A
similar mapping was used by Berg to study the JR applied to
gene expression dynamics [148].

5.2.3. Harmonic traps with changing stiffness. Carberry
et al [149] investigated the motion of a colloidal particle in
a harmonic trap whose stiffness is suddenly changed from
one value to another thus verifying the TFT (66). For
strongly localized initial conditions, this TFT has been verified
experimentally in [150]. Gomez-Solano et al inferred the
fluctuations of the heat exchanged between a colloidal particle
and an aging gel which bears some similarity to a time-
dependent stiffness [151].

5.2.4. Non-linear potentials. Blickle et al [152] measured
the work distribution for a colloidal particle pushed
periodically by a laser toward a repulsive substrate. This
experimental set-up was the first one for colloidal particles that
used effectively non-harmonic potentials. The pdf for work
is distinctly non-Gaussian but still in good agreement with
theoretical predictions based on solving the Fokker–Planck
equation. This agreement justifies a posteriori the crucial
assumption that the noise correlations are not affected by the
time-dependent driving. Moreover, a DFT for p(w) (93) was
checked for this periodic driving with a symmetric protocol.
Sun determines p(w) for a potential that switches between a
single well and a double well [153].

5.2.5. Stochastic resonance. For a colloidal particle in
a double-well potential that is additionally subject to a
modulated linear potential to generate conditions of stochastic
resonance [154], distributions for work, heat and entropy were
measured and calculated in [155, 156]. Other numerical work
using the concepts of stochastic thermodynamics to investigate
stochastic resonance includes [157–159].
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Figure 2. Distribution of entropy production p(	s tot) for a colloidal
particle driven along a periodic potential for two different values
of external force f . The insets show the total potential V(x) − f x.
The different histograms refer to different trajectory lengths.
Reproduced with permission from [160]. Copyright 2007 European
Physical Society.

5.2.6. NESS in a periodic potential. In an experiment for this
paradigmatic geometry shown in figure 1 which corresponds to
the Langevin equation (1), the pdf for total entropy production
has been measured and compared with theoretical predictions
[160], see figure 2. Characteristically, for short times, this
pdf exhibits several peaks corresponding to the number of
barriers the particle has surmounted. Examples for the pdf
for entropy production have also been calculated in [161]. For
long times, the asymptotic behavior of this pdf in the form
of a large deviation function has been calculated numerically
in [162] where an interesting kink-like singularity was found.
The same quantity has also been derived using a variational
principle [163].

5.3. Underdamped motion

5.3.1. Torsion pendulum as experimental realization. A
driven torsion pendulum differs fundamentally from colloidal
particles since here the inertia term becomes accessible. In
a series of experiments reviewed in [35], Ciliberto and co-
workers have investigated the pdf for various quantities with
the aim of checking which ones obey FT-like relationships.

In [164, 165], the JR and the Crooks relation were used to
determine the ‘free energy difference’ for the torsion pendulum
for linear and periodic forcing. In [166], pdfs for the external
work were determined for three different types of protocols
for the time-dependent force in (38). (i) For a linearly ramped
force, the pdf for starting in equilibrium was found to obey
a TFT relation even for short times. Since a linear ramp
corresponds to a time-dependent driving, one would, in fact,

not expect a TFT. It is found here only because the work
distribution for this linear system is Gaussian and should obey
the JR which constrains mean and variance such that the TFT
is valid. Alternatively, an explicit calculation of the pdf shows
the same result. (ii) Starting in a quasi-steady state of the linear
ramp, the pdf for wext no longer obeys the TFT for short times
as expected. (iii) Likewise, for periodic driving, a DFT type
for the work distribution is found only in the long-time limit as
expected. For the latter two cases, the finite time corrections
have been calculated.

The same group investigated the pdf for the heat for
similar protocols [167]. In agreement with both the general
theoretical expectations and their explicit calculations the pdf
for heat neither obeys a TFT for short times nor even the DFT
asymptotically for long times since the internal energy is not
bounded for a harmonic oscillator.

The pdf for changes in the stochastic entropy and the total
one were reported for periodic driving of this system in [145].
Once the system has settled in the periodic steady state, for
an integer multiple of the period the functional R becomes
the total entropy change which thus fulfills a DFT as found
experimentally.

5.3.2. General theoretical results. Using path integral
techniques, Farago determined the statistics of the power
injected by the thermal forces into an underdamped particle
and found it to be independent of an underlying confining
potential [168].

In a series of papers for a moving trap, Taniguchi and
Cohen investigated pdfs for work and heat as well as various
FTs using the path integral representation [169–172]. They
also point out the ambiguity (or freedom) to define time reversal
in this particular system.

For both a moving and a breathing trap, Minh et al
calculated work weighted propagators for underdamped
motion [173]. FTs for underdamped Brownian motion
were studied by Lev and Kiselev by transforming from the
momentum to the energy variable [174], by Fingerle for the
relativistic version [175] and by Iso et al for motion near black
holes [176]. Sabhapandit determined the work fluctuations of
a randomly driven harmonic oscillator [177] which was studied
experimentally in [178].

5.3.3. Heat transport. Underdamped Langevin equations
have been used to study heat transport through harmonic chains
or lattices coupled at the end to heat reservoirs of different
temperatures [65]. Relevant in our context is work concerning
not only the average heat current but also the distribution
of exchanged heat and the corresponding FT. These issues
have been studied for a single particle attached to two heat
baths in [179–181], for two coupled particles attached to two
different baths in [182], for harmonic chains in [183–185] and
an anharmonic lattice in [186].

5.4. Other systems

Ever since the DFT for entropy production was formulated,
there have been attempts to show whether it is fulfilled in a
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specific system both numerically and experimentally. Beyond
the ‘clean’ cases discussed above for which the dynamics of
the relevant degrees of freedom is clearly compatible with
a stochastic Markovian dynamics, there are a number of
studies for other systems where a theoretical understanding
is more challenging. Such studies include an early theoretical
work with three simple dissipative deterministic models [187],
experimental [188–192] and numerical [193–200] work for
granular matter or dense colloids, experimental work for
turbulence [201–203], numerical work for a shell model
in turbulence [204] and one on the role of hydrodynamic
interactions [205], and experimental work for liquid crystals
[206, 207], a vibrating plate [208] and self-propelled particles
[209]. Characteristically for the experimental systems just
mentioned, one cannot necessarily expect that these can
be described by a stochastic Markovian dynamics for the
relevant variables. Similarly, in the numerical works either
the equations of motion are not of the Langevin type (or
deterministic thermostatted ones) or, if they are, not all
variables are monitored which effectively amounts to some
coarse graining. Since for these cases, the FTs have not been
proven, such tests give valuable hints on possible extensions
beyond their established realm of validity.

Two general aspects for putting results of such case studies
in perspective are the following ones. First, the putative
validity of a DFT for the quantity R is typically cast in
the form of checking for a constant slope of the quantity
limt→∞[ln[p(ρt )/p(−ρt )]/t where ρt is the time averaged
rate corresponding to the quantity R = tρt for which we
have formulated the FT. Since such a plot is necessarily
antisymmetric in ρt [194], for a non-trivial statement the
contribution of higher order terms such as ρ3

t must be shown
to be negligible which requires a large enough range of
studied ρt -values. Moreover, a large enough t is necessary.
Second, in bulk systems often only ‘local’ quantities can
be investigated which would require local forms of the FTs.
From the perspective of a stochastic dynamics, this amounts
to integrating out other slow degrees of freedom or some type
of coarse graining under which one cannot expect the FTs to
hold necessarily. We will come back to this issue at the very
end of this review.

6. Dynamics on a discrete set of states

6.1. Master equation dynamics

The derivation of the FTs in section 4 is based on the behavior
of the weight for a stochastic trajectory under time reversal
or the other operations generating the conjugate dynamics.
Therefore, they hold for any kind of stochastic dynamics, in
particular, for a master equation type of dynamics [210, 211]
on a discrete set of states {n}, see figure 3.

Examples of such systems include random walks and,
more generally, diffusive processes on a lattice, birth–death
processes, growth processes on a lattice, conformational
changes between discrete states of a biomolecule or chemical
reaction networks. The latter two classes of systems differ
from the previous ones since they typically occur in a well-
defined thermal environment. This feature imposes additional

Figure 3. Network with five states comprising three cycles (1245),
(234), and (12345) and the corresponding transition rates. Without
the state 3, this network would be a unicyclic one.

constraints on the dynamics as discussed in section 9. In this
section, we focus on the stochastic dynamics with arbitrary
transition rates.

6.1.1. Transition rates and probability currents. Transitions
from a state m to a state n occur with a rate wmn(λ) which may
be time-dependent according to the external protocol λ(τ).
For ease of notation, we will write wmn(τ) or wmn(λ) for the
more explicit wmn(λ(τ)). In principle, one could distinguish
different transitions or ‘channels’ connecting the same two
states from which we refrain here for notational simplicity.

The probability pn(τ) to find the system at time τ in state
n evolves according to the master equation

∂τpn(τ ) =
∑
m �=n

[pm(τ)wmn(τ) − pn(τ)wnm(τ)] (110)

given an initial distribution pn(0). To each link (mn) one can
associate a (directed) probability current

jmn(τ ) = pm(τ)wmn(τ) − pn(τ)wnm(τ) = −jnm(τ). (111)

6.1.2. Two classes of steady states. For time-independent
λ, the system eventually reaches a steady state provided the
network is ‘ergodic’, i.e. any two states are connected through
a series of links as we will always assume in the following. The
time-independent stationary probabilities can be written as

ps
n(λ) ≡ exp[−φn(λ)] (112)

which defines the analog of the non-equilibrium potential.
For small networks, there is an elegant graphical method to
determine ps

n from given rates [211, 212].
Steady states fall into two classes depending on whether

or not the detailed balance condition (DBC),

ps
n(λ)wnm(λ) = ps

m(λ)wmn(λ), (113)

is fulfilled. The first case corresponds to genuine equilibrium,
the second one to a NESS. In the latter case, there are non-
vanishing steady-state probability currents

j s
mn ≡ ps

mwmn − ps
nwnm = −j s

nm. (114)

Since knowing ps
n is not sufficient to distinguish a genuine

equilibrium from a NESS, Zia and Schmittmann [213, 214]
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Figure 4. Trajectory n(τ) of total length t jumping at discrete times
{τj } between states.

suggested to characterize a NESS by its stationary distribution
ps

n and its stationary currents j s
mn. Then the same NESS could

be generated by a whole equivalence class of possible rates
wmn since any two sets of rates with

ps
m(wmn − w′

mn) = ps
n(wnm − w′

nm) (115)

would lead to the same NESS, i.e. the same stationary
distribution and currents. In the following, we will adapt the
view that a system is characterized by a definite set of rates
wmn(λ) and a protocol λ(τ) from which all other quantities
can, in principle, be derived.6

A ‘distance’ from equilibrium quantifying the amount
of violation of the DBC has been introduced in [220]. A
Lyapunov function for relaxation toward a NESS is discussed
in [221]. Master equation dynamics as a gauge theory is
formulated in [222]. A mapping to a dynamics in the dual
space of cycles is discussed in [223].

6.1.3. Path weight and dynamical action. We first
characterize the fluctuating trajectories. A trajectory n(τ) with
0 � τ � t starts at n0 and jumps at times τj from n−

j to n+
j

ending up at state nt after J jumps, see figure 4. Defining for
each state the instantaneous total exit rate

rn(τ ) ≡
∑
m �=n

wnm(τ) (116)

the conditional weight for a trajectory exhibiting no jump at
all is given by

p[n(τ) = n0|n0] = exp[−
∫ t

0
dτrn0(τ )]. (117)

The weight for a trajectory with J � 1 jumps at times {τj } is
given by

p[n(τ)|n0] = exp[−
∫ τ1

0
dτrn0(τ )]

×
J∏

j=1

wn−
j n+

j
(τj ) exp

[
−

∫ τj+1

τj

dτrn+
j
(τ )

]
(118)

with τJ+1 ≡ t . Averages with these weights will be denoted
by 〈. . .〉 in the following.

6 For completeness, we mention a complementary approach where rates are
derived by imposing mean currents as constraints [215–218]. For a relation to
the minimum entropy production principle, see [219] and references therein.

In analogy with the continuous case (5), these expressions
define an ‘action’

A[n(τ)] ≡ − ln p[n(τ)|n0] =
∫ τ1

0
dτrn0(τ )

−
J∑

j=1

[
ln wn−

j n+
j
(τj ) −

∫ τj+1

τj

dτrn+
j
(τ )

]
. (119)

6.2. Entropy production

6.2.1. Stochastic entropy. The concept of stochastic entropy
can be transferred immediately from the Langevin case to the
discrete one as [20]

s(τ ) ≡ − ln pn(τ)(τ ). (120)

It is obtained by first solving the master equation (110) for
pn(τ) with a given initial distribution and then plugging into
it the specific trajectory n(τ) taken from this ensemble.

The equation of motion for stochastic entropy becomes

ṡ(τ ) = − ∂τpn(τ )

pn(τ )

∣∣∣∣
n(τ)

−
∑

j

δ(τ − τj ) ln
pnj

+(τj )

pnj
−(τj )

. (121)

The first term shows that even if the system remains in the same
state, stochastic entropy will change whenever the ensemble
is time-dependent either due to a non-equilibrated initial state
or due to time-dependent rates. The second term shows the
contributions from each transition. The change in stochastic
entropy during time t is given by

	s =
∫ t

0
dτ ṡ(τ ) = − ln pnt

(t) + ln pn0(0). (122)

6.2.2. Time reversal. Time reversal as a choice for the
conjugate dynamics works analogously to the Langevin case
with n†(τ ) = n(t − τ) and λ†(τ ) = λ(t − τ). Using the
weights (equations (117) and (118)), it is trivial to check that

R1 ≡ ln
p[n(τ)|n0]

p†[n†(τ )|n†
0]

=
∑

j

ln
wn−

j n+
j
(τj )

wn+
j n

−
j
(τj )

≡ 	sm. (123)

There are two justifications for identifying R1 with the
entropy change of the surrounding medium 	sm. The first is
the analogy to the Langevin case, where this term turned out to
be the dissipated heat (divided by temperature). In the absence
of a first law for the master equation dynamics, which would
require further physical input not available at this general stage,
this identification is by analogy only. Second, it turns out that
the sum of the system entropy change as defined in (122) and
the so identified medium entropy,

	s tot ≡ 	s + 	sm, (124)

will obey the same FTs as discussed above for the Langevin
dynamics. In fact, for 	sm Lebowitz and Spohn had derived
the SSFT in the long-time limit [4].
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From the expression (123) an instantaneous entropy
production rate in the medium can be identified as

ṡm(τ ) =
∑

j

δ(τ − τj ) ln
wn−

j n+
j
(τj )

wn+
j n

−
j
(τj )

(125)

that makes the contributions from the individual jumps
obvious. Combining this relation with (121), one obtains

ṡ tot(τ ) = − ∂τpn(τ )

pn(τ )

∣∣∣∣
n(τ)

+
∑

j

δ(τ − τj ) ln
pnj

−(τj )wn−
j n+

j
(τj )

pnj
+(τj )wn+

j n
−
j
(τj )

. (126)

6.2.3. Ensemble level. By averaging these trajectory-
dependent contributions for entropy production, one obtains
expressions derived much earlier within the ensemble approach
[23, 211, 212, 224]. On a technical level, using〈∑

j

δ(τ − τj )dnj
−nj

+(τ )

〉
=

∑
mn

pm(τ)wmn(τ)dmn(τ ) (127)

valid for any set of quantities {dmn}, one obtains

Ṡ tot(τ ) ≡ 〈ṡ tot〉 =
∑
mn

pm(τ)wmn(τ) ln
pm(τ)wmn(τ)

pn(τ )wnm(τ)
, (128)

and

Ṡm(τ ) ≡ 〈ṡm〉 =
∑
mn

pm(τ)wmn(τ) ln
wmn(τ)

wnm(τ)
(129)

which should be compared with (35) and (36), respectively.

6.2.4. Splitting entropy production. Following the Langevin
case, we can split the entropy production in the medium (123)
into two contributions

	sm = 	shk + 	sex (130)

with

	shk ≡
∑

j

ln
ps

n−
j

(λj )wn−
j n+

j
(λj )

ps
n+

j
(λj )wn+

j n
−
j
(λj )

(131)

where λj ≡ λ(τj ) and

	sex ≡ −
∑

j

ln
ps

n−
j

(λj )

ps
n+

j
(λj )

(132)

characterizing the entropy change associated with maintaining
the corresponding steady state and the one associated with
time-dependent driving, respectively. It is simple to rewrite
	sex as the discretized version of −	φ + ∂λφ as in (23). This
excess entropy production has a nice geometrical interpretation
along a path in the parameter space analogous to the Berry
phase in quantum mechanics [225].

A somewhat different splitting of total entropy production
on the trajectory level was introduced in [116–118] writing

	s tot = 	sad + 	sna (133)

with the adiabatic entropy change 	sad ≡ 	shk and the non-
adiabatic one 	sna ≡ 	sex + 	s.

6.2.5. Dual dynamics. The dual dynamics is defined by rates

w†
mn(λ) ≡ wnm(λ)ps

n(λ)/ps
m(λ). (134)

These rates lead to the same stationary state as the original
dynamics, p†s

m = ps
m. However, the stationary currents are

reversed according to

j †s

mn(λ) = −j s
nm(λ). (135)

In complete analogy to the Langevin case, by comparing the
weights for the original with the dual and the dual-reversed
dynamics, one obtains

R1 = 	shk and R1 = 	sex, (136)

respectively.

6.3. FTs for entropy production and ‘work’

6.3.1. General validity. With these identifications, all FTs
from sections 3.3 and 4 involving the various forms of entropy
changes apply under exactly the same conditions as stated there
provided the occasional x (and x0, xt ) is trivially replaced by
n (and n0, nt ).

The only variable not defined yet is the analog of work.
For networks that at constant λ fulfill the DBC (113), one
can identify a (dimensionless) internal energy as φn(λ) ≡
− ln ps

n(λ) that plays the role of the potential V (x, λ)/T in
the Langevin case with a free energy identical to zero. At this
stage, there is indeed no point in identifying a non-trivial λ-
dependent free energy. Consequently, work along a trajectory
corresponds to dissipated work and can be identified in analogy
to (15) with

w ≡
∫ t

0
dτ∂λφn(λ)|n(τ)λ̇. (137)

With this identification of work, the FTs from sections 3.2 and
4 involving work hold for this master equation dynamics as
well (setting there T = 1). It should be stressed, however,
that without a more physical microscopic understanding of
the network, this concept of work (and heat, if one wanted to
promote 	sm to this status) is a purely formal one without real
physical meaning.

For networks that do not fulfill the DBC (113), there
is no unique way of assigning internal energy to a state
without further physical input, and, hence, no sensible way
of identifying work even formally. Naively keeping (137), as
sometimes suggested [226], fails as the counter-example of a
discretized version of the driven overdamped motion on a flat
ring easily shows, since φn = const implies w = 0.

The statistics of rare events contributing to these FTs can
also be studied through a ‘mapping’ of the master equation to
a Schrödinger equation and then analyzing the corresponding
path integral [227, 228]. Finally, a somewhat formal general
IFT was derived in [229].
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Figure 5. Probability distribution for the ‘work’ (137), denoted
here R, in a driven two-level system for two different lengths of
trajectories. The histogram shows experimental data, the full curve a
theoretical calculation; for more details, see [102]. Reproduced with
permission from [102]. Copyright 2005 American Physical Society.

6.3.2. Experimental case studies. Experimental work
measuring the distributions of these quantities with the
perspective of ‘testing’ the FTs is yet scarce. The arguably
simplest non-trivial network is a two-state system with time-
dependent rates. Any such two-state system necessarily
obeys the DB condition. Such a two-state system was
realized experimentally by driving an optical defect center
into diamond with two lasers. The distributions for work
(137) and for the entropy change of system, medium and total,
were measured and compared with the theoretical predictions
[102, 104]. Characteristically, for comparably short times
these distributions show quite intricate, distinctively non-
Gaussian, features, see figure 5.

6.3.3. Analytical and numerical case studies. Entropy
production and the FT for the simplest discrete system which is
in essence a random walk biased in one direction by applying
an external field was studied quite generally in [230], in
the context of a ratchet model in [231], for a rotary motor
in [232, 233] and for transport through a membrane channel
in [234]. Simple three and four state systems were investigated
in [235, 236]. The statistics of dissipated heat for a driven
two-level system modeling single electron transport has been
calculated in [237].

Entropy production on a lattice model both for a simple
reaction–diffusion scheme and for transport was investigated
in [238] with an attempt to clarify the occurrence of a kink in the
rate function at zero entropy production. In another variant of
the reaction–diffusion scheme, the violation of an FT caused
by breaking microscopic reversibility in the sense that some
backward transitions are forbidden were studied in [239, 240].
Entropy production for a model of cyclic population dynamics
was investigated in [241] and for effusion of a relativistic ideal
gas in [242]. FTs in the presence of local heating have been
studied in [243].

The analog of work distributions for a spin system in time-
dependent magnetic fields was investigated in [244, 245] and
for time-dependent coupling constants in [246]. The surface
tension in the three-dimensional Ising model is determined
through simulations using the analogy of the JR in [247].

The interplay between a non-equilibrium phase transition
and singularities in the entropy production has been

investigated for a majority vote model [248], for driven
lattice gases [249, 250], for wetting [251] and for kinetically
constrained lattice models [252]. For the latter, the FT was
investigated in [253, 254].

6.4. FT for currents

For a network in a NESS, currents obey an FT as
derived by Gaspard and Andrieux [255–258] exploiting the
decomposition of such a network in cycles as introduced by
Schnakenberg [211] and using concepts from large deviation
theory [259]. For a concise derivation of the current FT using
the formalism developed in section 4, we write the total entropy
production along a trajectory in the form

	s tot =
∑

a

na	Sa + 	sr. (138)

Here, na is the number of times a cycle a has been completed
in clockwise (na > 0) or anti-clockwise (na < 0) direction
during this trajectory leading to a fluctuating current J a ≡ na/t

for each cycle, see figure 3 for an example of cycles in a
network. The entropy production associated with each cycle

	Sa =
∑

(mn)∈a

ln
wmn

wnm

(139)

is also called the affinity of this cycle. The remainder 	sr

collects the contributions arising from those parts of the
trajectory that do not contribute to a full cycle. Clearly, the
current J a is odd under time reversal and hence qualifies as a
possible variable Sα with εα = −1 for the general SSFT (94)
which thus becomes

p({−J a})
p({J a}) = exp[−t

∑
a

	SaJ a]〈e−	sr |{J a}〉. (140)

For large t , 	sr and hence the second factor remains of order
1. It can thus be ignored when taking the logarithm in the
long-time limit leading to the current FT

lim
t→∞

1

t
ln

p({J a})
p({−J a}) =

∑
a

	SaJ a. (141)

For a network coupled to different reservoirs at different
temperatures or chemical potentials, the cycle affinities 	Sa

arise from externally imposed affinities Fk as discussed in more
detail in section 10.2. These affinities give rise to mesoscopic
currents

J k =
∑

a

J ad
k
a (142)

where dk
a are a generalized distance counting how much each

cycle contributes to the respective current. Expressed in these
currents, the FT reads

lim
t→∞

1

t
ln

p({J k})
p({−J k}) =

∑
k

FkJ k. (143)

In this derivation, it is crucial that all currents that contribute
to the entropy production (either on the cycle or on the
mesoscopic level) are included.
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Generalizations of such an FT have been derived for just
one current in [260], for networks with multiple transitions
between states in [261], to currents not related to entropy
production in [262–264]. Geometrical and topologial aspects
were studied in [265–268]. Periodically driven systems were
investigated in [269] and a relation to supersymmetry is made
in [270]. In another extension, Hurtado et al have derived an
‘isometric fluctuation relation’ that compares pdfs for currents
with different orientations [271].

The FT for entropy production has been discussed for
various chemical reaction networks in the papers by Gaspard
and Andrieux quoted above, and, more recently, has been
applied to transport in mesoscopic devices which, despite their
quantum character, can often still be described by a master
equation whenever coherences can be, or are, ignored. For a
few recent examples, see, e.g., [227, 228, 272–282].

There is a large literature arising from the recent progress
of understanding current fluctuations in NESSs in general, not
necessarily related to the FT, for which the review by Derrida
could serve as a point of departure [283].

7. Optimization, irreversibility, information and
feedback

7.1. Optimal protocols

7.1.1. General aspects. The IFTs such as the JR hold
for any external protocol λ(τ) and any time interval t . An
optimal protocol λ∗(τ ) is the one that extremizes the mean
of a functional of the trajectory like work or heat for given
initial value λi ≡ λ(0) and final value λf ≡ λ(t) of a control
parameter and a fixed total time t allocated to this process.

Mean work and total entropy production as objective
functions are arguably the most relevant cases. For t → ∞,
the minimal mean work required for a transition is given by
the free energy difference 	F ≡ F(λf ) − F(λi). For any
finite time t , the mean work should be larger and the question
for the optimal protocol becomes non-trivial. Understanding
this problem will allow one to extract the maximum amount of
work from a given free energy difference in finite time.

Formulated as a variational problem, the optimal protocol
obeys a quite complicated Euler–Lagrange equation which is
non-local in time since changing the control parameter at time
t1 affects the work increment at all later times t2. Crucial
insight into general features of the solution, however, has
been obtained by investigating case studies involving harmonic
potentials [284]. As a general feature, jumps of the optimal
protocol were found that are absent in a linear response
treatment [285].

A second motivation for minimizing the work could be
an attempt to improve convergence of the Jarzynski estimate
to obtain free energy differences since one might expect that
a small mean work may also to lead to a smaller variance.
Due to the non-linearity of exp[−w/T ], however, one should
rather find the optimal protocol for minimizing 〈exp[−2w/T ]〉
which turns out to have jumps as well [286].

7.1.2. Overdamped dynamics. The generic jumps in the
optimal protocol were first found in case studies involving
harmonic potentials [284]. The simplest case is a process
where the center of a harmonic potential V (x, λ) = (x−λ)2/2
is shifted from λi = 0 to λf in a finite time t . Such a shift does
not involve any free energy difference. Hence, the mean work
required for this task will approach 0 for t → ∞. For a finite
time, the optimal protocol can be calculated analytically by
expressing the mean work as a functional of the mean position
of the particle which renders the problem local in time. The
optimal protocol (in dimensionless units for time)

λ(τ) = λf (τ + 1)/(t + 2) (144)

involves two jumps

	λ ≡ λ(0+) − λ0 = λf − λ(t−) = λf /(t + 2) (145)

at the beginning and the end of the process. The physical
reason for, e.g., the first jump is the fact that with this jump the
dissipation rate is constant throughout the process. If the trap
moved with constant speed without initial jump, the friction
would slowly build up at the beginning of the process which
ultimately would imply stronger dissipation. The size of the, in
this case, symmetric jumps at the beginning and end vanishes
as t → ∞.

Similar jumps have also been found in a second case
study where the stiffness of a harmonic potential V (λ, x) =
λx2/2 is changed in finite time from an initial value λi

to λf [284]. For overdamped motion of a dipole in a
magnetic field that switches the orientation, the optimal
protocol can even show a degeneracy [287]. Further examples
for optimal protocols involving non-linear potentials were
studied numerically in [286].

An intriguing mapping of this optimization problem to
deterministic optimal transport like mass transport by a Burgers
velocity field has been discussed in [288, 289]. For total
entropy production as objective function, turning an earlier
scaling argument [290] into a mathematical proof, a general
bound can thus be derived, 	S tot � C/t valid for any t , where
C depends on the given initial and final distributions [291].
The key point is that this optimization takes place in the space
of all probability distributions rather than in a restricted space
of driving potentials with a few variational parameters. In the
latter case, the ∼ 1/t behavior will hold only for long times.

7.1.3. Underdamped dynamics. For underdamped
dynamics, the optimal protocol involves even stronger
singularities at the beginning and end of the process given
by additional δ-peaks in the protocol [292]. Physically, these
terms guarantee that the particle at the beginning acquires,
and at the end loses, a finite mean momentum instantaneously
which minimizes total dissipation.

7.1.4. Discrete dynamics. Optimal protocols can also be
investigated for master equation dynamics on a discrete set of
states. A simple case has been studied as a model for a quantum
dot with a single energy level E connected to a reservoir with
chemical potential µ ≡ E − ε(τ ). The optimal protocol for
an externally controllable gap ε(τ ) and given ε(0) and ε(t)

minimizing the mean work W ≡ ∫ t

0 dτp(τ)ε̇(τ ), where p(τ)
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is the probability that the energy level is occupied, shows jumps
in the optimal ε∗(τ ) at beginning and end which are nicely
explained in physical terms in [293]. A more general approach
to the optimal protocol connecting arbitrary given initial and
final distributions is given in [294].

7.2. Quantifying irreversibility

The concepts developed for deriving the FTs can also lead
to a more quantitative understanding of irreversibility. In
section 4, the time-reversed process was introduced as a mere
tool for deriving the FTs. By considering such a time-reversed
process seriously and comparing it with the original time-
forward process, one can indeed derive an interesting relation
between dissipation and irreversibility. An essential tool in this
analysis is the relative entropy or Kullback–Leibler distance

D[p||q] ≡
∫

dyp(y) ln[p(y)/q(y)] � 0 (146)

between two distributions p(y) and q(y). Essentially, this
quantity measures how distinct the two distributions are [295].

We present here the stochastic version of the basic idea
first introduced using Hamiltonian dynamics [296, 297]. For a
process with a time-dependent potential V (x, λ) and its time
reversal, which start and end in the respective equilibrium
states, the quantity R in the generalized FT (80) becomes
R = w − 	F . This FT thus implies

〈exp[−(w − 	F)]|sα〉 = p†(εαsα)/p(sα) (147)

where the average is conditioned on the value sα of an arbitrary
functional Sα[x(τ )] along the trajectory with a definite parity
εα under time reversal. By choosing Sα = w−	F , averaging
the logarithm of (147) yields

〈w〉 − 	F = D[p(w − 	F)||p†(−(w − 	F)]. (148)

This relation, which can be seen as a consequence of the CFT
(61), shows that the dissipated work determines how different
the distributions for this quantity along the forward and the
backward paths are. Likewise, a large difference of these two
distributions implies a substantial dissipated work.

By choosing Sα = x(t1) = x†(t − t1), i.e. the state of the
system at any intermediate time t1, one obtains from (147) the
lower bound

〈w〉 − 	F � D[p(x(t1))||p†(x†(t1))] (149)

on the dissipated work. In contrast to this stochastic case, for a
Hamiltonian dynamics, one obtains an equality in (149) due to
Liouville’s theorem [296]. For both types of dynamics, further
coarse graining, i.e. looking at the distributions for a variable
y = y(x(t1)), leads to a lower bound on the dissipated work
since relative entropy decreases under coarse graining [295] as
nicely illustrated in the present context in [298].

Similarly, by choosing t1 = t , one immediately obtains
the inequality

〈w〉 − 	F � D[p(x(t))||peq(x(t))] (150)

which bounds dissipation by the distinguishability of the
instantaneous distribution with the corresponding equilibrium
distribution as derived and discussed in [299].

It is trivial to derive similar relations for processes
involving genuine steady states that at constant control
parameters reach a NESS rather than equilibrium as pointed
out in [300]. Essentially, in (147)–(150), one has to replace
both 〈w〉−	F by 〈	sm +	φ〉 where φ is the non-equilibrium
potential (11) and peq by ps .

Related inequalities have been discussed for transitions
between specified initial and final states [301]. Relations
between other information-theoretic measures and non-
linear averages of work and entropy along non-equilibrium
trajectories have been derived in [302–304]. An intriguing
relation between generating information and dissipation has
been made for DNA replication in [305] with a corresponding
pedagogical introduction in [306] and an analysis in terms of
a thermodynamic machine in [307].

7.3. Measurement and feedback

7.3.1. Feedback and the second law. According to
the Kelvin–Planck formulation of the second law, one
cannot extract work from an equilibrated system at constant
temperature without leaving any traces of this process
somewhere else. The situation becomes apparently different
if information about the state of the system during this
process becomes available through a measurement as the
classical example of Maxwell’s demon and the Szilard engine
reviewed in [308, 309] demonstrate.7 Based on the result of a
measurement, one can choose a particular protocol for a control
parameter which will indeed allow either to extract work in a
cyclic process or, in a non-cyclic process, to extract more work
than the corresponding free energy difference of initial and
final equilibrium state. These statements are still compatible
with the second law since erasing the information acquired will
cost free energy according to Landauer’s principle. Taking
this additional effect into account, the ordinary second law
is restored. Typically, for discussing these processes within
stochastic thermodynamics the cost of measurement and
erasure process is first ignored in the problem of how to convert
the acquired information into work (most efficiently) as it also
will be ignored in the following discussion of the main concept
where we use an approach based on FTs. Related earlier work
will be briefly mentioned in section 7.3.5.

7.3.2. Measurement and information. For a quantitative
description, we assume a system evolving according to a
master equation as introduced in section 6. If the system
at time t1 is in state n1 = n(t1), a measurement at this
time yields a result y1 with the probability p(y1, t1|n1) =
p(n1, t1|y1)p(y1, t1)/p(n1, t1). Here, p(n, t) is the ordinary
solution of the master equation for the given initial condition
and p(y1, t1) the probability for obtaining the result y1

irrespective of n1. The (trajectory-dependent) information
acquired in this measurement is [311]

I(n1, y1) ≡ ln[p(n1, t1|y1)/p(n1, t1)]

= ln[p(y1, t1|n1)/p(y1, t1)]. (151)

7 For an instructive criticism of one of the assumptions of the Szilard engine,
see [310].
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Upon averaging with p(y1|n1), this trajectory-dependent infor-
mation becomes the relative entropy D[p(n1, t1|y1)||p(n1, t1)]
which still depends on the result y1 of the measurement. Fur-
ther averaging over y1 leads to the mutual information

I ≡
∫

dy1p(y1, t1)D[p(n1, t1|y1)||p(n1, t1)] (152)

=
∫

dy1

∫
dn1p(n1, y1, t1)I(n1, y1). (153)

7.3.3. Sagawa–Ueda equality and a generalization. After
a measurement, the control parameter λ(τ, y1) for the
subsequent evolution t1 � τ � t is assumed to depend
uniquely on the outcome y1 leading to the probability
distribution p1(n, τ |y1). For a system with a time-dependent
potential V (n, λ), i.e. a system that at any fixed λ reaches a
genuine equilibrium state, Sagawa and Ueda have generalized
the JR (58) to this feedback-driven process in the form
[311, 312]

〈exp[−(w − 	F + I)]〉 = 1 (154)

which implies for the maximal mean extractable work W out ≡
−〈w〉 the bound

W out � −	F + I (155)

with I ≡ 〈I〉. Thus, acquiring information through a
measurement allows one to extract more work than what one
would get from a process without feedback.

The original formulation of the SUE requires the notion
of a free energy difference for initial and final state. For
transitions involving genuine non-equilibrium states, i.e.
those that at constant control parameters reach a NESS, the
analogous relation

〈exp[−(	s tot + I)]〉 = 1 (156)

with the inequality
〈	s tot〉 � −I (157)

holds true as well.8

A concise proof of (156), which will be valid with a
minor modification for (154) as well9, not requiring explicit
time reversal follows from exploiting the IFTs (equations (85)
and (86)) [313]. Using 	s tot = 	s + 	sm, splitting the
last term into the two contributions associated with the two
time intervals i = (0 � τ < t1) and ii = (t1 � τ � t),
making the total entropy change of the system explicit with
	s = − ln p(nt , t |y)+ln p0(n0, 0), and the specific expression
for the information (151), the lhs of (156) can be written as〈

1

p0(n0)
e−	sm

i
p(n1, t1)

p1(n1, t1|y1)
e−	sm

ii p1(nt , t |y1)

〉

=
∑
m1

〈
1

p0(n0)
e−	sm

i |n1 = m1

〉
i

p(n1, t1)

× 〈
e−	sex

ii p1(nt , t |y1)|n1
〉
ii

= 1. (158)

Introducing conditioned averages on the two intervals i and ii

eliminates the explicit factor 1/p1(n1, t1|y1). The underlined

8 Note that even for detailed balanced systems, the equalities (154) and (156)
are different since, in general w − 	F �= 	stot .
9 For proving the SUE (154), one only needs to replace p1(nt , t |y1) by
peq(nt , t |y1) in (158).

term is 1 for any m1 due to (85). Likewise, the subsequent
summation over m1 is 1 due to (86). The SUE thus holds
for trajectory-averages still conditioned on the results y1. Of
course, further averaging over all possible outcomes y1 is
allowed. This proof (as the original one) is easily extended
to multiple measurements. Thus, the Sagawa–Ueda equality
(SUE) and its variant (156) with the corresponding inequalities
hold for any number of measurements [312–316].

For processes involving genuine non-equilibrium states,
the generalization of the Hatano–Sasa relation (67) to
processes with feedback in the form [313]

〈exp[−(	s tot − 	shk + I)]〉 = 1 (159)

with the inequality

〈	s tot〉 � 〈	shk〉 − I (160)

follows as easily starting with conditioned variants of (88).
The bound (160) is much stronger than (157) since 〈	shk〉
will typically scale with the total time t . For systems that at
constant λ exhibit detailed balance, 	shk = 0, in which case
(159) and (160) become (156) and (157).

7.3.4. Efficiency of Brownian information machines.
For a cyclically operating information machine, where
measurements are repeated at regular intervals separated by
tm [317], the inequality (157) implies that one can extract at
most a mean power Ẇ out bounded by

Ẇ out � İ, (161)

where İ is the rate with which information is acquired.
Likewise, for processes involving transitions between genuine
non-equilibrium states, the inequality (160) implies

Ẇ out � Ẇ in − 〈q̇hk〉 + İ. (162)

If the rate of acquiring information is large enough, i.e. if İ >

〈q̇hk〉, the extracted power can exceed the power Ẇ in required
to sustain these non-equilibrium steady states as demonstrated
explicitly with a simple example in [313]. Characteristically,
the power extracted from such a machine becomes larger, the
smaller the intervals tm between the measurements are.

A quite natural definition for the efficiency [317, 318] of
such a Brownian information machines obeying 0 � η � 1 is
in the first case

η ≡ Ẇ out/İ (163)

and, analogously,

η ≡ Ẇ out/[Ẇ in − 〈q̇hk〉 + İ] (164)

for the second case.

7.3.5. Further theoretical work and case studies. Several
theoretical studies have investigated various aspects of such
feedback-driven processes for stochastic dynamics. Kim and
Qian have considered an underdamped particle controlled by
a velocity-dependent force [319, 320]. This problem has been
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analyzed from the perspective of total entropy production
in [321]. Suzuki and Fujitani investigate Brownian motion
both under a time-dependent force [322] and for linear systems
more generally [323]. Similarly, Sagawa and Ueda illustrated
their concept using a particle that is transported in a movable
harmonic trap and can still extract work from the surrounding
heat bath [311]. Feedback-driven transport for ratchet-type
systems has been optimized in [324–326]. Maximum power
for such a model has been studied in [327]. Information-
theoretic and thermodynamic concepts have been combined in
[318, 328–331]. The thermodynamic cost of a measurement
has been modeled in [332]. Recent reviews on the relation
between information and feedback control are [333, 334].

The optimal protocol for extracting the maximal work
from cyclic processes for particles in harmonic traps with
adjustable center and stiffness based on imperfect positional
measurements has been calculated in [335] where it was shown
that the bound (155) cannot be saturated if only the center
of the trap is under control. Only by additionally adjusting
the stiffness can all the information be recovered provided an
infinite time is allocated to the process. For such a machine,
the efficiency at finite cycle time has been calculated in [317].
The issue of saturating this bound has been investigated in
more depth introducing the notion of ‘reversible’ feedback by
Horowitz and Parrondo [336, 337]. A model for the cost of
erasing information using a Brownian particle in a double-well
potential was discussed in [338].

7.3.6. Experimental illustrations. Experimentally, the SUE
has been demonstrated using an ingenious set-up involving
electric fields that upon measuring the position of a colloidal
particle on a ‘stair’ prevent that the particle slides down a
step that it has just climbed by thermal excitation [339]. In
another experiment, Landauer’s principle has been illustrated
using a colloidal particle trapped in a modulated double-well
potential. The mean dissipated heat indeed saturates at the
Landauer bound in the limit of long erasure cycles [340].

7.3.7. Hamiltonian dynamics for microcanonical initial
conditions. Deviating from the restriction to stochastic
dynamics as applied generally in this review, I mention a few
recent studies that use Hamiltonian dynamics and feedback
since they provide an additional perspective on what has
just been described. The Kelvin–Planck statement of the
second law does not hold for microcanonical initial conditions
which indeed allow one to extract work, i.e. to decrease the
mean energy from a Hamiltonian system by manipulating an
external control parameter [341]. Specific examples have
been given for a harmonic oscillator [342], for a particle
between movable walls [343] and for motion in a double-
well potential [344]. While for such microcanonical initial
conditions no measurement is necessary, these results could be
applied to an initially canonical ensemble if the energy of the
system is measured with subsequent adaptation of the protocol
of the control parameter in a feedback process. As shown
explicitly in [344], the full analysis including the cost of erasing
information exorcizes this ‘demon’ and restores the ordinary
second law.

8. FDT in a NESS

8.1. Overview

8.1.1. FDT in equilibrium. Equilibrium systems react
to small perturbations in a quite predictable way formally
expressed by the FDT, see, e.g., [345]. The response of an
observable A at time τ2 to a perturbation h applied at time
τ1 can be written in the form of an equilibrium correlation
function as

T δ〈A(τ2)〉/δh(τ1)|h=0 ≡ T R
eq
A (τ2−τ1) = ∂τ1〈A(τ2)B(τ1)〉eq,

(165)
where the conjugate variable

B = −∂hE (166)

follows from the energy E(h) of the system. Here it is
assumed that for any small fixed h the energy of the system
is still well-defined. This FDT is the formalization and
generalization of Onsager’s regression hypothesis that states
that the decay of an excitation is independent of whether
it has been generated externally by a force (or field) h or
by a thermal fluctuation. This theorem is of great practical
significance since it allows one to predict the response to a
perturbation without ever applying one just by sampling the
corresponding equilibrium fluctuations either in experiments
or in simulations. Characteristically, the same B holds for any
A and any time difference τ2 − τ1.

8.1.2. FDT in a NESS. Whether a similarly universal
relation exists for NESSs has been addressed using various
approaches since the seventies. For an underlying stochastic
dynamics, Agarwal has expressed the response function
by a correlation function involving the typically unknown
stationary distribution [346]. Bochkov and Kuzovlev [12, 347,
348] and Hänggi and Thomas [349] have derived a variety of
formal expressions for stochastic processes. A comprehensive
review of the general relation between fluctuations and
response including, in particular, deterministic chaotic systems
is given in [350].

More recently, taking up a theme introduced earlier [351],
Harada and Sasa derived a relation where the ‘violation’ of the
equilibrium FDT in a NESS was related to the rate of energy
dissipation for a Langevin system [352, 353] later generalized
to a description in terms of a density field [354]. For the special
case of a driven colloidal particle it was shown in [355] that the
FDT in the NESS could be obtained from the equilibrium FDT
(165) by subtracting from the rhs a second correlation function
involving the local mean velocity. This result suggested that in
the locally co-moving frame the Onsager hypothesis could be
restored which was later extended to sheared systems [356] and
proven for general diffusive dynamics in [357, 358]. Thus, for
these systems, the decay of an excitation around a local NESS
is still the same whether generated externally or by the thermal
fluctuations still present in the NESS.

A concise formal derivation and discussion of the general
FDT in a NESS has been given by Baiesi et al [359–361].
The response of particular observables was treated at the same
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time by Prost et al [362]. In [363], it was then shown that the
latter result holds indeed for any observable and that the FDT
for a NESS becomes particularly transparent when using the
concept of stochastic entropy with its splitting into a total and
a medium one. In this latter work, the apparent multitude of
FDTs in a NESS was rationalized in terms of an equivalence
relation holding for observables in NESS correlation functions.

An elegant synthesis using mathematically somewhat
more demanding concepts has just been given in [364]. An
extension of these concepts to obtain an FDT around non-
stationary non-equilibrium states is derived in [365]. A
connection with gauge fields is made in the geometrical
approach of [366]. For a nice review on the FDT for NESSs,
see the recent [367].

8.1.3. Effective temperature. The derivation of recent exact
versions of the FDT for a NESS which as a result typically
express the response function by a sum of two correlation
functions should be distinguished from the phenomenological
concept of an effective temperature that has been reviewed
in [368]. Originally introduced in the context of aging systems,
it can be formulated also for a NESS. Simply stated, guided
by the equilibrium form (165) an effective temperature is
defined as

T eff(A, τ2 − τ1) ≡ ∂τ1〈A(τ2)B(τ1)〉s/RA(τ2 − τ1), (167)

where RA is now taken in the NESS. In general, T eff will
depend on both the observable A and the time difference τ2−τ1

which upon Fourier transformation corresponds to frequency
ω. Obviously, this concept can become meaningful only if
these dependences are not very pronounced.

From a theoretical point of view, a strictly observable and
frequency-independent T eff follows for a Langevin system
like (42) with f = 0 if the non-equilibrium conditions are
caused by an additional ‘active’ noise η with correlations
〈η(τ2)η(τ1)〉 = 2(T eff − T )µδ(τ2 − τ1). For a linear system

and active noise correlated on a scale τ ac, T eff will depend
on frequency. For ωτ ac  1, one obtains the ordinary
temperature, whereas for ωτ ac 	 1 the enhanced fluctuations
lead to a larger T eff .

On the other hand, if the non-equilibrium is generated by
a non-conservative force or field, such a simple reasoning is
no longer possible. Still, in interacting systems one often finds
numerically good agreement with the concept of an effective
temperature as briefly mentioned in section 8.4 below for
sheared suspensions. A fundamental understanding of when
and why this is the case in general seems still to be missing.

For insight into the frequency and observable dependence
for specific models and systems, see, e.g., [369, 370] for a
binary Lennard-Jones mixture in a simple shear flow, [371]
for a glassy model system, [372–375] for simple interacting
model systems, [376–378] for simple Langevin systems, and
[379] for field-theoretical models. For the phenomenon of
‘hot Brownian motion’ mentioned in section 2.6.3, various
‘effective temperatures’ were determined in simulations [380].

Examples of investigating biophysical systems using
an effective temperature include [381] for hair bundle

oscillations, [382, 383] for the cytoskeleton, [384, 385] for
filament oscillations in an active medium, [386] for self-
propelled particles, [387] for vesicle and [388, 389] for red-
blood-cell fluctuations. If the response of such a system acts
effectively ‘against’ the perturbation, the effective temperature
becomes negative as occasionally found in these studies. Such
an observation shows that this concept should not be taken very
literally.

8.2. Derivation and discussion

In this section, we sketch the derivation of the various forms
of the FDT in a NESS from a unifying perspective for a
general Markovian dynamics on a discrete set of states. Since
overdamped Langevin systems can always be discretized, this
case is a very general one. We follow the concepts introduced
in [359, 363] which were briefly reviewed in their continuum
version in [390]. Earlier related work for a Markovian
dynamics on a discrete set of states making somewhat more
explicit assumptions on observable and rates for spin models
include [391–398] and for aging in supercooled liquids [399].

8.2.1. Equivalent correlation functions in a NESS. We
consider a class of NESSs with rates wmn(h) that depend on
a perturbation h. The stationary distribution of the master
equation dynamics (110) obeys∑

n

Lmn(h)ps
n(h) = 0 (168)

with the generator

Lmn(h) ≡ wnm(h) − δmn

∑
k

wmk(h). (169)

For fixed h, any dynamic information is fully contained in the
propagator

Gkl(τ ) ≡ p[n(τ) = k|n(0) = l] (170)

for which the master equation (110) implies the evolution

∂τGkl(τ ) =
∑
m

LkmGml(τ ) =
∑
m

Gkm(τ)Lml. (171)

In a NESS, denoted in the following with 〈. . .〉s , two-point
correlation functions for state variables of the form A(τ) =∑

m Amδn(τ)m are given by

〈A(τ2)B(τ1)〉s =
∑
mn

AmGmn(τ2 − τ1)Bnp
s
n (172)

if τ2 > τ1. Using (169) and (171), a time derivative with
respect to the earlier time can thus be written as an ordinary
two-point correlation function

∂τ1〈A(τ2)B(τ1)〉s = 〈A(τ2)C(τ1)〉s (173)

with

Cn = Bn

∑
m

wnm −
∑
m

Bmwmnp
s
m/ps

n

=
∑
m

(Bn − Bm)ps
mwmn/p

s
n. (174)
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In addition to state variables as observables we will also
need current variables of the type

D(τ) ≡
∑

j

δ(τ − τj )dnj
−nj

+ (175)

that yield dnj
−nj

+ whenever a corresponding transition takes
place. Their NESS average is given by 〈D(τ)〉s =∑

mn ps
mwmndmn. If D(τ) shows up in a correlation function

at the earlier time τ1, we obtain

〈A(τ2)D(τ1)〉s =
∑
mkl

AmGml(τ2 − τ1)p
s
kwkldkl (176)

= 〈A(τ2)E(τ1)〉s (177)

with
En =

∑
k

ps
kwkndkn/p

s
n. (178)

These relations imply, in particular, that the formal current
variable

Ḃ(τ ) ≡
∑

j

δ(τ − τj )(Bnj
+ − Bnj

−) (179)

obeys
〈A(τ2)Ḃ(τ1)〉s = ∂τ1〈A(τ2)B(τ1)〉s (180)

which demonstrates, quite expectedly, that even in this discrete
case time derivatives can be pulled in and out of a NESS
correlation function straightforwardly.

The fact that NESS correlation functions can have the
same value if the variable at the earlier time is written
differently gives rise to an equivalence relation denoted by

O(1)(τ ) ∼= O(2)(τ ) (181)

if
〈A(τ2)O

(1)(τ1)〉s = 〈A(τ2)O
(2)(τ1)〉s (182)

holds for all A and times τ1 < τ2 [363]. For the variables
defined above we obviously have

D(τ) ∼= E(τ) and Ḃ(τ ) ∼= C(τ) (183)

which summarizes how current variables and time derivatives
can be replaced by state variables in NESS correlation
functions. This freedom will explain why apparently so
different looking FDTs can be derived for a NESS.

8.2.2. Equivalent forms of the FDT. The apparent plethora of
FDTs can be rationalized by starting with an expression for the
response function using the path weight (119). In the presence
of a time-dependent perturbation h(τ), the mean value of the
observable A(τ) is given by [359, 363]

〈A(τ)〉 =
∑
n(τ)

A(τ)p[n(τ); h(τ)|n0]ps
n0

=
∑
n(τ)

A(τ)
p[n(τ); h(τ)|n0]

p[n(τ)|n0]
p[n(τ)|n0]ps

n0
.

(184)

The response function

RA(τ2 − τ1) ≡ δ〈A(τ2)〉/δh(τ1)|h=0 ≡ 〈A(τ2)B
p(τ1)〉s

(185)

can be expressed by a two-point correlation function in the
unperturbed NESS by evaluating (184) with the action (119) as

Bp(τ1) = − δA[n(τ); h(τ)]/δh(τ1)|h=0 (186)

= −
∑

k

wn(τ)kαn(τ)k +
∑

j

δ(t − τj )αn−
j n+

j
(187)

where
αmn ≡ ∂h ln wmn(h)|h=0. (188)

This form of the conjugate variable (with the superscript
p alluding to the derivation through the path weight) is
convenient since it allows one to determine the response
function by measuring a correlation function that requires
only knowledge about how the rates depend on the control
parameter which is easily available in simulations. The more
formal aspect that the first term in (187) arises from the time-
symmetric part of the action and the second one from its
time-antisymmetric one is emphasized and further exploited
in [359–361].

A second equivalent representation of the conjugate
variable is obtained by replacing (by following the scheme
(175)–(178)) the second (current) part in Bp by its equivalent
state variable form which leads to Bp ∼= Ba with

Ba
n = −

∑
k

wnkαnk +
∑

k

wknαknp
s
k/p

s
n (189)

=
∑

k

∂hLnk(h)|h=0 ps
k/p

s
n. (190)

The last equality follows from expanding (169) in h and
the definition (188). This expression for the conjugate
variable involving only state variables can also be derived
by straightforward time-dependent perturbation theory of the
Fokker–Planck equation as originally derived by Agarwal
(hence, the superscript a) [346]. Using this expression,
however, requires knowledge of the stationary distribution
which for interacting systems with many degrees of freedom
is not easily available in either simulations or experiments.

Finally, as a third, arguably physically most transparent
form of the conjugate variable, it is easy to check explicitly that
−∂hṡ ∼= Ba by expanding (168) in h and following the recipe
of how to pull a time derivative into a correlation function given
in the previous subsection. Consequently, one has [363]

RA(τ2 − τ1) = − 〈A(τ2)∂hṡ(τ1)〉s (191)

= 〈A(τ2)∂hṡ
m(τ1)〉s − 〈A(τ2)∂hṡ

tot(τ1)〉s . (192)

The first form expresses the response function as a time
derivative of a correlation function where the observable A(τ2)

is correlated with the h-derivative of the stochastic entropy at
τ1. This form of the conjugate variable is actually unique if
one wants to write the response function as a time derivative
of a correlation function. Moreover, it allows a physically
transparent interpretation by splitting it into the sum of medium
and total entropy production as shown in the second line.
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8.2.3. Comparison with equilibrium FDT. For a comparison
with the equilibrium FDT, assume that the steady state is a
genuine equilibrium state for h = 0. In fact, two classes of
such systems should be distinguished.

First, if the system is not only in equilibrium at h = 0
but also at small h, the stationary distribution is given by the
Boltzmann distribution

peq
n (h) = exp{−[En(h) − F(h)]/T }, (193)

where En(h) is the internal energy and F(h) the h-dependent
free energy of the system. The stochastic entropy obeys
sn(h) = − ln p

eq
n (h) = [En(h) − F(h)]/T . Along an

individual trajectory, F(h) is constant and hence we have

T ∂hṡn(h)|h=0 = ∂hĖn(h)|h=0. (194)

Inserting this equivalence into (191), the FDT acquires its well-
known equilibrium form (equations (165) and (166)) involving
the observable conjugated to h with respect to energy.

Second, a system may be in equilibrium at h = 0 but
driven into a NESS even at constant small h. The paradigmatic
example is a perturbation through shear flow for which there
is no corresponding E(h) for any h �= 0. For such systems,
the equilibrium FDT can still be written in the form (191) but
also in the pure state form with Ba from (equations (189) and
(190)).

8.2.4. Systems with local-detailed balance. A further
comparison between the equilibrium and the NESS-FDT is
instructive for systems for which the perturbation enters the
ratio of the rates in the form of a local-DBC

wmn(h)

wnm(h)
= wmn(0)

wnm(0)
exp[hdmn/T ], (195)

where dmn = −dnm is the distance conjugate to the field
covered by the transition m → n. For h = 0, the system is
supposed to be in genuine equilibrium with averages denoted
by 〈. . .〉eq; for h = h0 �= 0 a genuine NESS denoted by
〈. . .〉s is reached. In equilibrium, using the global DBC
(113), one easily verifies ∂hṡ

m ∼= Ba and hence one has the
equilibrium FDT

T R
eq
A (τ2 − τ1) = 〈A(τ2)B

a(τ1)〉eq = 〈A(τ2)∂hṡ
m(τ1)〉eq.

(196)
On the other hand, the NESS-FDT in the form (192) always
holds. Since for such systems

∂hṡ
m =

∑
j

δ(τ − τj )dnj
−,nj

+/T (197)

is independent of h, the recipe for getting the FDT in a
NESS from the equilibrium FDT is to keep as a first term
the observables showing up in the correlation function but to
evaluate the latter under NESS conditions and to subtract an
expression involving the total entropy production [363].

8.2.5. Generalized Green–Kubo relations. In equilibrium,
the Green–Kubo relations express transport coefficients like
conductivity or viscosity by time-integrals over equilibrium
correlation functions of the corresponding currents. Based on
the FDT derived above, it is possible to derive similar relations
between transport coefficients in a NESS and appropriate
current–current correlation functions [400] as illustrated for a
simple model of molecular motors in [401]. This approach of
studying the linear response of a NESS should be distinguished
from extensions of the Onsager symmetry relations to the non-
linear response coefficients of an equilibrium system [402].

8.3. Colloidal particle on a ring as paradigm

The overdamped particle driven along a periodic potential, see
figure 1, as discussed in section 2.2 can serve as paradigm for
illustrating the different versions of the FDT [363].

8.3.1. Equivalent correlation functions. The equivalence
relation introduced in section 8.2.1 for variables occurring in
correlation functions in a NESS exists for continuous variables
as well. For a discretized position variable, jump rates can
easily be derived from discretizing the path integral. Going
then through the steps as in section 8.2.2 shows that the
equivalence

ẋ ∼= 2νs(x) − µF(x) (198)

can be used in a NESS correlation function at the earlier time.10

The mean local velocity νs(x) has been introduced in (12).
Sometimes, the generalization

g(x)ẋ ∼= g(x)[2νs(x) − µF(x)] − µT ∂xg(x) (199)

is useful which can be derived similarly11.

8.3.2. Three equivalent forms. First, consider a NESS
generated by a force f0 which is further perturbed by an
additional delta-like force impulse acting at time τ1. The
response function can be written as a correlation function in
the three equivalent forms
T RA(τ2 − τ1)|f0 �=0 = 〈A(τ2)[ẋ − µF(x)]|τ1/2〉s (200)

= 〈A(τ2)[ν
s(x) − µF(x)]|τ1〉s (201)

= 〈A(τ2)[ẋ − νs(x)]|τ1〉s . (202)
The first form follows from applying perturbation theory to
the path integral expression. The advantage of this expression
is that it does not require explicit knowledge of the stationary
distribution. By replacing the velocity with the corresponding
state variable as shown in (198) one obtains the second
form. This expression can also easily be obtained from
perturbation theory of the Fokker–Planck equation as in the
original derivation [346]. Finally, a simple linear combination
of the first two lines leads to the third form originally first
derived in [355]. In this form, both the additive correction to
the equilibrium form T RA(τ2 − τ1) = 〈A(τ2)ẋ(τ1)〉eq and the
significance of a locally co-moving frame become apparent.
10 In equilibrium, this equivalence becomes ẋ ∼= µ∂xV (x) where the crucial
sign difference compared with naively ignoring the noise in the Langevin
equation (1) should be noted.
11 Applied to a NESS correlation function with A(τ2) = 1, this relation leads
to 〈g(x)ẋ〉s = 〈g(x)[2νs(x) − µF(x)]〉s − µT 〈∂xg(x)〉s = 〈g(x)νs(x)〉s
which corresponds to (34) applied to a NESS.
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8.3.3. Generalized Einstein relation. The Einstein relation
(3) connecting the bare mobility µ of a particle embedded
in a viscous fluid with its diffusion constant D has arguably
been the first form of an FDT which was based on a
microscopic understanding of thermal motion. This relation
has many manifestations in more complex soft matter systems
as reviewed in [49]. If such a particle is in a periodic potential
V (x), the diffusion coefficient

D[V (x)] = lim
t→∞[〈x2(t)〉 − 〈x(t)〉2]/2t (203)

and the effective mobility

µ[V (x)] = ∂f 〈ẋ〉|f =0 (204)

still obey D[V (x)] = T µ[V (x)] even though both terms are
exponentially suppressed if the barriers exceed the thermal
energy.

In the presence of a non-zero base force, an effective
diffusion constant D[V (x), f ] and a mobility µ[V (x), f ] as in
(203) and (204) evaluated at a finite force, respectively, are still
defined. The effective mobility is the time-integrated response
function. Hence, the generalized Einstein relation between
D[V (x), f ] and µ[V (x), f ] follows from integrating (202)
from τ2 = τ1 to τ2 = ∞ as [355]

T µ[V (x), f ] = D[V (x), f ]

+
∫ ∞

0
dτ [〈ẋ(τ ) − 〈ẋ〉][νs(x(0)) − 〈ẋ〉〉s] (205)

which shows how the ‘violation’ of the usual Einstein relation
can be expressed as an integral over velocity correlation
functions. This relation is a simple example of a Green–Kubo
relation generalized to a NESS [400]. Another form of this
generalized Einstein relation has been studied in [403] for two-
dimensional motion in the presence of a magnetic field and
for a discrete model showing anomalous diffusion in [404],
respectively.

8.3.4. Experiments. The generalized Einstein relation (205)
has been measured experimentally in [405]. Significantly,
in this experiment, the extra integral term in (205) can be
about four times as big as T µ[V (x), f ] which shows clearly
that this experiment probes a genuine NESS far from any
linear response regime of an equilibrium system. Still, the
description of the colloidal motion by a Markovian Brownian
motion with unaltered thermal noise and a drift obviously
remains a faithful representation. The very fact that around
a critical force f � max|∂xV (x)| the diffusion coefficient
becomes quite large is known as giant diffusion [406, 407].

The time-resolved version of this FDT has been studied
experimentally in [408] where it was shown that even though
the different correlation functions (equations (200)–(202))
are theoretically equivalent their statistics can be vastly
different. Not surprisingly, the variant (201) involving only
state functions shows better convergence properties than the
ones requiring ẋ. The response not to a force but to a
change in the amplitude of the periodic potential was studied
experimentally in [409, 410].

8.4. Sheared suspensions

For studying the relation between fluctuations and response in
interacting non-equilibrium systems, a colloidal suspension in
shear flow provides a paradigmatic case. Such a system follows
a dynamics as introduced in section 2.6.3 with u(r) = γ̇ yex

(or the corresponding underdamped version) and some pair
interaction V .

One obvious question is to investigate the generalized
Einstein relation between the self-diffusion coefficient Dij (γ̇ )

and the mobility µij (γ̇ ) of a tagged particle which both become
tensorial quantities in such an anisotropic system. Szamel
[411] studied these quantities analytically using the memory-
function formalism. Krüger and Fuchs [412] have studied this
relation analytically and numerically near the glass transition.
Our numerical study in the fluid phase [413] revealed that for
moderate densities the results can surpringly well be expressed
as an effective temperature since the ratios Dii(γ̇ )/µii(γ̇ )

of the diagonal elements become isotropic with a roughly
quadratic increase with shear rate. This effective temperature
which turns out to be the kinetic one can be rationalized
by comparing this interacting system with a harmonically
bound single particle in shear flow [414]. The response to
a perturbation in the shear rate has been investigated in [356]
and the one to a static external long wave-length perturbation
in [415, 416].

Further studies of the general FDT for sheared suspensions
include the integration through transient formalism [417, 418].
One advantage of this approach is that all quantities can
be expressed in terms of (albeit complicated) equilibrium
correlation functions. The response to a time-dependent
additional shear strain has been studied numerically in [356]
using essentially the form (191) that makes the excess
compared with the equilibrium case explicit. The relation
between the violation of the equilibrium FDT and energy
dissipation using field variables has been addressed in [354].

9. Biomolecular systems

9.1. Overview

Single molecules and (small) biomolecular networks constitute
a paradigmatic class of systems to which the concepts of
stochastic thermodynamics can be applied. Conformational
changes of single molecules have become observable through
a variety of methods often summarized as single molecule
techniques [419–421]. There are essentially two ways
of exposing such a molecule that is embedded in an
aqueous solution of well-defined temperature containing
different solutes at specified concentrations to non-equilibrium
conditions. First, one can apply a (possibly time-dependent)
mechanical force if one end is connected via polymeric spacers
to the tip of an AFM or to beads in an optical tweezer. This
set-up allows one to study, e.g., force-induced unfolding of
proteins. Another source of non-equilibrium are unbalanced
chemical reactions catalyzed by the enzyme under study. In
combination with a mechanical force, this set-up allows one
in particular to resolve individual steps of a molecular motor
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and to measure force–velocity curves of such a molecular
machine [422, 423].

The fluctuating conformations of biomolecules in non-
equilibrium can be described in two ways [34, 424, 425]. First,
one can model the observable degrees of freedom like the
end to end-distance of a protein by a continuous degree of
freedom subject to a Langevin equation. Such an approach
is particularly appropriate for studying force-induced un- and
refolding of biopolymers, in particular, with the perspective of
recovering free energy differences and even landscapes from
non-equilibrium experiments as reviewed in section 9.3.

Second, one can identify discrete, distinguishable states
between which (sudden) transitions take place as has often
been carried out to model molecular motors [426–442]. In
most of these works the focus has been put on elucidating
the cycles involved in the action of the motor and on deriving
force–velocity curves and their dependence on ATP and ADP
concentrations. A combination of both types of models has
been used for describing molecular motors by a Langevin
dynamics in a ratchet potential that depends explicitly on the
current chemical state of the motor as reviewed in [443–446].

From the perspective of stochastic thermodynamics, one
would like to formulate a first law, discuss entropy production
and derive the corresponding fluctuation theorems on the
single molecule level. Within a discrete state description,
a first law along an individual trajectory has been discussed
for single enzymes in [98, 232, 447], for molecular motors in
[430, 434–439], and for small biochemical reaction networks
in [255, 448, 449]. Fluctuation theorems without explicit
reference to a first law were discussed for such systems in
[431, 440, 450–456].

From a theoretical point of view, there are essentially
two new aspects that enter the stochastic thermodynamics
of biomolecular systems beyond a naive combination of
the stochastic thermodynamics of colloids as developed in
section 2 and the discrete dynamics as introduced in section 6.
First, the rates are not arbitrary as in section 6 but are rather
constrained by thermodynamic consistency [211, 212, 457]
as discussed in detail below. Second, each of the states
visited along a stochastic trajectory contains many microstates.
Transitions between these (unobserved) microstates are fast
so that thermal equilibrium is reached within each state.
Transitions between the states, however, are slower, observable
and can be driven by external forces, flows or chemical
gradients. As a consequence, each of the states described by
stochastic thermodynamics carries an intrinsic entropy arising
from the coupling to the fast polymeric degrees of freedom and
to those of the heat bath. This effect must be taken into account
in any consistent identification of heat on the single trajectory
level [98, 438, 458, 459]. Some of the earlier studies quoted
above missed this contribution and, hence, failed to identify
the dissipated heat correctly.

How these systems can be described from the perspective
of a thermodynamic engine will be pursued in section 10.

9.2. Role of fast hidden degrees of freedom

In this section, we show how for a system with a separation
of time-scales the first law and entropy production along a

trajectory as well as the FTs can be formulated by extending
to this case the formalism developed for systems without
relevant internal degrees of freedom like the colloidal particle
of section 2. Whether for any specific system such as the
paradigmatic biomolecule used here as illustration such a
separation is a realistic assumption would have to be studied
on a case by case basis by investigating its specific molecular
dynamics. We first use a description with continuous degrees
of freedom and address the discrete case in section 9.4.

9.2.1. Thermodynamic states from a microscopic model. A
biopolymer contains a large number of coupled microscopic
degrees of freedom most of which will not be accessible in
experiments. Still, these microscopic degrees of freedom
affect processes on a larger scale that are described by
stochastic thermodynamics. The microscopic configurational
degrees of freedom collectively denoted by ξ are subject
to a microscopic potential energy �(ξ, λ) containing the
interactions within the molecule (and possibly with some of the
surrounding solvent and solute molecules). The dependence
on λ allows for an external potential arising from an AFM or an
optical tweezer whose positions can be controlled through λ.

Under non-equilibrium conditions, an external force
(or field or flow) is applied to the molecule leading to
conformational changes apparent through, e.g., a changing
end-to-end distance. Such a quantity is an example of a meso-
scale description that involves a certain number of variables
denoted by x. Each such state effectively comprises many
microstates. Formally, one can split all microstates {ξ} in
classes Cx such that each ξ belongs to exactly one Cx. The
dynamics of x is supposed to be slow and observable whereas
equilibration among the microstates making up one state
x is fast. Under this crucial assumption, the conditioned
probability p(ξ |x, λ) that a microstate is occupied is given by

p(ξ |x, λ) = exp[−(�(ξ, λ) − F(x, λ))/T ] (206)

with the constrained free energy

F(x, λ) ≡ E(x, λ) − T S(x, λ)

≡ −T ln
∑
ξ∈Cx

exp[−�(ξ, λ)/T ], (207)

the constrained intrinsic entropy

S(x, λ) ≡ −∂T F (x, λ) = −
∑
ξ∈Cx

p(ξ |x, λ) ln p(ξ |x, λ)

(208)

and constrained internal energy

E(x, λ) =
∑
ξ∈Cx

�(ξ, λ)p(ξ |x, λ). (209)

This model includes but is more general than a more
conventional description of the configurational potential in the
additive form

�(x, ξ, λ) = �0(x, λ) + �int(x, ξ, λ) + �med(ξ, λ) (210)

made up, respectively, by a system, a coupling (of arbitrary
strength) and a potential for the degrees of freedom of the

31



Rep. Prog. Phys. 75 (2012) 126001 U Seifert

Figure 6. Schematic view of a protein stretched by a bead in a laser
trap. In a meso-scale description, the configuration is characterized
by the positions x = {x1, x2, x3, x4, x5, x)} where x is the position
of the bead. The control parameter λ denotes the center of the trap.

medium, which all may depend on the control parameter. Here,
all degrees of freedom are split into those of the system x and
those of the heat bath ξ . By replacing �(ξ, λ) in (206) and
(207) with �(x, ξ, λ) and summing without constraint over all
ξ , the relations (206)–(209) remain true for the potential (210).

9.2.2. First law. For a time-dependent λ(τ), representing,
e.g., the center of a moving laser trap, the increment in applied
work reads

d̄w =
∑
ξ∈Cx

∂λ�(ξ, λ)p(ξ |x, λ) dλ (211)

= ∂λF (x, λ) dλ = dF(x, λ) − ∇F(x, λ) dx. (212)

In the first equality, for a changing external parameter the work
arising from the microscopic interaction �(x, λ) is expressed
as an average over all microstates contributing to the state with
(fixed) x. The second equality follows with (206). Compared
with the expression in the colloidal case (15), the essential
difference here is that F(x, λ) is a free energy rather than a
bare potential, i.e. internal energy. Consequently, the first law
that, of course, should involve internal energies becomes

d̄w = dE(x, λ) +d̄q = dF(x, λ) + T dS(x, λ) +d̄q. (213)

This relation together with (212) implies for the increment in
heat

d̄q = −∇F(x, λ) dx − T dS(x, λ), (214)

which makes the contribution to heat that arises from the
intrinsic entropy S(x, λ) clear.

For a practical evaluation of the work, one would have
to know F(x, λ), which, in general, has a complicated λ-
dependence if the microscopic potential �(ξ, λ) is genuinely
λ-dependent. However, if the external potential couples only
to the slow degrees of freedom x as typically assumed, see
figure 6, a significant simplification occurs. In this case, one
can write

F(x, λ) = F 0(x) + V (x, λ) = E0(x) − T S0(x) + V (x, λ),

(215)
where the quantities with superscript 0 are the thermodynamic
potentials (207)–(209) of the molecule for constrained slow

variables x in the absence of the external potential. As a
consequence

d̄w = ∂λV (x, λ)dλ, (216)

which becomes trivial for the typical case of a harmonic
potential V (x, λ) = k(xi − λ)2/2, with xi the relevant
coordinate for the coupling and k the effective stiffness of the
AFM tip or optical trap centered at λ(τ).

9.2.3. Dynamics. For the dynamics of the slow degrees of
freedom one has the Langevin equation

ẋ = µ[−∇F(x, λ)] + ζ (217)

with the noise correlations as in (43). Likewise, the Fokker–
Planck equation reads

∂τp(x, τ ) = ∇(µ∇F(x, λ)p(x, τ ) + T µ∇p(x, τ )). (218)

Compared with the discussion in section 2.6.2 the key
point here is that whenever states carry intrinsic entropy, the
gradient of the free energy (rather than of internal energy) has
to show up in the Langevin and Fokker–Planck equations since
for any fixed λ, the system has to reach equilibrium with the
Boltzmann factor

peq(x, λ) = exp[−(F (x, λ) − F(λ)/T ] (219)

with the λ-dependent free energy

F(λ) ≡ −T ln
∫

dx exp[−F(x, λ)/T ]. (220)

9.2.4. Entropy production. The stochastic entropy along the
trajectory x(τ ) becomes

s(τ ) ≡ − ln p(x(τ ), τ ) (221)

where p(x, τ ) follows from solving the Fokker–Planck
equation (218) with an appropriate initial condition. For such
a system with intrinsic entropy, the total entropy production
along a trajectory during time t

	s tot ≡
∫ t

0
dτ ṡ tot =

∫ t

0
dτ [ṡ(τ ) + Ṡ(x, λ) + q̇/T ] (222)

contains three contributions rather than two as in the case
without relevant intrinsic degrees of freedom.

9.2.5. Fluctuation theorems. In principle, the FT hold true
in the presence of intrinsic entropy as well provided the latter
is taken into account properly. The crucial point is that the
master functional R1 defined in (72) when using as conjugate
process the time-reversed one becomes

R1 = 	s int + q/T (223)

where
	s int ≡ S(xt , λt ) − S(x0, λ0) (224)

is the change in intrinsic entropy along the forward trajectory.
This result follows from evaluating the action in the path weight
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corresponding to the Langevin equation (217) and using the
first law (213) integrated along the trajectory.

As a consequence, the FTs involving entropy production
discussed in sections 3.3 and 4 essentially hold true with the
replacement

	sm → 	sm + 	s int. (225)

All FTs involving total entropy production hold true
unmodified.

The FTs involving work as defined in (212) hold true as
well. In particular, the JR stands with 	F = F(λt ) − F(λ0)

where the free energies have been defined in (220). The
reason why the intrinsic entropy does not spoil these relations
is the fact that both the work and the force in the Langevin
equation are determined by the free energy F(x, λ) very much
in the same way as the bare potential V (x, λ) determines
the corresponding quantities in the colloidal case. Loosely
speaking, the results of the simpler case hold true provided one
replaces the potential V (x, λ) by the free energy (i.e. potential
of mean force) F(x, λ).

In the presence of intrinsic entropy, the FDT (192) must
be modified accordingly by replacing ṡm by ṡm + ṡ int.

9.3. Free energy recovery from non-equilibrium data

9.3.1. HSR and variants. From a practical perspective,
arguably the most relevant FT for biomolecules is the HSR
[10, 460]. As a kind of JR resolved along a reaction coordinate,
it allows one to determine the free energy landscape F 0(x)

from non-equilibrium work measurements through an external
potential V (x, λ) conditioned on a fixed value of x. It reads

exp[−F 0(x)/T ] = exp[(V (x, λt ) − F(λ0))/T ]

×〈exp[−w/T ]δ(xt − x)〉. (226)

The rhs is evaluated by measuring the accumulated work w as
a function of position xt irrespective of the particular t .

A concise derivation [21] of the HSR starts with the
IFT (81). With the necessary replacement (225), the initial
equilibrium distribution p0(x, λ0) = exp[−(F (x0, λ0) −
F(λ0)/T ], the free choice p1(xt ) = δ(xt − x), the first law
(213) and the assumption (215), it follows within a couple of
lines.

A variant of the HSR not requiring the position histograms
in (226) can be derived for a harmonic coupling V (x, λt )

[461]. Moreover, similarly as the CFT generalizes the JR
by including information from the time-reversed process,
bidirectional variants of the HSR have been derived and tested
in model calculations [462, 463].

9.3.2. Experiments. The first experimental application of the
JR to biomolecules was the determination of the free energy
involved in partially unfolding RNA hairpins [464]. The CFT
was first applied in another experiment measuring the free
energies in RNA hairpins and RNA three-helix junctions [465].
In a series of experiments, Ritort and co-workers have used
the CFT to determine the free energy involved in unfolding
DNA hairpins [101, 466–468]. The free energy involved in
unfolding the multidomain protein, titin, has been measured
in [469] using a simplified variant of the JR leading to some

criticism [470, 471]. The CFT has been used to determine free
energy changes induced by mechanically unfolding coiled-coil
structures [472, 473] and different topological variants of a
protein [474]. Axis-dependent anisotropy in protein unfolding
was investigated using the HSR in [475]. The free energy
landscape derived from the HSR has been compared with
equilibrium measurements in [476].

9.3.3. Numerical work. As relatively scarce as real
experimental studies using the FTs still are, as large is
the number of ‘numerical’ experiments illustrating the use
of the HSR and its variants for recovering free energy
landscapes. The following brief list is necessarily incomplete.
Model calculations for a single coordinate deal with the
advantage of applying a periodic force protocol [477], with
random forcing [478], comparison with ‘inherent structures’
[479], with motion in a periodic potential [480], and with
recovering an unknown spatially dependent mobility [481].
Multidimensional landscapes were reconstructed in [482].
Monte-Carlo or molecular dynamic simulations were used for
an off-lattice model protein [483], for a protein domain in [484]
and for a membrane protein in [485].

An important line of research in this context is to find
methods for dealing with the error caused by having only finite
(and even noisy) data for evaluating the non-linear averages
involved in the JR and the HSR. Some of the papers dealing
with this issue are [100, 153, 486–512].

9.4. Enzymes and molecular motors with discrete states

In this section, we show how the general framework for a
Markovian dynamics on a discrete set of states can be adapted
to describe the stochastic thermodynamics of enzymes and
molecular motors in a thermal environment starting again from
a microscopic model. Apart from keeping track of the intrinsic
entropy of the states the essential point is to incorporate the
enzymatic reactions involving solute molecules consistently.

9.4.1. Thermodynamic states. The enzyme is in an
aqueous solution which consists of molecules of type i with
concentrations {ci} and chemical potentials {µi} enclosed in
a volume V at a temperature T . It exhibits a set of states
such that equilibration among microstates corresponding to the
same state is fast whereas transitions between these states are
assumed to be slower and observable. Under these conditions,
one can assign to each state n of the enzyme a free energy
F enz

n , an internal energy Eenz
n , and an intrinsic entropy Senz

n . As
explicitly discussed in [459], these quantities follow from any
microscopic model that specifies the energy of the microstates
of enzyme and solution. They obey the usual thermodynamic
relation

F enz
n = Eenz

n − T Senz
n (227)

despite the fact that the enzyme is small. Moreover, there is
no need to assume that the interaction between enzyme and
solution is somehow weak. In general, these thermodynamic
variables of the enzyme depend on the concentrations of the
various solutes.
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9.4.2. First law. In this section, we discuss the first law
for the three classes of (i) pure conformational changes, (ii)
enzymatic reactions including binding and release of solutes
and (iii) motor proteins.

(i) Conformational changes: if the enzyme jumps from state
m to state n, the change in internal energy

	Eenz ≡ Eenz
n − Eenz

m = −q (228)

must be identified with an amount q of heat being released
into (or, if negative, being taken up from) the surrounding
heat bath since there is no external work involved.

(ii) Enzymatic reactions: the more interesting case are
enzymatic transitions that involve binding of solute
molecules Ai , their transformation while bound, and
finally their release from the enzyme. Quite generally,
one considers transitions written as

n−
ρ +

∑
i

r
ρ

i Ai � n+
ρ +

∑
i

s
ρ

i Ai (229)

where 1 � ρ � Nρ labels the possible transitions. Here,
n−

ρ and n+
ρ denote the states of the enzyme before and

after the reaction, respectively. For s
ρ

i = 0, this scheme
describes pure binding of solutes, and for r

ρ

i = 0 release
of bound solutes. A transformation (such as bound ATP
to bound ADP + Pi) can also be described by the above
scheme with r

ρ

i = s
ρ

i = 0 and the understanding that the
enzyme states contain the bound solutes, see [459] for a
more detailed discussion.
The free energy difference involved in such a transition

	Fρ = 	Eρ − T 	Sρ ≡ 	F enz
ρ + 	F sol

ρ (230)

has two contributions where

	F enz
ρ = 	Eenz

ρ − T 	Senz
ρ ≡ F enz

n+
ρ

− F enz
n−

ρ
(231)

denotes the free energy change of the enzyme and

	F sol
ρ = 	Esol

ρ − T 	Ssol
ρ ≡

∑
i

(s
ρ

i − r
ρ

i )µi ≡ 	µρ

(232)
denotes the free energy change attributed to the solution
in this reaction. Both free energy contributions can as
usually be split into internal energy and intrinsic entropy.
As in the case of pure conformational changes, one assigns
a first law type energy balance to each reaction of type
ρ (229). Once an initial state is prepared, in the closed
system (enzyme plus solution) there is obviously no source
of external work. Neither does the system perform any
work. Hence, the heat released in this transition is given
by minus the change of internal energy of the combined
system [459]

qρ = −	Eρ = −	Eenz
ρ − 	µρ − T 	Ssol

ρ . (233)

This relation shows that the enzyme and the solution are
treated on the same footing since only their combined
change in internal energy enters. Since the heat is
released into the solution acting as a thermal bath, the
configurational change of the enzyme as well as binding
and releasing solute molecules contribute to the same bath.

(iii) Molecular motors: essentially the same formalism applies
to an enzyme acting as a molecular motor often described
by such discrete states. Most generally, if the motor
undergoes a forward transition of type ρ as in (229) it may
advance a distance dρ in the direction of the applied force
f (or, if f < 0, opposite to it). The special cases dρ = 0
(pure chemical step) or s

ρ

i = r
ρ

i = 0 (pure mechanical
step) are allowed. For dρ �= 0, the mechanical work

wmech
ρ ≡ f dρ (234)

is applied to (or, if negative, delivered by) the motor.

The motor operates in an environment where the
concentration of molecules such as ATP, ADP or Pi are
essentially fixed. The first law for a single transition of type ρ

becomes [459]

qρ = wmech
ρ −	Eρ = f dρ −	Eenz

ρ −	µρ −T 	Ssol
ρ . (235)

9.4.3. Role of chemiostats: genuine NESS conditions.
The more recent form (235) of the first law differs from
an expression discussed previously for molecular motors
[430, 434–438]. There, in the present notation and sign
convention, the first law for a step like in (229) reads

q̄ρ = wmech
ρ − 	Eenz

ρ − 	µρ. (236)

The difference between the two expressions for the heat

q̄ρ − qρ = T 	Ssol
ρ (237)

involves the entropy change in the solution resulting from the
reaction.

The physical origin of the two different forms arises from
the fact that in the older work the enzyme is thought to be
coupled to ‘chemiostats’ providing and accepting molecules at
an energetic cost (or benefit) given by their chemical potential.
Introducing the notion of a ‘chemical work’

wchem
ρ ≡ −	µρ (238)

the first law is then written in the form

wmech
ρ + wchem

ρ = 	Eenz
ρ + q̄ρ . (239)

The concept of chemiostats is supposed to guarantee
that the concentration of solute molecules remains strictly
constant. Physically, it could be implemented by an ATP
buffer of ATP-regeneration scheme that involves additional
enzymes. From the perspective of stochastic thermodynamics
as long as one focuses on single transitions, however, it would
be more appropriate to treat these additional enzymes and
the chemical reactions they catalyze in the same way as the
reaction involving the motor protein. It turns out that if
these additional reactions operate quasistatically, then q̄ρ is the
dissipated heat that under steady-state conditions would enter
an ensemble average [459]. Therefore, choosing the heat q̄ρ

is appropriate whenever one deals with strict NESS conditions
while not wanting to consider the heat involved in enforcing
these conditions explicitly as an extra contribution. On the
trajectory level for a single motor protein, there seems to be
no sensible way for assigning q̄ρ instead of qρ to an individual
transition.
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9.4.4. Stochastic trajectory and ensemble. A trajectory of the
enzyme can be characterized by the sequence of jump times
{τj } and the sequence of reactions {ρσj

j } where ρj denotes the
corresponding reactions (229) and σj = ± characterizes the
direction in which the reaction takes place.

An ensemble is defined by specifying (i) the initial
probability pn(0) for finding the enzyme in state n and (ii)
the set of rates w±

ρ with which the reactions (229) take place
in either direction. Both inputs will then determine the
probability pn(τ) to find the enzyme in state n at time τ .

9.4.5. Rates and local-detailed balance. An identification
of entropy production along the trajectory requires some input
from the rates determining the transitions. For the simple case
of pure conformational changes, m � n, choosing rates that
obey

wmn

wnm

= exp[−(F enz
n − F enz

m )/T ] (240)

is required by thermodynamic consistency. Indeed, only this
choice guarantees that irrespectively of the initial conditions
the ensemble will eventually reach thermal equilibrium,

pn(τ) → peq
n ≡ exp[−(F enz

n − F enz)/T ], (241)

with the free energy of the enzyme

F enz ≡ −T ln
∑

n

exp[−F enz
n /T ]. (242)

Fixing the ratio of the rates still leaves one free parameter per
pair of states which can only be determined from knowing the
dynamics of the underlying more microscopic model.

The corresponding relation for transitions that involve
enzymatic reactions (229),

w+
ρ

w−
ρ

= exp[−	Fρ/T ] = exp[−(	F enz
ρ + 	µρ)/T ], (243)

and for transitions of molecular motors,

w+
ρ

w−
ρ

= exp[−(	F enz
ρ + 	µρ − wmech

ρ )/T ], (244)

are somewhat less obvious. Essentially, three types of
justifications for choosing such ratios can be given.

First, even though microreversibility is often invoked it
seems unclear how to obtain these ratios rigorously using this
concept if chemical reactions are involved.

Second, one can derive (243) using the following
argument. For any enzymatic reaction there will be
concentrations {ceq

i } of the solutes such that the enzyme
will reach equilibrium. For these particular equilibrium
concentrations, a choice of rates respecting (243) is mandatory
as in the case of pure conformational changes. If one now
assumes that (i) the reaction rates obey the mass action law
and that (ii) the concentrations and the chemical potentials
are related by the ideal solution expression, µi(ci) = µ

eq
i +

T ln(ci/c
eq
i ), then the form (243) follows.

Third, more recently it has been shown that by requiring
a consistent stochastic thermodynamic description on the

trajectory level, one can indeed derive these conditions on the
rates using rather mild assumptions [459].

In all cases by invoking the respective first laws
(equations (228), (233), (235)), the ratio of the rates can also
be written in the form

w+
ρ

w−
ρ

= exp[	Sρ + qρ/T ] (245)

showing that this ratio is determined by the change of intrinsic
and medium entropy involved in this transition. This important
relation should be compared with (20) in the colloidal case
where the continuum version of such a ratio involves only
the dissipated heat since there is no relevant intrinsic entropy
change given here by 	Sρ . Similarly, for a biopolymer
within a continuum description, the relation (223) shows the
contribution of intrinsic entropy.

9.4.6. Entropy production and FTs. The total entropy
production involved in one forward transition ρ at time τ can
be derived from the general expression (126) and using the
ratio of the rates (245) as

	s tot
ρ (τ ) = ln

pn−
ρ
(τ )w+

ρ

pn+
ρ
(τ )w−

ρ

= 	sρ + 	Sρ + qρ/T . (246)

It consists of three contributions. The first is the change in
stochastic entropy,

	sρ(τ) = − ln[pn+
ρ
(τ )/pn−

ρ
(τ )]. (247)

The second denotes the change in the intrinsic entropy (230)
of the system which consists here of enzyme and surrounding
solution. The third term arises from the dissipated heat
(equations (233) and (235)).

Summing over all reactions taking place up to time t

and adding the concomitant change in stochastic entropy,
	s = − ln pnt

(t) + ln pn0(0), one obtains the total entropy
production along a trajectory

	s tot = 	s +
∑

j

σj [	Sρj
(τj ) + qρj

(τj )/T ], (248)

where σj = ±1 denotes the direction in which the transition
ρj takes place at time τj .

The arguably most relevant situation for an enzyme
modeled by discrete states is a NESS generated by non-
equilibrated solute concentrations and/or an applied external
force in the case of a motor protein. In such a NESS, one
has the SSFT (65) for the total entropy production as defined
in (248).

9.4.7. Time-dependent rates and work. So far, it was
implicitly assumed that the rates are time-independent. Time-
dependent rates could arise either since the concentrations of
the solutes are externally modulated (or, in a finite system,
depleted due to the action of the enzymes) or since the forces
applied to motor proteins are time-dependent. The ratio of the
rates is then still constrained by equations (243) and (244).
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However, under such time-dependent external conditions
characterized by a parameter λ(τ), the thermodynamic state
variables En, Sn and Fn can become time-dependent as well.
In consequence, there are contributions to the first law and to
entropy production even if the enzyme remains in the same
state. Specifically, if the enzyme remains in state n, in analogy
to (212) the first law becomes

d̄wn = ∂λFn dλ = (∂λEn − T ∂λSn) dλ = ∂λEn dλ +d̄qn.

(249)

Hence, there is exchanged heat, d̄qn = −T dSn, even if
the system remains in the same state whenever the intrinsic
entropy depends on a changing external parameter (such as
the concentration of the solutes).

These expressions of heat and work resemble those of
quasi-static processes as they should since it is implicitly
assumed that the distribution of microstates that contribute
to the state n adapts (almost) instantaneously to thermal
equilibrium. Consequently, these contributions to work and
heat enter the FTs trivially.

9.4.8. Experiments: F1-ATPase. Apart from free energy
reconstructions described above, experimental work using the
concepts of stochastic thermodynamics is still scarce. For the
F1-ATPase, two groups have published work pointing in this
direction. In an intriguing example of exploiting the SSFT, the
torque exerted by the F1-ATPase on a bead in an optical trap
could be measured without knowing the friction constant of
the bead [513]. The implicit assumption, however, with this
type of analysis is that no further dissipative mechanisms exist.
In another study of this molecule [514, 515], it was inferred
that this motor transfers almost the full free energy from ATP
hydrolysis into loading the elastic element connecting the
motor with the bead.

9.4.9. Biochemical reaction networks. The formalism
described above for a single enzyme can easily be extended
to networks involving several types of (different) enzymes
[98] or ordinary chemical reaction networks using chemical
master equations [255, 449]. Specific examples for which
the distribution of entropy production has been calculated are
[516–518].

10. Autonomous isothermal machines

10.1. General aspects

Enzymes and molecular motors as described in section 9
from the stochastic thermodynamics perspective provide a
paradigm for isothermal machines. In contrast to heat
engines, which in their classical form are the archetypical
thermodynamic machines and which in their stochastic version
will be described in section 11, isothermal machines do not
transform heat but rather chemical energy into mechanical
work (or vice versa) while the temperature of the surrounding
medium remains constant. For an overall scheme introducing
the classifications relevant to the content of the next two
sections, see figure 7.

Figure 7. This scheme shows two pairs of classification (isothermal
versus heat engines and autonomous versus cyclically driven), a few
key notions (power, efficiency and efficiency at maximum power
(EMP)) and a possible approximation (linear response) applicable to
machines. The overlap of the white boxes with these alternatives
indicates which case will be relevant to the respective sections.

An important classification is whether or not a machine
operates autonomously. In the stochastic setting, an
autonomous machine will typically correspond to a NESS
generated by externally imposed time-independent boundary
conditions. Any molecular motor is a typical example
of such an autonomous isothermal machine, since single
molecule assays typically provide conditions of constant non-
equilibrium concentrations of ‘fuel’ molecules such as ATP.
For a non-autonomous machine, some time-dependent external
control is required that ‘leads’ the machine through its cycle.
Building reliable artificial molecular motors in the lab still
constitutes a major challenge as reviewed in [519–524].

In this section, we present a systematic theory for
isothermal autonomous machines in the discrete state version
based on the representation of the NESS in terms of cycles
of the underlying network as introduced in section 6.4. As
a main ingredient, a local-DBC as introduced in (195) and
(245) is imposed on the rates thus guaranteeing thermodynamic
consistency. Even though we focus on the discrete case,
this approach includes earlier models based on continuous
coordinates diffusing in a ratchet potential that depends on
the chemical state of the motor since any continuum model
can be discretized.

An important quantity for any type of machine is
its efficiency defined as the ratio between the power
delivered by the machine and the rate of ‘fuel’ consumption.
Thermodynamics constrains this efficiency by 1 for isothermal
machines and by the Carnot efficiency for thermal heat
engines operating between heat baths of different temperatures.
In both cases working at the highest possible efficiency
comes at the cost of zero delivered power since reaching the
thermodynamic bound requires a quasi-static, i.e. infinitely
slow operation. A practically more relevant question then is
about efficiency at maximum power (EMP). We will see that
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Table 1. Affinities and generalized distance for isothermal
machines.

Process Affinity Fk Gen. distance dk

Linear motion Force f/T Linear distance d
Rotation Torque N/T Angle 	φ
Particle transport −	µ/T (typically) 1
Chemical reaction −	µ/T (typically) 1

in this thermodynamic framework rather general expressions
for power, efficiency and EMP emerge.

It would be interesting to pursue these issues also
for periodically driven machines, which are one step more
complex than the autonomous ones. While there is a vast
literature on how to generate transport by periodic modulation
of system parameters as reviewed in [445, 525–527] the
problem of efficiency and EMP, however, seems not to have
been addressed systematically for such stochastic machines.
One reason is that even making explicit statements about the
periodic steady state is much harder than for the NESS engine
at constant external parameters.

10.2. General framework for autonomous machines: Cycle
representation and entropy production

An autonomously operating device or machine can be modeled
as a Markov process on a network in a steady state. Transitions
between different states in this NESS depend on rates that
reflect both the coupling of the machine to reservoirs with
different chemical potentials for solutes or particles and
external forces or loads. These non-equilibrium conditions
can be expressed by generalized thermodynamic forces or
‘affinities’ Fk as listed in table 1.

For a systematic presentation it is useful first to recall the
representation of a NESS in terms of cycle currents [211, 212],
see figure 3. Rather than summing over the individual
transitions (mn) or reactions ρ as we have carried out so far, in
a NESS probability currents can be expressed by a sum over
directed cycle currents

ja ≡ j+
a −j−

a = j+
a (1−j−

a /j+
a ) = j+

a (1−
∏
ρ∈a

w−
ρ /w+

ρ) (250)

where a labels the cycles and j+
a and j−

a denote the inverse
mean times required for completing the cycle in forward
and backward directions, respectively12. These forward
and backward (probability) currents can be expressed in a
diagrammatic way by the transition rates of the whole network
(not just those of the respective cycle). However, the ratio
j−
a /j+

a , is given by the ratio between the product of all backward
rates and the product of all forward rates contributing to the
cycle a.

Thermodynamic consistency as formulated in (139) or
(245) allows one to express this ratio∏

ρ∈a

w−
ρ /w+

ρ = exp(−	Sa) (251)

12 The directed cycle current ja ≡ 〈J a〉 is the mean of the fluctuating current
J a introduced in section 6.4.

by the sum

	Sa ≡
∑
ρ∈a

(
qρ/T + 	Sρ

) ≡ qa/T +
∑
ρ∈a

	Sρ = q̄a/T

(252)
of the entropy changes in the reservoirs and heat baths
associated with this cycle. The last equality recalls the
definition of heat under strict steady-state conditions which
includes the quasi-static refilling of the reservoirs as discussed
in section 9.4.3. With the first law (239) summed along a cycle,
this entropy change can also be written as

	Sa = (wmech
a + wchem

a )/T . (253)

This representation alluding to the definition of a ‘chemical
work’ introduced in section 9.4.3 becomes convenient when
discussing the efficiency.

Alternatively, expressed in terms of affinities, the entropy
change associated with a cycle becomes

	Sa =
∑

k

dk
aFk, (254)

where dk
a is a generalized distance conjugate to the force Fk

as listed in table 1. To each affinity Fk , there corresponds a
conjugate flux or current

Jk ≡
∑

a

(j+
a − j−

a )dk
a =

∑
a

j+
a [1 − exp(−	Sa)]d

k
a (255)

describing the rate with which the respective quantity is
‘processed’ by the machine.

The mean entropy production rate can be written as

σ =
∑

a

(j+
a − j−

a )	Sa (256)

=
∑

a

j+
a [1 − exp(−	Sa)]	Sa =

∑
k

JkFk. (257)

These expressions are exact and do not imply any linear
response assumption as the final bilinear form may suggest.

10.3. Power and efficiency

10.3.1. Input and output power. A device or machine is
supposed to deliver some output from consuming some input.
Characteristically for nano-machines, the role of output and
input can easily be reversed as it depends on the signs of the
corresponding affinities. Input has to be offered to the machine
with a positive affinity Fi > 0 whereas output is associated
with a current or flux that is opposite to an applied affinity
Fo < 0.

Quite generally, for an isothermal machine in a NESS,
the total rate of production of output and input, Po and
Pi , respectively, is given by the product between a pair of
corresponding flux and affinity according to

Po,i = εo,iJo,i(T Fo,i) (258)

= εo,i

∑
a

j+
a [1 − exp(−	Sa)]d

o,i
a (T Fo,i) (259)

where εo ≡ −1 and εi ≡ 1 reflect the fact that the output is
delivered against an external load Fo < 0. Expressed in terms
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of a cycle-specific work input

wi,a ≡ Fid
i
a (260)

and work output
wo,a ≡ −Fod

o
a , (261)

the power can also be written as [528]

Po,i =
∑

a

j+
a [1 − exp(wo,a − wi,a)]T w{o,i}a. (262)

In the contribution of each cycle, the expressions (259) and
(262) separate a system-specific kinetic prefactor, j+

a =
j+
a ({Fk}), from the remaining thermodynamic quantities.

10.3.2. Efficiency and EMP. The efficiency of a machine is
defined as the ratio

η ≡ Po/Pi. (263)

It has occasionally been argued that the traditional definition
of efficiency (263) should be modified for molecular motors
pulling cargo in order to include the ‘work’ required for
overcoming Stokes friction even in the absence of an external
force [529, 530]. More recently, a ‘sustainable’ efficiency has
been suggested as an alternative concept [531, 532]. In this
review, we keep the traditional expression (263).

For the paradigmatic case of just two non-zero affinities,
the entropy production rate (257) becomes

σ = (Pi − Po)/T � 0 (264)

implying that efficiency of isothermal machines is bounded
by 0 � η � 1. Working at the highest possible efficiency
comes at the cost of zero delivered power since reaching the
thermodynamic bound requires a quasi-static, i.e. infinitely
slow operation. A practically more relevant question then is
about EMP.

The notion of EMP requires one or several parameters {λi}
with respect to the variation of which Po can become maximal,
i.e. P ∗

o ≡ max{λi } Po ≡ Po({λ∗
i }). EMP is then given by

η∗ ≡ P ∗
o /Pi({λ∗

i }). (265)

In general, the result for EMP will depend strongly both on
the choice and the allowed range of the variational parameters
{λi} [528, 533] which is a fact occasionally ignored when
statements about the EMP are made. In particular, one
should distinguish variation with respect to the externally
imposed affinities from those with respect to structural or
intrinsic parameters of the machine. Examples for the latter
are the topology of the network and common prefactors for
forward and backward rates that leave their ratio and thus the
thermodynamics invariant.

10.4. Linear response: relation to phenomenological
irreversible thermodynamics

At this point, it is instructive to consider a machine operating
close to equilibrium and to cast the results into the framework
of linear irreversible thermodynamics [534, 535]. This theory

truncates an expansion of the fluxes in the first order of the
affinities, i.e. assumes that

Jk =
∑

l

LklFl (266)

with the Onsager coefficients Lkl . By expanding (255) for
small affinities and using (254), we obtain for the Onsager
coefficients the cycle representation

Lkl =
∑

a

j+eq
a dk

adl
a. (267)

Here, j
+eq
a ≡ j+

a ({Fk} = 0) is the equilibrium forward current
of a cycle a. In this approach, the Onsager symmetry Lkl = Llk

is satisfied automatically. Similarly, the rate of total entropy
production (257) becomes

σ ≈
∑

a

j+
a (	Sa)

2 =
∑
kl

LklFkFl . (268)

In this lowest order, power input and output (259) become

Po,i = εo,iJo,i(T Fo,i) = εo,iT
∑

k

L{o,i}kFkFo,i. (269)

In the paradigmatic case of two affinities, for fixed input
affinity Fi > 0 and choosing the output affinity as variational
parameter Fo , maximum power is reached for

F∗
o = −LoiFi/2Loo (270)

leading to an EMP of [536]

η∗ = L2
oi/[4LooLii − 2LoiLio] � 1/2. (271)

The upper bound imposed by the positivity of entropy
production is realized for a degenerate matrix of Onsager
coefficients,

LooLii = LoiLio, (272)

which implies that Jo ∼ Ji. Possible realizations of this
structural condition are (i) all unicyclic machines and (ii)
tightly coupled multicyclic machines. These two classes and
the third one of weakly coupled multicyclic machines will be
defined and discussed in the next sections.

10.5. Unicyclic machines

Unicyclic machines consist of only one cycle which allows
one to drop the cycle index a in this section, see figure 3 for
an example. In general, the power delivered and used by a
unicyclic motor becomes with (262)

Po,i = Tj+[1 − ewo−wi ]wo,i. (273)

Its efficiency η ≡ wo/wi depends thus trivially only on the
externally imposed affinities Fk and the intrinsic properties
do,i but is independent of the detailed kinetics. In the regime
0 < wo < wi, the motor will work as intended. For wo = wi,
the motor has optimal efficiency η = 1 but does not deliver
any power since it then cycles as often in the forward as in the
backward direction.

38



Rep. Prog. Phys. 75 (2012) 126001 U Seifert

The concept of EMP requires one to identify the
admissible variational parameters. A simple and physically
transparent choice is to fix the input wi and vary the output
wo, e.g., by changing the applied force or torque in the case of
a molecular motor. The condition dPo/dwo = 0 leads to the
implicit relation [528]

wi = w∗
o + ln[1 + w∗

o/(1 + xow
∗
o)] (274)

for the optimal output w∗
o at fixed input wi with

xo ≡ d ln j+/dwo ≈ xeq
o + O(wi, wo). (275)

These expressions can easily be evaluated for any unicyclic
machine with specified rates which determine the non-
universal j+.

The linear response regime is defined by the condition
wo < wi 	 1. By expanding (274), one obtains

η∗ = w∗
o/wi ≈ 1/2 + (xeq

o + 1/2)wi/8 + O(w2
i ) (276)

which shows how system-specific features like the coefficient
x

eq
o enter EMP beyond the universal value 1/2. This expression

proves that, depending on the value of the non-universal
parameter x

eq
o , EMP may well rise beyond the linear response

regime as found first in a case study of molecular motors [537].
These results seem to be at variance with another study along
similar lines where a universal bound of 1/2 was found for
EMP [531]. The difference, however, is that the latter authors
constrain the optimization to a parameter space that leaves the
stationary distribution invariant which seems to be a somewhat
artificial condition. Further analytical and numerical results for
EMP of unicyclic machines using wo or both, wi and wo, as
variation parameters can be found in [528]. Bounds on EMP
on simple unicyclic machines have been derived in [538].

10.6. Multicyclic machines: strong versus weak coupling

A discussion of multicylic machines along similar lines does
not require much additional conceptual effort [528]. The
crucial distinction becomes the one between ‘strong’ (or tight)
and ‘weak’ (or loose) coupling first introduced within the
phenomenological linear response treatment in [536] and later
stressed by van den Broeck and co-workers mostly in the
context of heat engines as reviewed in the next section. In a
strongly coupled multicylic machine, any cycle containing the
input transition also contains the output transition (assuming
for simplicity that input and output affect only one transition
each). For such strongly coupled machines exactly the same
formalism as for unicyclic machines applies with the only
caveat that j+ appearing there is now given by j+ ≡ ∑

a j+
a

where the sum runs over all cycles that include input and output
transitions and the j+

a are the corresponding forward cycle
currents. Thus, such strongly coupled machines obey the same
relations for efficiency and EMP as unicyclic machines.

In the weak coupling case, there are cycles containing
the input but not the output transition. Running through such
a cycle the machine ‘burns’ the input without delivering any
output which clearly decreases the efficiency. In particular,
it turns out that in the linear response regime, EMP is less
than 1/2, but may still rise when moving deeper into the non-
equilibrium regime [528].

10.7. Efficiency and EMP of molecular motors

One important class of potential applications of the theory
just described are molecular motors that transform chemical
energy into mechanical energy (or vice versa). Traditionally,
efficiency of molecular motors has been studied within ratchet
models where the motor undergoes a continuous motion in a
periodic potential that depends on the current chemical state
of the motor [443–446, 539, 540]. Dissipation then involves
both the continuous degree of freedom which should be treated
along the lines discussed in section 2 and the discrete switching
of the potential due to an enzymatic event. Model systems of
this type have been investigated in [433, 541–544]. For a recent
study of EMP in such a continuum description, see [545].

There is a second motivation for studying such models
combining discrete with continuous dynamics. In the typical
experimental set-up for measuring the efficiency of a molecular
motor under load, an external force or torque is applied to
a micrometer-sized bead that is connected to the molecular
motor like in the recent example of the rotary motor F1-
ATPase [514, 515, 546]. The discrete nano-sized steps of the
motor become visible only through monitoring the biased
Brownian motion of the bead which clearly is continuous. For
a comprehensive description, both dissipation in the discrete
steps of the motor and the one associated with the continuous
motion of the bead should be combined [547].

For dynamics on a discrete set of states, efficiency (rather
than EMP) has been investigated recently for various models
[548, 549]. Genuine EMP has been studied for both the
simplest unicyclic and a simple multicycle network in [537].
It would be interesting to do so for more intricate models such
as the one introduced in [435], but also for artificial swimmers
such as the one discussed in [550].

11. Efficiency of stochastic heat engines

11.1. Carnot, Curzon–Ahlborn and beyond

In classical thermodynamics, a heat engine, delivering work
−W by extracting heat −Q1 from a hot bath at temperature T1

and releasing heat Q2 into a cold bath at temperature T2, has
an efficiency

η ≡ |W |/|Q1| � ηC ≡ 1 − T2/T1 (277)

limited by the Carnot efficiency ηC which provides a universal
bound that follows from combining the first and the second law.
Reaching the upper bound comes at the price of zero power
since this condition requires a quasi-static, i.e. infinitely slow
operation. A practically more relevant efficiency is the one
at maximum power (EMP), η∗, which becomes well-defined
only if the parameter space available for the maximization is
specified. For macroscopic thermodynamics, introducing this
problem is often attributed to Curzon and Ahlborn [551] even
though their result has been described earlier, see [552] and
the comment made in reference [1] of [533]. Subsequent work
for macroscopic engines pursued under the label of finite-time
thermodynamics is reviewed in [553–556].

Curzon and Ahlborn (CA) assume ordinary heat
conduction between the baths and the engine that is supposed
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to operate without further internal losses. By optimizing the
power with respect to the temperature difference responsible
for the heat exchange between the baths and the machine, or,
equivalently in their set-up, the duration of the two isothermal
steps (while fixing a constant ratio between the time allocated
to isothermal and adiabatic steps) they obtain for EMP the
expression

ηCA ≡ 1 − (T2/T1)
1/2 ≈ ηC/2 + η2

C/8 + O(η3
C), (278)

which is independent of the thermal conductivities between
baths and engine.

Whether or not the CA result can claim more universality
than under the original ‘endoreversible’ assumptions, or is even
a bound on EMP, is a subtle, if not even ill-defined, issue
since maximum power depends crucially on the admissible
parameter space. Beyond the original assumption there are
conditions like for a cascade of intermediate engines [557, 558]
and for ‘weak symmetric dissipation’ [559] where CA can be
shown to hold for a rather reasonable choice of variational
conditions. Numerical simulations of finite-time Carnot cycles
for a weakly interacting gas have been analyzed for efficiency
and EMP in [560–562].

A related question is the range of universal validity of
the expansion in (278) for EMP. For tightly coupled machines
defined by an output work flux that is proportional to the
heat flux taken from the hot reservoir, the leading term, ηC/2,
follows from simple linear irreversible thermodynamics for
fixed input and variable output [536]. Such a result will hold
both for macroscopic as for small engines.

The question of efficiency and EMP is indeed as relevant
and applicable to small engines or devices as to macroscopic
ones. The new aspect concerns the role of fluctuations not in
the sense that a fluctuating efficiency is defined which might
lead to ill-defined results given the fact that sometimes the
heat taken from the hot bath would be zero or even negative.
One rather keeps the definition (277) but now W and Q

are mean values that are determined by averaging over the
fluctuations13. A main advantage of a stochastic approach
compared with the macroscopic phenomenological one is the
fact that a thermodynamically consistent kinetics valid beyond
the linear response regime can easily be imposed.

Whether the CA result has any relevance to these small
thermal engines has been one of the main issues in the field esp-
ecially since the coefficient 1/8 in the second term of an expan-
sion of efficiency at maximum power in ηC was found in quite
different systems [290, 564]. For an autonomous machine, i.e.
in the steady-state regime, the 1/8 is indeed universal if the
system possesses an additional (left-right) symmetry [565]. It
should be stressed, however, that getting this coefficient req-
uires a second (intrinsic or structural) variational parameter
beyond the output control required for getting the 1/2. For
such steady-state machines, beyond the second term in the
expansion (278), the full CA result is irrelevant.

On the other hand, for small cyclic machines, which can
be treated formally in a spirit closer to CA’s original approach,

13 The inequality (277) is a trivial consequence of the IFT for total entropy
production, if the latter quantities are expressed by fluctuating work and heat
contributions [563].

Figure 8. In a BL ratchet, a particle preferentially climbs a potential
barrier with height E over a distance d1 while in contact with a heat
bath at T1. It slides down a distance d2 on the cold side with
T2 = T1 − 	T . This temperature-difference driven motion to the
right persists for a small enough force f < 0 pulling to the left.

obtaining the factor 1/8 requires a symmetry in the exchange
with the hot and cold baths [565]. Moreover, for such a
machine it is possible to obtain the CA result over the full
temperature range for certain conditions [290, 565].

In the following, we describe paradigmatically how small
heat engines or devices fit into the stochastic framework from
which these and further results for both autonomous (steady
state) and periodically driven machines can easily be derived.
We focus on both the formal similarities and differences with
the isothermal machines and the issue of EMP14. Even though
we restrict the following discussion to heat engines, similar
concepts can be applied to refrigerators, see, e.g., [567, 568].

11.2. Autonomous heat engines

For understanding both the general issues and the necessary
ramifications of the comparably simpler framework introduced
in section 10 for the isothermal case, it is helpful to have a few
specific examples in mind.

11.2.1. Büttiker–Landauer and Feynman ratchet. Transport
of a colloidal particle in a periodic potential can be induced
by an external force at constant temperature as discussed in
section 2. As an alternative, in the absence of an external
force, a spatially periodic temperature profile (out of phase
with the potential) will also lead to net motion as discussed
by Büttiker [569], van Kampen [570] and Landauer [571].
This set-up is one example of noise-induced transport which
is comprehensively reviewed by Reimann [445]. From a
more thermodynamic perspective, and in the presence of an
additional opposing external force, such a Büttiker–Landauer
(BL) ratchet is a simple example for a stochastic heat engine
that transforms heat into mechanical work. One can then
ask for the efficiency of such a device which is a subtle
question especially when using the overdamped limit for
a discontinuous temperature profile [14, 572–576]. The
optimization of such a device for maximal power has been
studied both for variation of the external force [577, 578] and
for variation of the intrinsic potential [579, 580]. These issues
become technically simpler in discretized versions [564, 581–
584] as in the simple model sketched and described in figure 8.
This system can also be seen as a simplified (one degree of

14 Universality of the efficiency if other quantities are optimized has been
studied in [566].
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Figure 9. In a thermoelectric device, simplified here as a quantum
dot with a single relevant energy level E, electrons are transported
on average from a hot reservoir with µ1 and T1 to a cold reservoir
with µ2 = µ1 + 	µ > µ1 and T2 = T1 − 	T using heat from the
hot reservoir.

freedom) version of the famous Feynman ratchet [585] that
as a paradigm for rectification of thermal noise has its own
conceptual subtleties [14, 586]. The Feynman ratchet has
inspired various model systems which have been analyzed both
analytically and in numerical simulations [587, 588]. A model
system using two continuous degrees of freedom coupled
anisotropically to two heat baths of different temperatures thus
generating a systematic torque has been investigated in [589].

From an experimental perspective, realizing such ratchets
in aqueous solution is not straightforward since one needs
significant temperature differences on rather small length
scales as realized in single particle studies of thermophoresis,
see, e.g., [590].

11.2.2. Electronic devices. In electronic devices,
temperature differences can be more easily imposed as it is
carried out, e.g., in thermoelectrics where they are exploited
to transport electrons against an electro-chemical potential.
For such systems, thermodynamic considerations have been
emphasized by Linke and co-workers who pointed out that such
machines can indeed operate at the Carnot limit [591, 592].
More recent studies based on simple models for quantum dots
have addressed in particular the issue of EMP [593–595]. The
simple paradigm discussed in [593] is sketched in figure 9.

A particularly intriguing aspect of such devices is the
observation that in the presence of a magnetic field the
Onsager–Casimir symmetry relations, in principle, seem to
allow Carnot efficiency at finite power [596]. This issue
deserves further study through the analysis of microscopic
models such as the one suggested in [597].

Likewise, any photo-electric device is also coupled to a
reservoir of rather high temperature since the photons being
absorbed from the sun come with the black-body distribution
of the sun’s temperature. Therefore, photo-electric devices
are amenable to a thermodynamic description focusing of
efficiency and EMP, see, e.g., [598].

11.2.3. General theory. For any discrete autonomous heat
engines in contact with heat baths of at least two different
temperatures, it must be specified for each transition at which
temperature it takes place, i.e. with which heat bath the
machine is in contact at this particular transition. As in
the isothermal case, the assumption of local-detailed balance

Figure 10. Common three-state diagram for the simplified BL
ratchet (figure 8) and the thermo-electric device (figure 9). For the
BL-ratchet L and R refer to the particle sitting in the minimum and
E corresponds to the particle being on the barrier top. For the
electronic device, L and R refer to the electron being in the left or
right reservoir. E corresponds to the electron sitting on the quantum
dot. In both cases, the state R should be identified with L after the
electron or particle has been transported from left to right thus
completing the cycle. The log-ratio of the transition rates is given in
table 2.

Table 2. Ratio of rates for the devices shown in figures 8 and 9 with
their network representation figure 10.

ln w+
1 /w−

1 ln w+
2 /w−

2

BL ratchet −(E + |f |d1)/T1 (E − |f |d2)/T2

Thermo-electric device (µ1 − E)/T1 (E − µ2)/T2

implies thermodynamic constraints on the ratios of forward
and backward rates as given in figure 10 and table 2 for the
two examples introduced above.

The thermodynamic constraints imply that the total
entropy production along a cycle still fulfills (251). For
the representation (254), one needs the affinities with the
corresponding conjugate distances entering the conjugate
fluxes given for the two examples in table 3. The general
differences compared with the isothermal case arise from the
presence of (at least) two different temperatures. First, there
is a new affinity associated with the two heat baths with
energy flow as the corresponding flux. Second, if matter is
transported between baths of different chemical potentials and
different temperatures, the corresponding affinity involves the
two temperatures. As a consequence, in linear response, the
latter affinity carries both a 	µ and a 	T term. Finally, a
force applied to a particle in a thermal ratchet subject to two
different temperatures requires to introduce even two affinities
with this force. As in the isothermal case, for an autonomous
heat engine the total entropy production rate can be expressed
by affinities and conjugate fluxes according to (257).

On the cycle level, the total entropy change becomes

	Sa = q̄(1)
a /T1 + q̄(2)

a /T2, (279)

where we use the heat as appropriate under NESS conditions.
This heat fulfills first laws of the type

wmech
a

(1,2)
+ wchem

a

(1,2) = q̄(1,2)
a + 	E(1,2)

a (280)

where 	E(1)
a = −	E(2)

a is the change in internal energy
of the system arising from the transitions associated with
the respective heat baths labeled by superscripts. With this
relation, the total entropy change along a cycle (279) can also
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Table 3. Characteristic quantities for the two examples of unicyclic heat engines shown in figures 8 and 9.

Relevant affinities Fk in Conjugate Input Output
Fk linear response distance dk −q̄(1) = T2wi T2wo

BL 1/T2 − 1/T1 	T/T 2
2 E E + |f |d1

ratchet f/T1, f/T2 f/T2, f/T2 d1, d2 |f |(d1 + d2)

Thermoelectric 1/T2 − 1/T1 	T/T 2
2 E E − µ1

device µ1/T1 − µ2/T2 −(	µ/T2 + µ1	T/T 2
2 ) 1 µ2 − µ1

be expressed by the heat extracted from the hot reservoir as

	Sa = −q̄(1)
a ηC/T2 + (wmech

a + wchem
a )/T2 ≡ wi,aηC − wo,a,

(281)
where the work terms refer to the sum of the contributions from
the respective bath contacts. The definition of dimensionless
input wi,a is motivated by the fact that for a heat engine the
input is the heat extracted from the hotter bath. Dimensionless
output denoted by wo,a is mechanical and/or chemical work
delivered by the machine.

The power of the machine can now be expressed
analogously to the isothermal case as

Po,i = εo,i

∑
a

j+
a [1 − exp(−wi,aηC + wo,a)]T2w{o,i}a (282)

where the occurrence of the Carnot efficiency ηC in the
exponent compared with the isothermal case (262) is crucial.
In the affinity representation, the difference to the isothermal
case is even more drastic since output and input powers can no
longer be written as simple products of a pair of conjugate
flux Jo,i and affinity T Fo,i as in (259). One could have
anticipated this complication since with two baths it is not
obvious which temperature should be chosen in (259) when
trying to generalize to the non-isothermal case.

11.2.4. EMP for unicyclic machines. For unicyclic machines
(and hence dropping the cycle index a), maximizing the power
Po with respect to the output wo, which would physically
correspond to varying the external force or chemical potentials,
leads to the analog of (274) in the form

wi = (w∗
o + ln[1 + w∗

o/(1 + xow
∗
o)])/ηC. (283)

This relation implies immediately the universal η∗ ≡ w∗
o/wi ≈

ηC/2 + O(η2
C) in the linear response regime which can

also easily be obtained from a phenomenological treatment
analogously to the one presented in section 10.4 [557].

Maximizing the power with respect to the input variable
wi leads to

w∗
i = [w∗

o + ln(1 − ηC/xi)]/ηC (284)

with
xi ≡ d ln j+/dwi ≈ x

eq
i + O(ηC, wo). (285)

As the respective column in table 3 shows, wi involves an
intrinsic parameter of the machine like the relevant energy
level. Combining relations (283) and (284) and varying both
wo and wi leads to the EMP

η∗∗ = ηC/[1 − (xo + xi/ηC) ln(1 − ηC/xi)] (286)

≈ ηC/2 − [(2xeq
o + 1)/x

eq
i ]η2

C/8 + O(η3
C) (287)

which shows that the second order coefficient is system
specific.

It can be checked that for a unicyclic device with spatial
symmetry, for which the current j reverses sign when the
affinities Fk change sign, the square-bracket prefactor of the
second term is indeed −1 thus recovering the overall 1/8
as previously derived by extending the phenomenological
irreversible thermodynamics approach to second order [565].

For an explicit evaluation of the EMP (286) one needs
the specific form of xo,i = xo,i(wo, wi) which requires
assumptions on the specific rates beyond the constraints
imposed by thermodynamics exploited so far. For the
mechanical BL ratchet, it is interesting to note that even for
d1 �= d2, an explicit calculation for w+

2 = w−
1 = 1 (and the

other rates as given in table 2) recovers the coefficient 1/8
despite the obvious breaking of the left-right symmetry. The
case d2 = 0 is discussed for the full temperature range in [564],
where, not surprisingly, deviations from the CA result are
found. The thermoelectric device is treated in [565, 593]. For
a photo-electric device, explicit results can be found in [598],
where also the role of non-radiative transition is discussed.
Further examples of EMP in three and five state networks have
been discussed in [533].

11.3. Periodically driven heat engines

The autonomous machines just discussed reach a NESS since
they are permanently connected to both heat baths. For a
periodically driven heat engine, contact with either one bath
or, in an adiabatic step, with none, is periodically enforced
externally.

11.3.1. Brownian heat engine. Within stochastic
thermodynamics such a model was introduced in [290] for a
Brownian particle in a time-dependent potential, see figure 11.
Optimizing for both, the potential and the time interval spent in
the isothermal transitions, EMP for fixed T1,2 was shown to be

η∗ = ηC/(2 − αηC) ≈ ηC + (α/4)η2
C + O(η3

C) (288)

where
α ≡ 1/[1 + (µ(T1)/µ(T2))

1/2] (289)

is a system-specific coefficient given by the temperature-
dependence of the mobility µ(T ). If the latter is independent
of temperature, one recovers the coefficient 1/8. Since
0 � α � 1, expression (288) implies the bounds

ηC/2 � η∗ � ηC/(2 − ηC) (290)
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Figure 11. Paradigm for a stochastic heat engine based on a
colloidal particle in a time-dependent harmonic laser trap in
consecutive contact with a hot (Th) and cold (Tc) bath. The steps 1
and 3 are isothermal; the steps 2 and 4 are instantaneous and
adiabatic during which the distributions are pb and pa , respectively.
Reproduced with permission from [290]. Copyright 2008 European
Physical Society.

on EMP later also derived under the assumption of ‘weak’
dissipation which leads to a quite similar formalism [559, 599].
Further ramifications and classifications of such bounds have
been discussed by Wang and Tu [600, 601] and in [602, 603].
The Onsager coefficients for a linear response treatment of this
heat engine have been defined and calculated in [604].

A micrometer-sized heat engine based on the Stirling
version of the scheme shown in figure 11 has been realized
experimentally [605]. The colloidal particle as ‘working fluid’
in a laser trap acting as the analog of a piston can be heated
locally thereby realizing the contact with a hot bath. By varying
the cycle time both a maximum in the power at finite time and
the approach to the maximal efficiency in the quasi-static limit
could be demonstrated. For further interesting comments on
this experiment, see [606].

11.3.2. Quantum dot. A similar analysis can be applied
to a finite-time Carnot cycle of a quantum dot that can be
connected to two different reservoirs similar as the set-up
shown in figure 9 [607]. For a cyclic engine, the energy
level E(τ) is controlled in both the isothermal steps when
the dot is connected to either one bath and in the adiabatic
steps when it is disconnected. Optimizing for the protocol
E(τ) as well as for the duration of isothermal and adiabatic
steps, one finds for EMP an expression similar to (288). In
the limit of weak dissipation, i.e. for small deviations from
the respective thermal population of the energy level, and
symmetric conditions, the coefficient α turns out to be α =
ηCA/ηC and hence one can here recover the CA result over the
full temperature range. The distributions of work and heat for
such a simple two-state engine have been calculated in [608].

12. Concluding perspective

After this long exposition it may be appropriate to recall the
basic assumption of this approach, to summarize the main
achievements and to raise a few open general issues.

12.1. Summary

Stochastic thermodynamics applies to systems where a few
observable degrees of freedom such as the positions of
colloidal particles or the gross conformations of biomolecules
are in non-equilibrium due to the action of possibly time-
dependent external forces, fields, flows or unbalanced chemical
reactants. The unobserved degrees of freedom such as those
making up the aqueous solution, however, are assumed to be
fast and thus always in the constrained equilibrium imposed
by the instantaneous values of the observed slow degrees of
freedom. Then internal energy, intrinsic entropy and free
energy are well-defined and, if a microscopic Hamiltonian was
given, in principle, computable for fixed values of the slow
variables. This assumption is sufficient to identify a first-law
like energy balance along any fluctuating trajectory recording
the changing state of the slow variables.

Entropy change along such a trajectory consists of three
parts: heat exchanged with the bath, intrinsic entropy of the
states and stochastic entropy. The latter requires in addition
an ensemble from which this trajectory is taken. If the same
trajectory is taken from a different ensemble it leads to a
different stochastic entropy. Thermodynamic consistency of
the Markovian dynamics generating the trajectory imposes a
local-detailed balance condition constraining either the noise in
a Langevin-type continuum dynamics or the ratio of transition
rates in a discrete dynamics.

At their core, the fluctuation theorems are mathematical
identities derived from properties of the weight of stochastic
paths under time reversal or other transformations. They
acquire physical meaning by associating the mathematical
ingredients with the thermodynamic quantities identified
within stochastic thermodynamics. The detailed fluctuation
theorems then express a symmetry of the distribution function
for thermodynamic quantities. An open question is whether the
probability distributions of work, heat and entropy production
can be grouped into ‘universality classes’ characterized, e.g.,
by the asymptotics of such distributions, and, if yes, which
specific features of a system determine this class. The more
generally applicable integral theorems often can be expressed
as refinements of the second law for transitions between certain
states. Still, these integral fluctuation theorems should not be
considered a ‘proof’ of the second law since irreversibility
has been implemented consistently from the beginning by
choosing a stochastic dynamics including the local-detailed
balance condition.

Conceptually, a major step has been to include feedback
schemes based on perfect or imperfect measurements into this
framework which requires surprisingly little additional effort
due to the strong formal similarity of stochastic entropy with
information. Achieving a full integration of measurement
apparatus and the erasure process into the thermodynamic
balance of the efficiency for specific information machines
remains an important issue [609].

The crucial ingredient for the developments summarized
so far is the notion of an individual trajectory and the
concomitant concept of distributions for thermodynamic
quantities which represents the main difference compared with
classical thermodynamics.
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New insights, however, have emerged from this approach
even when focusing on averages and correlation functions as
we have carried out in the second part of the review. The
general fluctuation–dissipation theorem for non-equilibrium
steady states shows how the response of any observable to
a perturbation can be expressed as a sum of two correlation
functions involving entropy production. In which cases this
additive relation between response and correlation can be
reformulated as a multiplicative one using the concept of
an effective temperature is still not understood despite some
insights gained from specific case studies.

Our discussion of molecular motors, machines and devices
has been centered on the notion of efficiency and efficiency at
maximum power. Despite the fundamental difference between
isothermal engines operating at one temperature as do all
cellular ones and genuine heat engines such as thermoelectric
devices involving two baths of different temperatures, a
common framework exists based on the representation of
entropy production in terms of cycles of the underlying
network of states. Clearly, more realistic networks need to
be studied in the future, in particular, for applications and
for modeling of specific biophysical systems but the basic
concepts seem to be identified. One particularly intriguing
perspective comes from the recent analysis of the energetic
cost of sensory adaptation using the concepts of stochastic
thermodynamics [610].

12.2. Beyond a Markovian dynamics: memory effects and
coarse graining

The identification of states, of work and of internal energy,
i.e. of the ingredients entering the first law on the level of
trajectories, is logically independent of the assumption of a
Markovian dynamics connecting these states. The crucial step
is the splitting of all degrees of freedom into slow and fast ones,
the latter always being in a constrained equilibrium imposed
by the instantaneous values of the slow ones. Likewise, the
identification of entropy production only requires the notion
of an ensemble which determines stochastic entropy along an
individual trajectory. Any dynamics guaranteeing that for fixed
external parameters compatible with genuine equilibrium, this
equilibrium will be reached for an arbitrary initial distribution
of the slow variables could qualify as a thermodynamically
consistent one.

12.2.1. Continuous states. A popular choice for a non-
Markovian dynamics obeying these constraints is Langevin
dynamics with a memory kernel that, for thermodynamics
consistency, determines the correlations of the colored
noise15. Under this assumption, the notions of stochastic
thermodynamics are well-defined and the various fluctuation
theorems hold true as shown quite generally in [378, 615–619].
Some of these papers contain illustrations for model systems
as do the references [620–622]. One specific motivation to

15 Stochastic thermodynamics for a non-Markovian dynamics not obeying
such a constraint has been explored for generalized Langevin equations in
[378, 611], for delayed Langevin systems in [612], for Poissonian shot noise
in [613], and for non-Gaussian white noise in [614].

explore such a dynamics arises from the recent fascinating
experimental data that show how hydrodynamic effects lead to
a frequency dependent mobility for colloidal motion [623].

A somewhat different and more subtle situation occurs if
not all slow variables are accessible in the experiment or the
simulation. The effective dynamics for the observable ones
will then no longer be Markovian and its specific form in the
case on non-harmonic interactions between the slow ones is
typically not accessible. The proper identification of, e.g.,
entropy production is then difficult if not impossible. Still,
one might be inclined to infer an apparent entropy production
by applying the rules for Markovian dynamics and to check
whether this quantity obeys the FT. In a recent study using two
coupled driven colloidal particles it turned out that the apparent
entropy production based on the observation of just one particle
shows an FT-like symmetry but with a different prefactor for a
surprisingly large range of parameter values. However, there
are also clear cases for which not even an effective FT can be
identified [624]. This type of coarse graining in the context of
the FDT for a NESS has been explored in [625].

12.2.2. Discrete states. For an underlying dynamics on a
discrete set of states following a Markovian master equation,
one option for coarse graining is to group several states into new
‘meso-states’ or aggregated states. Typically, the dynamics
between these meso-states is then no longer Markovian.
One question is whether one can then distinguish genuine
equilibrium from a NESS if only the coarse-grained trajectory
is accessible. For a three-state system coarse-grained into a
two-state system, this issue has been addressed in [626, 627]
and, for more general cases, in [628, 629].

Coarse graining of a discrete network becomes
systematically possible if states among which the transitions
are much faster are grouped together. From the perspective
of stochastic thermodynamics, entropy production and
fluctuation theorems this approach has been followed in
[630–637].

12.3. Coupling of non-equilibrium steady states: a zeroth
law?

In addition to the first and the second law, classical
thermodynamics is founded on a zeroth law stating that the
notion of temperature and chemical potential for equilibrium
systems is transitive, i.e. if a system A is in separate equilibrium
with system B and system C, then upon contact of B and C
neither heat nor particle flow will occur between these two
systems. A natural question is whether a similar equilibration
also occurs for non-equilibrium systems brought into contact
such that they can exchange energy or particles. Do then
quantities exist resembling temperature or chemical potential
that govern ‘equilibration’ between such steady states? On
a phenomenological level this question has been introduced
within the context of steady-state thermodynamics by Oono
and Paniconi [47] and further refined by Sasa and Tasaki [48].
For simple one-dimensional model systems such as zero-range
processes in contact a non-equilibrium chemical potential is
indeed well-defined [638]. For two-dimensional driven lattice
gases in contact, numerical work has revealed that in a large
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parameter range such a putative zeroth law and a corresponding
thermodynamic structure is approximately valid [639, 640].

12.4. Final remark

From its very beginnings, thermodynamics has fascinated
scientists by posing deep conceptual issues that needed
to be resolved for understanding and optimizing quite
practical matters such as the design of heat engines.
With the experimentally realized micrometer-sized heat engine
[605] discussed in one of the last sections of this review,
these latest developments have brought us back to the
very origins of classical thermodynamics albeit on quite
different time and length scales and, quite importantly, with
a much refined view on individual trajectories. Indeed,
without the spectacular advances in experimental techniques
concerning tracking and manipulation of single particles
and molecules, stochastic thermodynamics could still have
been conceived as a theoretical framework but would have
not reached the broader appeal that it has gained over the
last fifteen years. Whether the next decade of research in
the field will be dominated by specific applications, most
likely for biomolecular networks and devices facilitating
transport of all sorts, or by further conceptual work exploring
the ultimate limits of a thermodynamic approach to non-
equilibrium beyond the Markovian paradigm into feedback-
driven, information-processing, strongly interacting systems
remains to be seen.
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[18] Maes C and Netocný K 2003 Time-reversal and entropy

J. Stat. Phys. 110 269
[19] Qian H 2002 Mesoscopic nonequilibrium thermodynamics of

single macromolecules and dynamic entropy-energy
compensation Phys. Rev. E 65 016102

[20] Seifert U 2005 Entropy production along a stochastic
trajectory and an integral fluctuation theorem Phys. Rev.
Lett. 95 040602

[21] Seifert U 2008 Stochastic thermodynamics: principles and
perspectives Eur. Phys. J. B 64 423–31

[22] van den Broeck C 1985 Stochastic thermodynamics
Selforganization by Nonlinear Irreversible Processes
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